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Preface

 

The present edition differs from the first in several significant aspects. Typo-

graphical errors as well as several mathematical errors have been removed. In a number of places the text has been revised to enhance clarity. Several additional algorithms have been included as well as an entire new chapter on geometric image transformations. By popular demand, and in order to provide a better understanding of image algebra, numerous exercises have been added at the end of each chapter. Starred exercises at the end of a chapter depend on knowledge of material from subsequent chapters.

As with the first edition, the principal aim of this book is to acquaint engineers,

scientists, and students with the basic concepts of image algebra and its use in the concise representation of computer vision algorithms. In order to achieve this goal we provide a brief survey of commonly used computer vision algorithms that we believe represents a core of knowledge that all computer vision practitioners should have. This survey is not meant to be an encyclopedic summary of computer vision techniques as it is impossible to do justice to the scope and depth of the rapidly expanding field of computer vision.

The arrangement of the book is such that it can serve as a reference for computer

vision algorithm developers in general as well as for algorithm developers using the image algebra C++ object library,         1 iac++ . The techniques and algorithms presented in a given chapter follow a progression of increasing abstractness. Each technique is introduced

by way of a brief discussion of its purpose and methodology. Since the intent of this text is to train the practitioner in formulating his algorithms and ideas in the succinct mathematical language provided by image algebra, an effort has been made to provide the precise mathematical formulation of each methodology. Thus, we suspect that practicing engineers and scientists will find this presentation somewhat more practical and perhaps a bit less esoteric than those found in research publications or various textbooks paraphrasing these publications.




Chapter 1 provides a short introduction to the field of image algebra. Chapters

2–12 are devoted to particular techniques commonly used in computer vision algorithm development, ranging from early processing techniques to such higher level topics as image descriptors and artificial neural networks. Although the chapters on techniques are most naturally studied in succession, they are not tightly interdependent and can be studied according to the reader’s particular interest. In the Appendix we present iac++ computer programs of some of the techniques surveyed in this book. These programs reflect the image algebra pseudocode presented in the chapters and serve as examples of how image algebra pseudocode can be converted into efficient computer programs.

 

1       The iac++ library supports the use of image algebra in the C++ programming language and is available via anonymous ftp from ftp://ftp.cise.ufl.edu/pub/src/ia/.
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Notation

 

The tables presented here provide a brief explantation of the notation used

throughout this document. The reader is referred to Ritter [1] for a comprehensive treatise covering the mathematics of image algebra.

 

Sets Theoretic Notation and Operations

 

 Symbol                                  Explanation Uppercase characters represent arbitrary sets.

 

 Lowercase characters represent elements of an arbitrary set.  Bold, uppercase characters are used to represent point sets.

 

Bold, lowercase characters are used to represent points, i.e.,

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                elements of point sets. The set  !"!#!$                          .

 

%  %'&  %)( The set of integers, positive integers, and negative integers,

 

%+*                                                   respectively. The set % * ,- ""!#!!#.0/1"$ .

 

%'&*                                                                    The set   %'&* , "!#!!#.+$ .

 

%)2 *                                                      %'2 * 3 /4.6578#!"!"!/98  #8#!!#!:.;/<=$ The set .

 

>  >?&  >@(  >BADC The set of real numbers, positive real numbers, negative real

 

E numbers, and positive real numbers including 0, respectively.  The set of complex numbers.

 

F                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                An arbitrary set of values.

 

F ( G                                      The set F    unioned with / H $ F?2 G F?G                                              The set F    unioned with H $ .

The set F                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  . unioned with / H  H $                           .

 

I                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                The empty set (the set that has no elements).

 

=J                                            The power set of      (the set of all subsets of    ).

 

K                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      "is an element of."

 

LK                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            "is not an element of."

 

M                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      "is a subset of."
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NPORQ Symbol                                  Explanation NTSUQPV3WX6YX6Z[N]\^X6Z[Q0_ O`8a-b N `                                             WN ` _ `8a-b                                    . Let c be a family of sets indexed by an indexing set . O`8a-b N ` V3Wd[Y8d[Z[N `fe\^?g-hjilk"g-mhB\nk4opZ c _ qOrts)u N r Union

 

NPRQ zOrts)u N r                                                zOrvs)u N r V3W#d{YdUZ[N r+e\^|m\}0k4~|Z{'@_ qOrvs)u N r VwN u SUN0x?Sy#y"yS0N q                           . . .

 

`8a-b N `                                     Intersection NTUQPV3WX6YX6Z[Ng-n�0XZ{Q0_

.                                                            .

`8a-b N ` V3Wd[Y8d[Z[N ` e\^g=iliopZ c _ WN ` _ `8a-b                                 .

 

qrts)u N r Let be a family of sets indexed by an indexing set  c  qrvs)u N r VwN u UN x y#y"y0N q

 

N[Q zrts)u N r                                                zrvs)u N r V3W#d{YdUZ[N r e\^?g=ili~Z'?_ . . Cartesian product N[QPVW8d):8YdUZ{N{6Z[Q0_ .

 

 q zrts)u N r                                                zrvs)u N r V3W-d ud�x=:dy"y"y@Yd r Z{N r_ qrts)u N r                                                     qrvs)u N r V3W-d ud�x=#y"y#y:d q Yd r ZN r_ .

.                   qV qrts)u 

N@Q The Cartesian product of   copies of   , i.e.,             . 

Let    and    be subsets of some universal set   ,

 

N{                                                                    . Complement                                    N N'V  @N , where   ¡¢-£ ¤N{ Set difference N Q                                          NT@QPV3WdUZ[NYdZ[Q0_ is the universal set that contains .  N

 

 ¥§¦ ~  #¨ ¤N{ The cardinality of the set    .                              N

A function that randomly selects an element from the set .

 

Point and Point Set Operations

 

©«ªR¬ Symbol                                  Explanation ©  ¬ Zpq ©0ª®¬ V,d u ª  u )y#y"y§d q ª  q 

 

©[¯¬                    If              , then                                         . ©  ¬ Zpq ©U¯¬ V,d u ¯  u )y#y"y§d q ¯  q  If              , then                                         .
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°À¿=²                                           If °?³²´pµ¶   , then °À¿=²{·,¸¹'º¿»8º#³)½#½"½§³¹ ¶ ¿8» ¶¾ . °«ÁU² °{±² Symbol                                  Explanation °?³²´pµ¶ °[±²{·3¸¹+º¼»8º-³'½"½#½§³�¹ ¶ » ¶�¾

If              , then                                   . °?³²´pµ¶ °0ÁU²·¸¹+º+Á[»8º-³'½#½"½'³¹ ¶ ÁU» ¶�¾

 

°«ÂU²                          If              , then                                        . °?³²´pµ¶ °0ÂU²·¸¹ º Â[» º ³'½#½"½'³¹ ¶ ÂU» ¶ ¾

 

°ÅU²                    If                      °ÀË²{·¹'º»8ºÍÌÊ¹§Î"»-Î?Ì±"±#±'ÌÊ¹ ¶ » ¶ . °?³²´pµ¶ °?³²´pµ¶ , then . If °Å«²·3¸¹ Î »"ÏÐÊ¹jÏ#» Î ³¹jÏ-» º ÐÈ¹ º »"Ï³¹ º » Î Ð¹ Î » º ¾ , then °Ñ² °´{µ|¶ . If and ²´pµÒ °:Ñ²·,¸¹'º"³À½"½#½§³¹ ¶ ³»8º³'½"½#½'³» ÒÓ¾ , then Ð° . Õ°Ö É Ãj°                                                  É ´µ                              Ã{Ä8µÊÅ[µÆÇµ . If , °´{µ|¶ É Ã°·3¸É Ã§¹ º ³'½#½"½§³ É Ã�¹ ¶ ¾ , and   , then °ÀË² °'Ã²                                  If                , then                                               . In general, if °?³²´µ|¶ , and Ã{Äµ®Å{µÆÇµ , then °'Ã²È·3¸¹ º Ã�» º ³'½"½"½�³§¹ ¶ Ã�» ¶ ¾

 

×°Ø                                      °´{µ|¶ , then                                  . If , then ×°ØÓ·3¸ ×¹ ºØj³À½"½#½§³ ×¹ ¶ Ø ¾ If °´{µ|¶ If           , then                              . °´{µ|¶ Ð°p·Ô¸:Ð4¹ º ³À½"½"½�³§Ð4¹ ¶ ¾ Õ°ÖÓ·3¸ Õ¹'º¤Öj³À½"½#½§³ Õ¹ ¶ Ö ¾

 

ÛjÜ ¸Ý° ¾                                                °{·¸¹ º ³¹ Î ³"½"½#½³:¹ ¶ ¾ ´pµ¶ Þ ° Ù°§Ú                                                                                                                                      . If °´{µ|¶ , then Ù°§ÚD·3¸ Ù¹ ºÚ³'½#½"½§³ Ù¹ ¶ Ú¾ .

 

ß °                                         If °´{µ|¶ , then                                         . If , then ß °[·7¹+º¼¹§Î6±#±"±¹ ¶ Á|° If                                  , then               . Þ °·¹'º|ÌÊ¹§Î?Ì±"±#±'ÌÊ¹ ¶ °´{µ|¶                          ÛjÜ ¸Ý° ¾ ·1¹ Ü

 

Â|°                                              If °´{µ|¶ , then                                           . If , then Â|°·¹ º Â[¹ Î Âà±#±"±�Â¹ ¶ á ° á Î °´{µ|¶ . Á|°·¹+º+Á[¹§Î?Áà±#±"±�Á¹ ¶

°´{µ|¶                                 .

 

èéÝê ¸° ¾ á ° á#ç                                                                         á ° á#ç ·æå¹+º=åÁå¹�Î8åÁà±#±"±�Áæå¹ ¶ å . If °´{µ|¶ , then . If ì ³íïîðµ|¶ , then èé¤ê ¸¤° ¾ ·ë ì Ìí ì Ìíñ·3ò#°0Ì®²óÄô°õ´ ìö ë è ²´í÷ . ì Ðí á ° á º                                        If °´{µ|¶   , then á ° á º ·æå¹'ºåÌ7å¹§ÎåÌ±"±"±DÌãå¹ ¶ å °´{µ|¶ If           , then                                . á ° á Î ·àâ ¹ Îº Ìã±#±"±�Ìä¹ Î¶

If                , then                                                  . ì ³íïîðµ|¶ ì Ð{íñ·3ò#°UÐ²óÄô°õ´ ìö ë è ²´í÷

 

ì Ìø                 If ì î1µ|¶    , then                                     . If and Û ´{µ|¶ , then ì Ìø·3ò#°0Ì®øÄô°{´ ì ÷ .
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         ù ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                If                                                         ù ùûúü Symbol                                  Explanation ù]ý1þ|ÿ                                                                                                                                                                                                                                                      

 

!+,                   ïýðþ|ÿ , then ù .%'&)(*              . 21, ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                ù ïýðþ|ÿ , then ! "#$  ù"%'&)(* . If ù ù!                     If    ïýðþ|ÿ                          ù and       , then                           . þ|ÿ ùæúü [úü ù

ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                If                , then ù-+.#$/  ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            ù0 1.#4356798!                                                          %:&)(;7  

 

BC 3                          ù]ý1þ|ÿ        ù ? "#  þA@,%'&)(!* . Ýù úù                                             ù]ý1þ|ÿ             úù " If                , then                                                  . ïýðþ|ÿ ù ù

 

N If "ED$F9G4HHHIF ù]ý1þ|ÿ   Ýù      B$C 3              . , then-86 B$C 3 4 the supremum of-86JEDLK9G6KH$HHMK, ù ù Ýù ÿ  . If  ù  then  ÿ  .  For a point set  ù  with total order  O  LP< N  ù  QR O 9PSUTV  ù  9P  W5&)X)3  ù                              ?                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  If                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          , then                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             ù ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          . 8ú                        > <=  -8                   If         , then                             ù

 

] ù!8                                    WY&)XZ3                , ù-86 " DF G H$HHF . If ù]ý1þ|ÿ , then the infimum of WY&)XZ3-86J DL[  G\[ H$HH[ ù ù ÿ  . If  ù  P  ]  QR)^ O_ UTV  , then  ù  ÿ  ù  .  For a point set  ù  with total order  ù  O   P  `a W`$b 3  ,  ¤ù  !8 -8  .  If  ù]ý1þ|ÿ  `a W`b 3  ù  , then  ù  c3d%'&)(:efhg `a Bb& bfbe b&ZiI8  `%'(j3  ¤ù  !8  If  ù]ý1þ|ÿ  , then  `%'(j3  ¤ù -8Eki aVb`%'('WY&)%'fhWliIgmX  Uù  . In  particular, if  ù  Dnnn  ÿ   , then  `%'(j3  ¤ù  !8Eo&  .  .

 

Morphology              p q,Mr     s                þÿ In the following table,            and    denote subsets of    .

 

The reflection of    across the origin                        . þÿ

 

pyz                                   The complement of    ; i.e., px  pyx pt Symbol                                   Explanation p u #3wvjIvj$HHHMv8 p ! /*p 

 

p 1-q                                             . Minkowski addition is defined as p 1q#${m|~ { p F~  qy p q pyz ${}|~ { p             þ|ÿ                     .

(Section 7.2). p, q3pyx 1q t8x

Minkowski subtraction is defined as

(Section 7.2).
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�< and is defined by

 

/                         #w   by    is denoted <dS The closing of                                                                                                 (Section 7.3). <                          The opening of     by    is denoted �<d,4- �< Symbol                                   Explanation   < and is defined by

Let be an ordered pair of structuring elements.

The hit-and-miss transform of the set    is given by

J#/4!V ,¡5¢ (Section 7.3).    (Section 7.5).

 

Functions and Scalar Operations

 

is a function from    into £ ¤¥§¦            ¤¨ £ ¤¥§¦

©'ª«,¬'d® £  £ ¤¥§¦ Symbol                                  Explanation £ ¤ ¦<¨

 

¯¬'®±°:² £                            The domain of the function             is the set £ U³±:³´!¤µ¢ .

 

The inverse of the function   . ¤        ¦ £ ¹¤.¥§¦¨           £ ´-¦¸

¦¸ £A¶A·                                      The range of the function             is the set £

 

£6º» The set of all functions from    into   , i.e., if          , then  £ S¤.¥§¦  £  ¼ ¤  ¼  £Lº» ¼ ¥§¦  £Lº» ¬ E £ ¬   ¬ ´ ¼

Given a function             and a subset        , the

 

£Eº½                                              restriction of    to   ,                , is defined by £  ¼ ¥§¦ ° 4¾¥§¦ £Eº½ ³±E=¿ £ ³VÁÀÃÂ\³´ ¼    £       ° ° w³±ÄÀÃÂ\³´¾/Å ¼ ¨ for        .

 

° � £ Given           and          , the extension of   to   is  £ ¤Æ¥§¦  ° 4¦¥RÇ  ° � £ ¤¥RÇ

defined by

 

£É °                         Given two functions             and           , the ³´¤ ° � £ Èw³±E ° £ ³VF , for every        .

 

£Ê°                      Let £   and °   be real or complex-valued functions, then . Let £Ê° Md³VE £ ³± Ê° d³V Ë Ê$£ composition                is defined by £ ° £É ° M³±L £ U³± É ° ³V

 

º£Eº Let £                                                                                                                                  and                                                                     be real or complex-valued functions, then . be a real or complex-valued function, and Ì or complex number, then £ ´ÍÏÎ Ë Ê£ Ðd³VE Ë Ê£ ³±  º£Eºw³±6 º£ w³±º  £  be a real  º£ w³±º  ,  .  £ ³V  , where  is a real (or complex)-valued  function, and  denotes the absolute value (or  magnitude) of  .
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ÜSÝ Ó!ÞßàháAâÔ à Õ§Ô Ý              The identity function                  is given by Ü4Ý Symbol                                  Explanation ÑÐÒ ÑÒÓÔÆÕÖÔ æç'èé ×YÔÙ                           Ü4Ý ×dØ âäåå$åMäØ Ý äå$ååMäØ ÞÙLÛØÝ The projection function             ã ÑÒm×ØÚÙ6ÛØ .

 

Ømî!ï                              . Ømò!ï For Ø äïmðñ , Øî!ï Ø äïmðñ Øò!ï   is the maximum of Ø   and ï ï . For , is the minimun of Ø óØô Øðñ óØSô Ø and . õØö æê±ëì5æ$í ×YÔÙ A function which randomly selects an element from the set  Ô  by Ô                                                            onto the                th coordinate is defined  .  The cardinality of the set  .

integer that is greater than or equal to   . Øðñ

 

÷Øùø                                                  For               the floor functionØ For       the ceiling function      returns the smallest õØSö Øðñ returns the largest integer

For the round function returns the nearest integer to  .

 

Øú ëé ï                  If there are two such integers it yields the integer with greater magnitude. For Ø äïmðû , Øú ëé ïmÛ è if there exists . ×dØVÙ ü äè ðû èmý ï ØÛï üÿþ è that is less than or equal to   .                                Ø

The characteristic function     is defined by Ñ Øð ×UØ±ÙEÛ  with

   such that

 

Images and Image Operations 

 

Symbol                                  Explanation ä <ä "!# ð Image variables will usually be chosen from the beginning of  the alphabet.  The image  is an  and   !   $  !  

Bold, lowercase characters are used to represent images.

 

% -valued image on   . The set    is called $  ð                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    the value set of                                                                                                                                                                                                                                                                                                                                                                                  Ñ !#  !                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              the spatial domain of

&                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  . ð                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    Let                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   . Then                                                                                                                                                     denotes an image, all of whose pixel values are Ñ % ! & !#

 

Let    be a set with zero . Then   denotes an image, all of )-, ! ) $ '( '(

'(                             be a set with unit 

+*      .     "!#             .!(

whose pixel values are   .    ð Û × Ù               ð The domain restriction of          to a subset    of    is defined by                                    . . Thus,
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/1032 Symbol                                  Explanation /54.687          9;: 6 /802=< /?>A@CBED 9GF / : BHDI6

 

defined by . The double-bar notation is  /10R254 9S  /A4"67  \]: B  9^: 6  /  /TUWVYX2[Z< /+>_@\ D 9GF

used to focus attention on the fact that the restriction is \

/TUWVYX2[Z The range restriction of          to the subset         is J <LKM 4IBHN/O@MF4 9QP

, then             .

 

If           ,          , and         , then the restriction of    to B f /TeO@MF<ji /O@MFkmlM 4IB /54.67 g 4.61h and   is defined as                       . Thus if

/Te applied to the second coordinate of . Thus if  J <LK` 4 \ N/a@`F4 9bP  9  /TUcVdX2Z4 98S

 

@r/TgsFut@v/OwxT/y[TuzRz3zT/{F Let    and    be subsets of the same topological space. The  }~/g

extension of          to          is defined by g@MFnkmlM 4 fpoB.q / g /wt/ytu|R|3|t/{ ,                       .

 

Row concatenation of images   and   , respectively the row / g concatenation of images               .

 

@C/F                              Column concatenation of images   and   . /A4"67  Nx6� / @C/F<LK@Mt@MFFN@MF< @C/O@MFFutM 4IB P @C/F4.7

 

/  If            and              , then the image               is    /A4"67  /  4"6h  /  <K@vt/O@@CFF FN.4 fP  6

.

 

/ g                                given by      , i.e.,  Nf �B

 

defined by                                . / g <LK@Mt@MFFN@F< /a@MFg@MFtM 4IB P /A467   4"6 6

/ If                 and          , the induced image               is /t g 4.68 67

If    is a binary operation on   , then an induced operation on

 

given by .

 

/ <K@Mt@MFFN@MF< /O@MF3tM 4IB P can be defined. Let ; the induced operation is  /t g 4"7

 

/e Let       ,         , and   be a binary operation on   . An  /t g 4@ ¤F7  ¡W¢3£e/ <j¥@Mt@MFFN@MF< ¡c¢3£eUZ/O@ FtM 4AB§¦

¡W¢£e/ induced scalar operation on images is defined by /e <@Mt@MF FN@MF< /O@MFeUZtM 4AB. 

.

 

Let              ;              /d¨@MF< @r/O@MF F¨ ª Nx67-�6

If            and    has a conjugation operation *, then the pointwise conjugate of image   ,                  .

 

ª/ /©¨ Let           ;                                           .  /A4"67  6  /

ª/                                                                   .
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º ¬                              º ¬¯®»¬O±C²³¼´O½5¬O±r²1¶R´O½·3·R·½5¬O±r²O¸©´   . ¾ ¬ ¹ ¬ «¬ Symbol                                  Explanation «E¬¯®°¬O±v²³´Oµ^¬O±v²1¶3´Oµ·R·3·µ^¬O±r²O¸©´ ¹ ¬¯®°¬O±v²³´Q·¬O±C²1¶3´·x·3·R·3·¬a±v²O¸©´

 

¬?ÀbÁ                                                ¬+ÀbÁ.®ÃÂ±r¬=·ÁQ´®Ä«ÅÆÇ ±v¬a±È²1´·uÁb±v²1´ ´ ¾ ¬¯®»¬O±C²³´O¿5¬O±r²¶´O¿·3·R·¿5¬O±r²¸´ . . .

 

¬©Ê É¬                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      Complementation of a set-valued image   . ¬

 

¬Ë                                      Dot product,                                      . ¬ ¬ Complementation of a Boolean image . Transpose of image   .

 

Templates and Template Operations

 

ÏÒÑÔÓCÕÇbÖR× Bold, lowercase characters are used to represent templates.  Usually characters from the middle of the alphabet are used  as template variables.  A template is an image whose pixel values are images. In  particular, an  Õ  Ï+ÚØEÛ ÕÇ  ÌÎÍ ÏÍCÐ Symbol                                   Explanation

Ø -valued template from    to    is a function Ø Ù Ï ÏÒÑ ÓÕÇÖ× ÕÇ

 

à±ÏRÜ´ Ï3Ü . Thus,             and   is an     -valued  Ï3Ü¯Ñ"ÕÇ  ÏÒÑ ÓÕÇÖ×

is given by                            .

 

à8å ±ÏÜ´                       If                and   àOå ±ÏÜ´Q®LÞ² Ñ Ù ÚÏÜ±r²1´Òã®Ãæ ß , then the support of is denoted by à±ÏÜ´ image on   .             Ý Ñ Ø    ÏÜ ® Ï±Ý´ ÏRÜ ®ÞÎ±v²ÍÏRÜ±v²1´´Ú² Ñ Ùß Õ;Ñ ÞáÍ â ß

 

àsçå ±ÏÜ´                      ÏÒÑ ÓáÇå Ö×       and is defined by ÏÒÑ ÓáÇçå Ö× à±ÏÜ´Q®LÞ² Ñ Ù ÚÏÜ±r²1´Òã®Ãäß Let            . For each        ,           . The image ÏÒÑ ÓÕÇÖ× Ï

 

à8êå ±Ï3Ü´                      If               , then                                         . If , then àçå ±ÏRÜ´Q®LÞ² Ñ Ù ÚÏRÜ±v²1´èã®éæ ß . ÏÒÑ-ÓáÇêå ÖR× àêå ±ÏÜ´Q®LÞ² Ñ Ù ÚÏÜ±v²1´èã®ÃëÒæ ß .

If                  , then                                              .
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ì3ü ìÎíïîdð Symbol                                   Explanation ñ ô     ò      ó ìÒý ÷ñsùúû ì+õôöø÷CñùúRû

ì3üþdívÿð A parameterized   -valued template from    to    with ì3üOý ÷ñûúù °ì í 1ð parameters in    is a function of the form                 . Let            . The transpose             is defined as .

 

Image-Template Operations                 ó

 

ì                                                                                                                                                                                                                                                                    In the table below,     is a finite subset of    . íñ ð                                  ý ñù                   ì+ý ÷ÈñsùúRû írÿð ì ì sívÿ          írÿððõÿý ò the generic right convolution product of   with   is defined

ìSymbol                                   Explanation       í 1ð    ì   í 1ð

 

ìLet           be a semiring and        ,            , then ìÒý ÷ñûúù ì íWÿð ðbõÿ;ý ò írÿð í % 1ð ìþívÿð 

'&                       as   ! írÿ   "               #$

 

ì With the conditions above, except that now , the  ì  21  èívÿ  465  %  ED  FG  íWÿð ðbõÿý ò

 

ì Let         ,         , and            , where            . ù  3  ívÿð  %    þ  87  :98;=<?>A@CB  &  ìÒý ÷Cñûúù

The right linear convolution product is defined as

 

'& generic left convolution product of    with   is defined as ò )( * ý ñù ìÒý ÷ñsùúû ñ ý ,+.-0/ í 1ð ì í 1ð

 

ìWith the conditions above, except that , the left  STVUWXY  RT[ZUWXY]\^

POQR linear convolution product is defined as & )HIJ írÿ 5      % " íWÿð ðõÿ.ý ò íWÿð í1ð ED ìþírÿð $ þ 87 í ð ELMN ù :98; >K@

 

S_` RbadcfeAgh"i:egkjlj:mngTpo hiqe%gj4a rs8tW:u8v8w8xy?zA{.|Se%}kj~RCe%}kjC For          and             , the right morphological STVUWXY RT ZU^XY\W

 

R_` S                            max convolution product is defined by R_`Sa�e%gqh3iqeg4j"jmCgTpo hi:egja rs8tW:u8vwnxez{jSeA}kj~GRseg4j= For          and             , the left morphological max

 

SP` R                              convolution product is defined by S'TVUWXY RT[ZUWXkY]\$^ S` Rba ceAg:h"iqeg4j"j:mng To hiqegja s8tWquxy?z{|SeA}kj~fReA}kj For          and             , the right morphological min convolution product is defined by
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 Symbol                                   Explanation V []  ¡¢�£¤¥¦%§q¨A©q¦%§4ª"ª«C§¬ ¨$©:¦§ª¢ ®8¯°8±=²¦%³3´µª¦¶kªk·f¸®¦§ª=¹º»G¼

'½¾  For          and             , the left morphological min   0¿ÁÀ  #Âq¿ÀÃ

convolution product is defined by

 

½¾¢dÄ ¦%§q¨3©q¦§ª3ª«C§f¬ ¨l©q¦§4ª¢ÆÅ®8¯q°±8Ç³µCÈ¦%¶kªÊÉ$Ë¦%¶kª$Ì¼ For             and                , the right 'ÍAq¿ÁÀ�   ÂAq¿ÀÎÃ

 

½¾                              multiplicative max convolution product is defined by ½¾ ¢�£¤¥¦%§q¨3©q¦§ª3ª«C§f¬ ¨©q¦%§4ª¢ Å®8¯:°8±¦³´µª¦%¶kªÉ®¦§4ªE¹º»Ï¼

 ¾  For             and                , the left multiplicative

 

¾ ¢dÄ ¦%§q¨3©q¦§4ª"ª«C§p¬ ¨l©q¦%§ª¢ ®8¯:°8±²Ç³µCÈ¦%¶kªqÉ¸Ë¦A¶kªÌ¼ max convolution product is defined by  q¿À #Âq¿ÀÃ

¾                              For             and                , the right For             and                , the left multiplicative min convolution product is defined by

 

¾=¢�£¤¥¦§:¨"©:¦§ª3ª«n§p¬ ¨©q¦%§ª¢ ®8¯:°8±²¦%³´µª¦A¶kªqÉ4¸®¦§4ªE¹º»Ï¼ multiplicative min convolution product is defined by ' q¿ÁÀ   Âq¿ÀÃ

 

Neighborhoods and Neighborhood Operations Ð ¨lÑ Ñ [Òn

 

Symbol                                   Explanation      ¬     Ó ÑÔ«¬ÖÕ×ÒC ¬ Ñ)«Ú Õ ÒC

Ñ,¦?ØÙª Italic uppercase characters are used to denote neighborhoods.  Ó  Ú

A neighborhood is an image whose pixel values are sets of

 

in    is a function of the form                   .

 

Ñ ¸                                   points. In particular, a neighborhood from    to    is a

 

Ñ'¸¦¶kª¢�Û§ ¬ «C¶  ÑÜ¦%§4ªÞÝ function              . Ñ  ÒC         Ñ'¸ ÒC

 

¶  Ñ,¦%§ªßáà'§ ãâ¸¦%¶kª A parameterized neighborhood from    to    with parameters Ñdæ

Ñ¡äå·¾ Ñdæ                                                              , that is,

 

Ñ,¦§4ª¢ çè¯=éê3ë?ì=íEî3ï]ð$î%ñòó[îAô'õñ4ò3ò Let            , the transpose               is defined as Ñ]ä .

The dilation of     by     is defined by

.
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Image-Neighborhood Operations ö            ÷ø

 

ùúÊûü      In the table below,     is a finite subset of    . ý þ ùú              þ ùú       þ ú ýÆþ

"!# Symbol                                   Explanation ú ùú ýÿþ         ùú ù

Given        ,            , and reduce operation    ý

"!# $% If                , then                                             . &' ( !# ý *)+() $,- $.0/,1(23)

 

, the generic right reduction of    with    is ýÖþ 9

 

>=#                            generic left reduction of    with   is defined as ( !# ) ( !# Aý ý ý ?      '         . ;:<) þã÷ ÷ ÷ ý ý !#  defined as . Thus,  4(56()7)  ý  þ  8 6 () $  ú

.

 

With the conditions above, except that now , the

 

%A#   ý                                  neighborhood averaging operation, (@=# Given        , and the image average function ý*)+() ? ,0 þã÷ B   , the right reduction of with yields the  ÷  C'  .  Given   ÷  ( A#

neighborhood median filtered image, ý)D() B ,-, and the image median function , the right reduction of with ý yields the  .

 

Matrix and Vector Operations E F

 

EHG          In the table below,    and    represent matrices. E

EI: Symbol                                   Explanation E

 

E LMF EKJF                  The conjugate of matrix   . EHF     E       F F

 

E>N#POF ,                        The matrix product of matrices E The transpose of matrix   .   F E and   .

 

E>N# :OF                            The tensor product of matrices    and   . F E E>N# :OF  F&:3N# OEQ:: The p-product of matrices    and   . The dual p-product of matrices    and   , defined by .
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CHAPTER 1

IMAGE ALGEBRA

 

1.1.   Introduction

 

Since the field of image algebra is a recent development it will be instructive to

provide some background information. In the broad sense, image algebra is a mathematical theory concerned with the transformation and analysis of images. Although much emphasis is focused on the analysis and transformation of digital images, the main goal is the establishment of a comprehensive and unifying theory of image transformations, image analysis, and image understanding in the discrete as well as the continuous domain [1].

The idea of establishing a unifying theory for the various concepts and opera-

tions encountered in image and signal processing is not new. Over thirty years ago, Unger proposed that many algorithms for image processing and image analysis could be imple-mented in parallel using cellular array computers [2]. These cellular array computers were inspired by the work of von Neumann in the 1950s [3, 4]. Realization of von Neumann’s cellular array machines was made possible with the advent of VLSI technology. NASA’s massively parallel processor or MPP and the CLIP series of computers developed by Duff and his colleagues represent the classic embodiment of von Neumann’s original automaton [5, 6, 7, 8, 9]. A more general class of cellular array computers are pyramids and Thinking Machines Corporation’s Connection Machines [10, 11, 12]. In an abstract sense, the vari-ous versions of Connection Machines are universal cellular automatons with an additional mechanism added for nonlocal communication.

Many operations performed by these cellular array machines can be expressed in

terms of simple elementary operations. These elementary operations create a mathematical basis for the theoretical formalism capable of expressing a large number of algorithms for image processing and analysis. In fact, a common thread among designers of parallel image processing architectures is the belief that large classes of image transformations can be described by a small set of standard rules that induce these architectures. This belief led to the creation of mathematical formalisms that were used to aid in the design of special-purpose parallel architectures. Matheron and Serra’s Texture Analyzer [13], ERIM’s (Environmental Research Institute of Michigan) Cytocomputer [14, 15, 16], Martin Marietta’s GAPP [17, 18, 19], and Lockheed Martin’s PAL processor [20] are examples of this approach.

The formalism associated with these cellular architectures is that of pixel neigh-

borhood arithmetic and mathematical morphology. Mathematical morphology is the part of image processing concerned with image filtering and analysis by structuring elements. It grew out of the early work of Minkowski and Hadwiger [21, 22, 23], and entered the mod-ern era through the work of Matheron and Serra of the Ecole des Mines in Fontainebleau, France [24, 25, 26, 27]. Matheron and Serra not only formulated the modern concepts of morphological image transformations, but also designed and built the Texture Analyzer System. Since those early days, morphological operations have been applied from low-level, to intermediate, to high-level vision problems. Among some recent research papers on morphological image processing are Crimmins and Brown [28], Haralick et al. [29, 30], Maragos and Schafer [31, 32, 33], Davidson [34, 35, 36], Dougherty [37, 38], Goutsias [39, 40], Koskinen and Astola [41], and Sivakumar and Goutsias [42].

 

© 2001 by CRC Press LLC

2                                            CHAPTER 1.   IMAGE ALGEBRA

 

Serra and Sternberg were the first to unify morphological concepts and methods

into a coherent algebraic theory specifically designed for image processing and image analysis. Sternberg was also the first to use the term “image algebra” [43, 44]. In the mid 1980s, Maragos introduced a new theory unifying a large class of linear and nonlinear systems under the theory of mathematical morphology [45]. More recently, Davidson completed the mathematical foundation of mathematical morphology by formulating its embedding into the lattice algebra known as Mini-Max algebra [46, 47, 48]. However, despite these profound accomplishments, morphological methods have some well-known limitations. For example, such fairly common image processing techniques as feature

extraction based on convolution, Fourier-like transformations, chain coding, histogram equalization transforms, image rotation, and image registration and rectification are — with the exception of a few simple cases — either extremely difficult or impossible to express in terms of morphological operations. The failure of a morphologically based image algebra to express a fairly straightforward U.S. government-furnished FLIR (forward-looking infrared) algorithm was demonstrated by Miller of Perkin-Elmer [49].

The failure of an image algebra based solely on morphological operations to

provide a universal image processing algebra is due to its set-theoretic formulation, which rests on the Minkowski addition and subtraction of sets [23]. These operations ignore the linear domain, transformations between different domains (spaces of different sizes and dimensionality), and transformations between different value sets (algebraic structures), e.g., sets consisting of real-, complex-, or vector-valued numbers. The image algebra discussed in this text includes these concepts and extends the morphological operations [1].

The development of image algebra grew out of a need, by the U.S. Air Force

Systems Command, for a common image-processing language. Defense contractors do not use a standardized, mathematically rigorous and efficient structure that is specifically designed for image manipulation. Documentation by contractors of algorithms for image processing and rationale underlying algorithm design is often accomplished via word description or analogies that are extremely cumbersome and often ambiguous. The result of these ad hoc approaches has been a proliferation of nonstandard notation and increased research and development cost. In response to this chaotic situation, the Air Force

Armament Laboratory (AFATL — now known as Wright Laboratory MNGA) of the Air Force Systems Command, in conjunction with the Defense Advanced Research Project Agency (DARPA), supported the early development of image algebra with the intent that the fully developed structure would subsequently form the basis of a common image-processing language. The goal of AFATL was the development of a complete, unified algebraic structure that provides a common mathematical environment for image-processing algorithm development, optimization, comparison, coding, and performance evaluation. The development of this structure proved highly successful, capable of fulfilling the tasks set forth by the government, and is now commonly known as image algebra.

Because of the goals set by the government, the theory of image algebra provides

for a language which, if properly implemented as a standard image processing environment, can greatly reduce research and development costs. Since the foundation of this language is purely mathematical and independent of any future computer architecture or language, the longevity of an image algebra standard is assured. Furthermore, savings due to commonality of language and increased productivity could dwarf any reasonable initial investment for adapting image algebra as a standard environment for image processing.

Although commonality of language and cost savings are two major reasons

for considering image algebra as a standard language for image processing, there exists a multitude of other reasons for desiring the broad acceptance of image algebra as a component of all image processing development systems. Premier among these is the
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predictable influence of an image algebra standard on future image processing technology. In this, it can be compared to the influence on scientific reasoning and the advancement of science due to the replacement of the myriad of different number systems (e.g., Roman, Syrian, Hebrew, Egyptian, Chinese, etc.) by the now common Indo-Arabic notation.

Additional benefits provided by the use of image algebra are

 

• The elemental image algebra operations are small in number, translucent,

simple, and provide a method of transforming images that is easily learned and used;

 

• Image algebra operations and operands provide the capability of expressing

all image-to-image transformations;

 

• Theorems governing image algebra make computer programs based on image

algebra notation amenable to both machine dependent and machine independent optimization techniques;

 

• The algebraic notation provides a deeper understanding of image manipula-

tion operations due to conciseness and brevity of code and is capable of suggesting new techniques;

 

• The notational adaptability to programming languages allows the substitution

of extremely short and concise image algebra expressions for equivalent blocks of code, and therefore increases programmer productivity;

 

• Image algebra provides a rich mathematical structure that can be exploited

to relate image processing problems to other mathematical areas;

 

• Without image algebra, a programmer will never benefit from the bridge

that exists between an image algebra programming language and the multitude of mathematical structures, theorems, and identities that are related to image algebra;

 

• There is no competing notation that adequately provides all these benefits.

 

The role of image algebra in computer vision and image processing tasks and

theory should not be confused with the government’s Ada programming language effort. The goal of the development of the Ada programming language was to provide a single high-order language in which to implement embedded systems. The special architectures being developed nowadays for image processing applications are not often capable of directly executing Ada language programs, often due to support of parallel processing models not accommodated by Ada’s tasking mechanism. Hence, most applications designed for such processors are still written in special assembly or microcode languages. Image algebra, on the other hand, provides a level of specification, directly derived from the underlying mathematics on which image processing is based and that is compatible with both sequential and parallel architectures.

Enthusiasm for image algebra must be tempered by the knowledge that image

algebra, like any other field of mathematics, will never be a finished product but remain a continuously evolving mathematical theory concerned with the unification of image processing and computer vision tasks. Much of the mathematics associated with image algebra and its implication to computer vision remains largely unchartered territory which awaits discovery. For example, very little work has been done in relating image algebra to computer vision techniques which employ tools from such diverse areas as knowledge representation, graph theory, and surface representation.
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Several image algebra programming languages have been developed. These

include image algebra Fortran (IAF) [50], an image algebra Ada (IAA) translator [51], image algebra Connection Machine *Lisp [52, 53], an image algebra language (IAL) implementation on transputers [54, 55], and an image algebra C++ class library (iac++) [56, 57]. Unfortunately, there is often a tendency among engineers to confuse or equate these languages with image algebra. An image algebra programming language is not

image algebra, which is a mathematical theory. An image algebra-based programming language typically implements a particular subalgebra of the full image algebra. In addition, simplistic implementations can result in poor computational performance. Restrictions and limitations in implementation are usually due to a combination of factors, the most pertinent being development costs and hardware and software environment constraints. They are not limitations of image algebra, and they should not be confused with the capability of image algebra as a mathematical tool for image manipulation.

Image algebra is a heterogeneous or many-valued algebra in the sense of Birkhoff

and Lipson [58, 1], with multiple sets of operands and operators. Manipulation of images for purposes of image enhancement, analysis, and understanding involves operations not only on images, but also on different types of values and quantities associated with these images. Thus, the basic operands of image algebra are images and the values and quantities associated with these images. Roughly speaking, an image consists of two things, a

collection of points and a set of values associated with these points. Images are therefore endowed with two types of information, namely the spatial relationship of the points, and also some type of numeric or other descriptive information associated with these points. Consequently, the field of image algebra bridges two broad mathematical areas, the theory of point sets and the algebra of value sets, and investigates their interrelationship. In the sections that follow we discuss point and value sets as well as images, templates, and neighborhoods that characterize some of their interrelationships.

 

1.2.   Point Sets

 

A point set is simply a topological space. Thus, a point set consists of two

things, a collection of objects called points and a topology which provides for such notions

 

as nearness of two points, the connectivity of a subset of the point set, the neighborhood of RTS0UVS0WYX*Z R%X\[^] RM_a`cbedSfbhgiSjjkjeShb]fl mQ_oniSfpfSjjkjeSfq b0r a point, boundary points, and curves and arcs. Point sets are typically denoted by capital bold letters from the end of the alphabet, i.e., W, X, Y, and Z.

Points (elements of point sets) are typically denoted by lower case bold letters

from the end of the alphabet, namely             . Note also that if         , then x is of

 

form                     , where for each                ,    denotes a real number [s] q_KntS^pfS called the ith coordinate of x.

 

The most common point sets occurring in image processing are discrete subsets of [^]

n–dimensional Euclidean space     with           or 3 together with the discrete topology. However, other topologies such as the von Neumann topology and the odd-even product topology are also commonly used topologies in computer vision [1].

 

in applications of image algebra to solve vision problems. Point sets can assume  ue]wv [^]  ue]x_ uy@uzy|{k{{8y}u_  ~RX*[^HR*_"`7bdSjkjjSfb]lSTbrX\u8eHm3_>niS3jjkjeSfq�  q_p  q_  ug

arbitrary shapes. In particular, shapes can be rectangular, circular, or snake-like.

Some of the more pertinent point sets are the set of integer points (here we view

 

uwv [ d There is no restriction on the shape of the discrete subsets of used  u

), the n–dimensional lattice              (i.e.,

) with          or         , and

rectangular subsets of . Two of the most often encountered rectangular point sets are
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of form

 

or  ¨ ,¨

 

We follow standard practice and represent these rectangular point sets by listing the points in « 

matrix form. Figure 1.2.1 provides a graphical representation of the point set .

 

1   2          n

y

 

1             ... ...

 

¬                              2             ... ... ..           ..                                     .. . . .

 

m         ... ...     ®°¯|±²³|´ ±²µ ª                                                                                                                                                                                                                                                                                                                                                                                            ...                 ...                                                        ... x

Figure 1.2.1. The rectangular point set                 .

 

As mentioned, some of the more pertinent point sets are discrete subsets of the

 

vector space . These point sets inherit the usual elementary vector space operations.  ¹ÅMÀ*¯Æºc»¼ÅMÂi¼½¾¾k¾½f»µ ÅMÂµh¿½  Ç Ã ±  Ç Ã ¶

Thus, for example, if           (or          ) and

® Point Operations ¶µ ®¸·±µ     ®¸·¶µ      ¹¯Kºc»¼½¾¾k¾e½h»µf¿½ÁÀ\¯KºcÂi¼½3¾¾k¾e½fÂµh¿ÄÃ

, then the sum of the points x and y is defined as

 

while the multiplication and addition of a scalar        (or        ) and a point x is given by Ç È¹8¯>ºÇ È»¼½3¾¾k¾e½fÇÈ»µ¿ ÇÉÅÊ¹*¯"º7ÇHÅM»¼½¾¾¾h½eÇÉÅÊ»µ¿½ and

 

respectively. Point subtraction is also defined in the usual way. ±eË ¹ ´ À*¯Æºc»eÌÈkÂËÍ »Ë ÈkÂÌi½f»ËÈkÂ¼Í »¼ÈÂË½h»¼ÈÂÌÍ »hÌ5ÈÂ¼¿½ In addition to these standard vector space operations, image algebra also incorpo-¶^Ë ¹*ÈÀ*¯>º»¼ÈÂ¼½¾k¾¾h½f»µ ÈkÂµ¿½

rates three basic types of point multiplication. These are the Hadamard product, the cross product (or vector product) for points in    (or    ), and the dot product which are defined by

 

and                  ¹3ÎÏÀ\¯»¼TÈkÂi¼Å »Ì ÈkÂÌÅÐÈkÈÈhÅ »µ ÈÂµ ½ respectively.
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6                                            CHAPTER 1.   IMAGE ALGEBRA ÑÓÒ\ÑÔxÑ ÑKÒHÑÕÔ°Ö Ö Note that the sum of two points, the Hadamard product, and the cross product are

binary operations that take as input two points and produce another point. Therefore, these

 

operations. In contrast, the binary operation of dot product is a scalar and not another vector. This provides an example of a mapping             , where   denotes the appropriate field of scalars. Another such mapping, associated with metric spaces, is the distance function

 

ÑÐÒÑ¸Ô× operations can be viewed as mappings whenever X is closed under these

which assigns to each pair of points x and y the distance from x to y. The

 

the city block or diamond distance, and the chessboard distance which are defined by

 

and                         ïÙÚTÜÏÝÞ^ß âãäåæñðçäèMéäðÜ òÙÛÚTÜÏÝÞßCó8ôçõðçäèMéäð0öÁ÷QøCù¦ø¢úûÜ most common distance functions occurring in image processing are the Euclidean distance, ØÁÙÛÚTÜÏÝÞ^ßáà âãäåæÙcçäèMéäÞëêÏìHíîÜ

 

respectively.                                                  üý æ ý þÚþýßÓÿ âãåæðç ðý Distances can be conveniently computed in terms of the norm of a point. The

 

three norms of interest here are derived from the standard     norms 

 

The     norm is given by ü         þÚþ    ß â åæðç ðÜ eÜðçâ3ðû

 

where                             . Specifically, the Euclidean norm is given by â åæðç ð ßóYôçõðçæðÜ þÚþê ß çêæ çêâ ØÁÙÛÚTÜÏÝ3ÞQß þÚ è Ýþê ïÙÚTÜ7Ý3ÞHß þÚ è Ýþæ òÙÚTÜ7Ý3Þß þÚ è Ýþ 

 

can be computed using the formulation and the chessboard distance  Ñ Ô ×  ×â   Ñ      hÜúû  ÙÚ3ÞVßKç  ç

by using                     . õ÷Ü

þ|þý öÑÔ × . Thus, . Similarly, the city block distance

Note that the p-norm of a point x is a unary operation, namely a function

. Another assemblage of functions which play a major role in

various applications are the projection functions. Given , then the ith projection on

 

the ith coordinate of x.

 

quently occurring unary operations in image processing. In order to define these opera-û Ñ !"# Ñ $ %'& ( fÜ÷û tions, we need to recall the notion of a power set of a set. The power set of a set S is defined as the set of all subsets of S and is denoted by . Thus, if Z is a point set, then

.                                  Ô õ ö

 X, where               , is denoted by    and defined by            , where    denotes 

ß õÑ öÑ Characteristic functions and neighborhood functions are two of the most fre-Given         (i.e.,         ), then the characteristic function associated with X is the function
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defined by

 

For a pair of point sets X and Z, a neighborhood system for X in Z, or equivalently, CED=GFIHJKB L ;M= C ,L0ONQP C ,L0

a neighborhood function from X to Z, is a function

 

It follows that for each point        ,             . The set        is called a neighborhood RS CTD=UFVH#WYX C ,L02[Z\ D\62[,^]`_acbedf]S0gh-\i2j,k]`_dl]Sanmo0pdb#dqmr;sZ?d5ettd for x.

There are two neighborhood functions on subsets of which are of particular

 

importance in image processing. These are the von Neumann neighborhood and the Moore L 2Q,]_dq]S0u;>=N RS v ,L02QZ\ D\i2[,^]_asb#dl]Saxmy0db#dlmz;MZ?d5ttB v D=wFIHeWX neighborhood. The von Neumann neighborhood              is defined by where                     , while the Moore neighborhood              is defined by

Figure 1.2.2 provides a pictorial representation of these two neighborhood functions; the hashed center area represents the point x and the adjacent cells represent the adjacent points. The von Neumann and Moore neighborhoods are also called the four neighborhood and eight neighborhood, respectively. They are local neighborhoods since they only include

 

the directly adjacent points of a given point. {

[image: ]

 

N(x)  =                                     M(x)  =          |M}/~+ }/~+ Figure 1.2.2. The von Neumann neighborhood

[image: ]

and the Moore neighborhood       of a point x.

[image: ]

 

it becomes necessary to switch from points with real-valued coordinates (floating point :o4l M c[o Mo coordinates) to corresponding integer-valued coordinate points. One such method uses the induced floor operation                 defined by                                , where (i.e.,                 and if           with          , then             ).

[image: ]

~>Q}lqe+flA�' There are many other point operations that are useful in expressing computer q>f�+>V oK6 ~l<}`:q/fqquy o vision algorithms in succinct algebraic form. For instance, in certain interpolation schemes and denotes the largest integer less than or equal to

[image: ]

Summary of Point Operations

[image: ]

We summarize some of the more pertinent point operations. Some image algebra

[image: ]

implementations such as iac++ provide many additional point operations [59].

[image: ]
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Binary operations.    Let                                                      , and A¶¦·^ ¨ ¡+£££f¡l¤¨¤¥ ³²´¦n^ ²´¨ ¡£££q¡l¤²n¨¤¥ >µs¦n^ µs¨ ¡£££q¡l¤µc¨¤¥ +¸¦n·^ ¸©¨ ¡£££f¡q¤¸#¨¤¥  ®^¯ ¡f¯¢¡£££f¡q¯Y°±¥>«4¬° 8                                            CHAPTER 1.   IMAGE ALGEBRA ^` ¡qo¢#¡£££¡lo¤l¥¡y¦§¨© ª¡l¨¢©¡+£££q¡l¨¤q¥j«¬¤

 

division                      ¹º©»/¡¼¦+¥-½^ +¾ ¨ ¡£££¡l¤¿¾ ¨¤¥ À:ÁÂ`¡¼¦+¥-¼ +Ã ¨ ¡£££¡l¤¿Ã¨¤¥ +ÄÅ¦c ¨ ²x¢¨¢²Æ¶¶¶²¤¨¤ ^Á> Ç¥ ³È¿¦A[^¢¨ÉÊµcoÉ¨¢¡flÉ¨ µn ¨Éy¡l ¨¢µn¢¨ ¥ .

addition

subtraction

multiplication

 

supremum              ÌË ¡£££f¡qo¤¡l¯e ¡£££¡l¯°¥ ÍyÎln·^ÍÏÎq ¡+£££q¡lÍyÎfl¤q¥Y¡ Îs«xÐª²K¡µ¿¡lÑl¡¾¡ÃuÒ infimum

dot product

 

cross product                   c½k ¡l¢¡£££q¡f¤¥O«n¬¤ µ-nwÅµÓ ¡£££¡fµÓ¤¥ ÔlÕ>wÔ Õl¡£££¡Ô:¤Õ#¥ Öl×>wÖ ×l¡£££¡Ö:¤×#¥ concatenation

scalar operations

where

 

Unary operations.   In the following let                             . ØfÙÚÛØ Ù¡£££¡ØÜ¤ÙÝ¥ »lÞ+¥ßlÞ àuc ²á¢²â¶¶¶+²ã¤ ä-xw ¢¶¶¶y¤ negation

ceiling

 

floor                           ¾så ¾ ¢¾ ¶¶¶¾ ¤ Ãså` Ã q¢Ã ¶¶¶Ã o¤ æÛæ¢ç ¢ ²¶¶¶²n¢¤ è  æÛæ é` eéY²4éf¢yép²Æ¶¶¶²Æéo¤+é èê

rounding

projection

sum

 

product                    æÛæê Gé` ªé¾ éf¢1é¾ ¶¶¶¾ él¤+é ëyÀ:ì6:+¥¿Á íM:+¥ïîå¬¤ ð+ñu¥OUò6ó À/Â«>ô õ À/ÂAö«>ô maximum

minimum

Euclidean norm

norm

norm

 

dimension              ô÷Iø neighborhood

characteristic function

 

It is important to note that several of the above unary operations are special ôùVú¢¥¤ ûyüý þ#ÿ lþ©ÿ

instances of spatial transformations . Spatial transforms play a vital role in many

image processing and computer vision tasks.

In the above summary we only considered points with real- or integer-valued

coordinates. Points of other spaces have their own induced operations. For example, typical operations on points of (i.e., Boolean-valued points) are the usual

logical operations of     ,    ,      , and complementation.

 

Point Set Operations ôi¡oø«

Point arithmetic leads in a natural way to the notion of set arithmetic. Given a 

vector space Z, then for              (i.e.,             ) and an arbitrary point         we

 

define the following arithmetic operations: ! #"%$&'() *+,*+! #"%$&'() addition

 

subtraction                  -./+0((1) *2-.3*'0((1) point addition

point subtraction

 

© 2001 by CRC Press LLC

1. 2 Point Sets 9  465

Another set of operations on are the usual set operations of union, intersection,

set difference (or relative complement), symmetric difference, and Cartesian product as

 

defined below.                       7839;:=<.>?0>@37A6B>@9C 7D,9E:F<>?>@37HGJI%K0>L@(9'C union

 

intersection                  7MN9E:=<.>?0>L@(7GJI%K0>(O@39C 7P,9Q:<>?0>@7R8,9QGJI%K0>(O@37RD/9C set difference

symmetric difference        7S39:<TVUXWZY\[3?U@7!G#I%K&Y'@(9C Cartesian product

 

Note that with the exception of the Cartesian product, the set obtained for each of the 4 5 7]@4 5 above operations is again an element of    .

Another common set theoretic operation is set complementation. For ,  ^7  _7`:]<a>?b>@cdGJI%K0>1O@71C

the complement of X is denoted by   , and defined as                              . In contrast to the binary set operations defined above, set complementation is a unary

 

operation. However, complementation can be computed in terms of the binary operation ^7:QcXM67 of set difference by observing that            .

In addition to complementation there are various other common unary operations

which play a major role in algorithm development using image algebra. Among these is the cardinality of a set which, when applied to a finite point set, yields the number of elements in the set, and the choice function which, when applied to a set, selects a randomly chosen

 

point from the set. The cardinality of a set X will be denoted by card(X). Note that e GJB6K?4 5/fhg`ikjmlonqparsrJtvu wsxzy{y|r}y|~y.uJxzXlNj 4 5 W

 

while                             e. A6e. ?4 5 f c�

 

That is,                 and                 , where x is some randomly chosen element of X. e GJB6K T73[@ g e. A6e. TV7[X:U

As was the case for operations on points, algebraic operations on point sets are

too numerous to discuss at length in a short treatise as this. Therefore, we again only summarize some of the more frequently occurring unary operations.

 

Summary of Unary Point Set Operations 7Q

 

In the following          .   {7E:!<6{U=?0U'@37(C _7:=<a>?b>@(GJI%K0>(O@37(C negation

 

complementation           o%TV7[TZvA6BvVI%k  A6mI  q73[ mI%TZ7[TZvA6BvVI%s  A6mI  q73[

 

supremum e. A6e. Tm73[{@37 TZB6GJI%K#Aa3 e. A6  I     I[  e GJB6KT7[{: e GJB6KJVI%G#ksA617

infimum

choice function

 

<.U 6WJU\¡6W£¢¢a¢WJU¤JC cardinality             aT73[                                                    7: .    Then                                                                     ,

 

where denotes the binary operation of the supremum of two points de- U ª : TZ ª W ª [  ®: ¯W%¢a¢¢Wz°  o%TV7[:  TZ  ±  ¡²±R³a³³±  ¤ W   X±  ¡X±R³a³a³v±  ¤ [  o%TV7[

aTmU%ª«WzU ¬6[ The interpretation of           is as follows.   Suppose X is finite, say o%TV7[:¥aTv¢a¢¢Jo%TZo%TZo%TZU 6WzU¡|[.W¦U%§[.W¦U%¨©[|W%¢¢a¢WzU¤6[

fined earlier.    For example, if                  for                 , then

. More generally, is defined to be the

least upper bound of X (if it exists). The infimum of X is interpreted in a similar fashion.

 

of X, denoted by      and     , respectively, as follows. Suppose · and                    , where the symbol    denotes the particular total order on X.

U  ¸· U ¡¹·³a³³0· U ¤ If X is finite and has a total order, then we also define the maximum and minimum ´7 µ+7 7H:¶<U   WU ¡ W%¢a¢a¢vWU ¤ C
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10                                        CHAPTER 1.   IMAGE ALGEBRA º2»h¼-½¾ ¿»h¼=½XÀ Á%Â Then           and          . The most commonly used order for a subset X of is the row scanning order. Note also that in contrast to the supremum or infimum, the maximum and minimum of a (finite totally ordered) set is always a member of the set.

 

1.3.   Value Sets

 

A heterogeneous algebra is a collection of nonempty sets of possibly different

types of elements together with a set of finitary operations which provide the rules of combining various elements in order to form a new element. For a precise definition of a heterogeneous algebra we refer the reader to Ritter [1]. Note that the collection of point sets, points, and scalars together with the operations described in the previous section form a heterogeneous algebra.

A homogeneous algebra is a heterogeneous algebra with only one set of operands.

 

In other words, a homogeneous algebra is simply a set together with a finite number of Ã{ÄLÅ Æ operations. Homogeneous algebras will be referred to as value sets and will be denoted by capital blackboard font letters, e.g.,       , and    . There are several value sets that

 

occur more often than others in digital image processing. These are the set of integers, real ÇÈ ÉbÈ ÁÄÊ{ÄqË0ÄÁ ÂÌ the extended real numbers (which include the symbols      and/or      ), and the extended ÊÓ Î ¼RÊ1Ï(Ð6Ç0ÈÔÄÉbÈÑ ÊÕvÖÎ ¼Ê Í ÏÐ©×Ä ÇØÈÙÑ non–negative real numbers. We denote these sets by               ,                    , Ê²Ò Î ¼RÊ1Ï(ÐoÉbÈÑ Ê Í , numbers (floating point numbers), the complex numbers, binary numbers of fixed length k, Ê\Í£Î¼®Ê3Ï1Ð©Ç0ÈÑ , and , respectively,

where the symbol     denotes the set of positive real numbers.

 

Operations on Value Sets                                Å Å ÅÛÚÐ6ÁÄÊ{Ä%Á Â Ì Ñ The operations on and between elements of a given value set are the usual

elementary operations associated with   .   Thus, if                   , then the binary

 

maximum, and the complementary operations of subtraction, division, and minimum. If

Å¼-Ë operations are the usual arithmetic and logic operations of addition, multiplication, and , then the binary operations are addition, subtraction, multiplication, and division.

Similarly, we allow the usual elementary unary operations associated with these sets such as the absolute value, conjugation, as well as trigonometric, logarithmic and exponential

 

functions as these are available in all higher-level scientific programming languages. Ê Ó Î Ê Ü ÇÝ¦ÉvÈÞ\¼¶ÝzÉvÈÞ£Ç Ü ¼ÉvÈ Ü Ú(ÊÒ Î For the set we need to extend the arithmetic and logic operations of  as

follows:           Ü ÇßÈà¼ÔÈQÇ Ü ¼È                      Ü ÚáÊ Î

 

Üâ Ý¦ÉvÈÞX¼®Ý¦ÉvÈÞ âÜ ¼ Ü Ý¦ÉvÈßÞ%ÇÈh¼ÈÇÙÝzÉvÈÞX¼¶ÉvÈ            Ü ÚáÊ Ó Î

Note that the element      acts as a null element in the system                if we ÉbÈ ÝÊXÓ Î Ä â Ä Ç0Þ â

 

view the operation + as multiplication and the operation as addition. The same cannot be  È  ÝZÊ Ó Î3Äã{Ä Ç0Þ  ÝzÉvÈÞ.ÇÈä¼ÈÇLÝ«ÉvÈßÞ²¼®ÉvÈ  ÝZÊ Ó Î Ä ãåÄ ÇbæÞ  ÝZÊ Ó Î Ä â Ä Ç0Þ

said about the element    in the system               since                                .

 

In order to remedy this situation we define the dual structure                 of Ü Ç æJç ¼ Ü Ç ç Ü Ä ç ÚáÊ Ü Ç æ ÝzÉvÈÞ¼®Ý¦ÉvÈßÞ£Ç æ Ü ¼¶ÉvÈ Ü Ú(ÊÒ Î Ü Ç æÈh¼ÈQÇ æ Ü ¼È                    Ü Ú(ÊXÎ ÝÉvÈÞÇ æ Èà¼ÔÈÛÇ æ ÝzÉvÈÞ¼ÔÈ Ü ã3Èh¼Èã Ü ¼ Ü as follows:

Ü ÚáÊ Ó Î
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Now the element     acts as a null element in the system                 Observe, however, èé êzëìí3îï{î èðòñ|ó è èbð ôbé è0éó

 

that the dual additions     and     introduce an asymmetry between       and       The êë ì£í î õ{î ï{î èLîvèðñ ö¹÷dë ì£í resultant structure is known as a bounded lattice ordered group [1].

 

Dual structures provide for the notion of dual elements. For each we  öaø  ö6ø0ùàôåö  ô0ê«ôbéßñùRé    

define its dual or conjugate    by           , where               . The following duality ú.ûJü úýoþoüvþÿ ý

 

laws are a direct consequence of this definition: ú                                                                                                                                                      ü                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            úý                                                                                                                                                                                                                                                   |ü þ ÿ ý þ                                                                                                                                                                                                                    þ úý                                                                   aü þ ÿ ý þ                                                                            þ                                                                                                                                                                                                                                            and                .

 

Closely related to the additive bounded lattice ordered group described above is ë í î õ{î ïåî î ð ð 

the multiplicative bounded lattice ordered group                      . Here the dual     of

 

ordinary multiplication is defined as ð ù        î    ÷áë      ùÔë

 

with both multiplicative operations extended as follows: 3éhùé ùé   ð éhùé                            ÷(ë í !     "# ð $        ! éàùÔé      ùé               ÷áë í % ù ð éhùé ð Øùé ë

 

è0é                                                                                              í î õ{î ë í î ï{î Hence, the element 0 acts as a null element in the system and the element  &('  )*'  +'

 

ö1÷ ë acts as a null element in the system               . The conjugate    of an element ð í ö6ø 0/21 

 

of this value set is defined by ö ø                  ö-, .              3 if ö&÷'ë öùÔè0é    ó

 

Another algebraic structure with duality which is of interest in image algebra is the %ø oî õ{î ï{î 98-8 ;: 5 7 <5 7 =5 7 > ? @ A B

 

value set                     , where                                                      . èLî è ð %ø 0ùê ñ ì£í ù éî|ôåé Øù î îôbéî é õ ï 8 8 465                                                                            èØé        if öù 7                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            if

 

The logical operations    and    are the usual binary operations of max (or) and min (and), è è ð 8 8 respectively, while the dual additive operations    and     are defined by the tables shown

in Figure 1.3.1.

 

è                                                                                                                                                                                                                                                                                                                                                                                                                                    0                                                                                                                                                                                                                                                                                    1                                                                                                                                                                                                       ôbé é                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    è ð                                                                                                                                                                                     0                                                                                                                                                                                       1                                                                                                                                    ôbé é

0     1     0                            0     1     0 é ôåé     é ôbé

1     0     1                            1      0     1 é ôåé    é ôbé

ôåé é é é é        ôbé é é é ôbé

 

é ôbé ôåé é ôåé          é ôåé ôbé ôbé é 8 8

 

Figure 1.3.1. The dual additive operations    and    . è è ð 8 8 5 7 C0 AD

 

Note that the addition     (as well as    ) restricted to                 is the è è ð ù î EFG

complement of the exclusive-or operation, xor, and computes the values for the truth table of the biconditional statement         (i.e., p if and only if q).
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The operations on the value set can be easily generalized to its k-fold Cartesian  T MVUTW6X2Y6YDY*X(T#Z0[]\^H IJLK  TcbLX+_*b\dH IJ  e MgfXYDY6YX(h  Tjik _ M

 

product                               .   Specifically, if ik                 To0prqZ      H JK TPX+_`\sH JK TBik _ M lUT W k _ W[utvXY6YDY+X UT Z k _ Z[utn and                        , where              for              , then .

The addition    should not be confused with the usual addition         on     .

 

In fact, for                                                            , where UT b k _ b[t Mxwcy e{z UT b k _ b[|T}o0p~q Mf f e{z UT b k _ b[|T}o0p~q M y)     Mm metric space as well as a vector space with the usual operation of vector addition. Thus,

 

Uv X k [ Many point sets are also value sets. For example, the point set is a  k

, where the symbol “ ” denotes vector addition, will at various times be used both

as a point set and as a value set. Confusion as to usage will not arise as usage should be clear from the discussion.

 

Summary of Pertinent Numeric Value Sets

 

In order to focus attention on the value sets most often used in this treatise we U< X(�9X(-X k X Q[ U< X k X Q[

provide a listing of their algebraic structures:

(a)

 

(b)   UHX(�-X(9X k X Q[ UH JKX(�-X(-X k X Q[

(c)

 

(d)   U<m X*�-X(-X k X k t[ lX(�-X(9X O X O tn

(e)

 

(f)    H IJ~X(�9X(-X ik X ik t;

 

(g)        T}o0pqZ

In contrast to structure c, the addition and multiplication in structure d is addition

 

and multiplication        . Uv)  X(�-X k [ Uv   X+-X k t[      Uv m X(�-X*-X k X k t[ Uv X+�-X(-X k [       UHX(�-X(-X k X Q[ These listed structures represent the pertinent global structures. In various ap-

bras                and                of                      play special roles in mor-phological processing. Similarly, the subalgebra               of                , where

 

jM@yX fX(q(XYDYDY+XL_XY6YDY plications only certain subalgebras of these algebras are used. For example, the subalge-

 

, is the only pertinent applicable algebra in certain cases. U< X(�-X(9X k X Q[

The complementary binary operations, whenever they exist, are assumed to be

part of the structures. Thus, for example, subtraction and division which can be defined in terms of addition and multiplication, respectively, are assumed to be part of .

 

Value Set Operators                                q  As for point sets, given a value set   , the operations on     are again the usual operations of union, intersection, set difference, etc. If, in addition, is a lattice, then

the operations of infimum and supremum are also included. A brief summary of value set operators is given below.
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For the following operations assume that             for some value set   . ¡Px¢a£¥P¦®¥93¯~°±®¥¨²« §³N¢a£¥¦®¥¨#$¯~°±®¥!´Pc« §µ¢@£0¥P¦®¥9#¶ =¯°±¥®´¡!« union

 

intersection                  ·Px¢@£r¸v¯+¹»º¦§¯¬3¯~°±®¹-P¬« ¥»¼*©0½{¥»¾¸{º!¶ ¥»¯~ª0±¿¸À§ºÁ¢@¥»¯~ª0±~½{°¯~ÂÀ½ÄÃÆÅÇ©0È set difference

symmetric difference

 

Cartesian product           É6ÊË¸Ì§º¨¢ÉDÊrË*ª0¾0ÍÇÊ*ÍÎ©0È ½{°ÈÏ¸v§º¨¢N½Ì°È*½{Í}Ê+ÍÐ©0È> choice function

cardinality

supremum

infimum

 

1.4.   Images

 

The primary operands in image algebra are images, templates, and neighborhoods.

Of these three classes of operands, images are the most fundamental since templates and

 

neighborhoods can be viewed as special cases of the general concept of an image. In order to ÁÑ =ÒÐ ¨Ñ¡¢j£0È=¦®ÈÇ½ÌÉ¯®È+Ê*°¥ÃÆ½Ì©0°È+ª0©0ÍÓBÃÆ©¨®« provide a mathematically rigorous definition of an image that covers the plethora of objects called an “image” in signal processing and image understanding, we define an image in general terms, with a minimum of specification. In the following we use the notation to

 

denote the set of all functions          (i.e.,                                                 ). Ô Ô Ô)Õ Ô ÖØ×ÓÔ)Õ on X is any element of    . Given an   –valued image          (i.e.,

ÖÙ ÚÜÛÝÔ Definition:   Let    be a value set and X a point set. An   -valued image Ô ), then is called the set of possible range values of a and

 

X the spatial domain of a.                 ÞP2ß àÇá]ârã{ä)å|àÏãÀäçæ|æ}è-äéPêPë             ã{ä åàã{ämææ It is often convenient to let the graph of an image represent a. The graph

of an image is also referred to as the data structure representation of the image. Given the data structure representation                            , then an element            of the data structure is called a picture element or pixel. The first coordinate x of a pixel is called the pixel location or image point, and the second coordinate a(x) is called the pixel value of a at location x.

The above definition of an image covers all mathematical images on topological

 

spaces with range in an algebraic system. Requiring X to be a topological space provides ì*íîrïcðí äñé`ê äáxãvòmå|ó¿åvôÆæ ã<ò2åLóræ

us with the notion of nearness of pixels. Since X is not directly specified we may substitute

 

any space required for the analysis of an image or imposed by a particular sensor and scene. õ ìmö÷ õáøã<ìöL÷)å+ì öúù å+ì öLûæ For example, X could be a subset of           with        of form             , where the first coordinates        denote spatial location and t a time variable. Similarly, replacing the unspecified value set    with     or

provides us with digital integer-valued and digital vector-valued images, respectively. An implication of these observations is that our image definition also characterizes any type of discrete or continuous physical image.

 

Induced Operations on Images õ õ ü                       õ ü        ü õý Operations on and between -valued images are the natural induced operations

of the algebraic system   . For example, if    is a binary operation on   , then    induces a binary operation — again denoted by   — on     defined as follows:
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For example, suppose and our value set is the algebraic structure of the real  +*  ,  þmÿ  9ÿ  )  Sÿ  ;ÿ -ÿ -  )  !ÿ  .*  ÿ  /, -

 

numbers              . Replacing   by the binary operations        , and   we obtain 0)1  ÿ $þ /)2. »ÿ 1!#" ~ÿ 3*41 *4.5 16!7" þ8,91  ÿ                   $þ /,:. »ÿ1!#" (& Let            . Then þ %'&

the basic binary operations þ þ    ÿ                $þ            »ÿ         ÿ

 

and             þ           ÿ5<= $þ(/-:.úÿ16!7"             8-:  ;                      ~ÿ

 

on real-valued images. Obviously, all four operations are commutative and associative. ¤þ F >?@@ACBED > G5 H98 %> ( 16!7" In addition to the binary operation between images, the binary operation on

 

also induces the following scalar operations on images: (þ ÿ (þ úÿ I>9 % :85 E>16!7"J$ For                    ,

 

and                þ          ÿ              $þ      ÿ >: & >K* 9 G5 H98 %>K* /5 ##!#"

 

Thus, for , we obtain the following scalar multiplication and addition of real-valued  úþ  ÿ  »þ  Dÿ  >=)  9 ;5  H<= %>)  /5  ##!#";$

images:

 

and                þ       ÿ                ñþ    Dÿ >K* 9 3*L>MANBED?>=) 9 O)?>/$

 

It follows from the commutativity of real numbers that, »þ Bþ þ Bþ !QPSRNT

 

Although much of image processing is accomplished using real-, integer-, binary-, þ U(R;T ¿ÿ V-ÿ /W-ÿ CX+Y <ZU(R;TNY

or complex-valued images, many higher-level vision tasks require manipulation of vector-

 

and set-valued images. A set-valued image is of form . Here the underlying  þ2ÿ  8V:  ;  5<5  V:.[  ##!7"  8W:  ;  5<5  W:.[  ##!7"

value set is , where the tilde symbol denotes complementation. Hence, the

 

operations on set-valued images are those induced by the Boolean algebra of the value set. þ ÿ $þ Dÿ ÿ þ ÿ $þ Dÿ ÿ For example, if               , then

 

and                  þ3 ]\ X ÿ5<^ `_ þ /5Dÿ ! a!ÿ /59 bc _ /

where               . þ þ
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The operation of complementation is, of course, a unary operation. A particularly r1seutwvxe ry g rzC{|y/}k~g r<y/}kG~g y/}kl~dy/}kn~dM�L�C�dy/}kp~/

useful unary operation on images which is induced by a binary operation on a value set is known as the global reduce operation.   More precisely, if    is an associative and commutative binary operation on    and X is finite, say                        , then

 

induces a unary operation                    d                               r g%

 

called the global reduce operation induced by   , which is defined as eg%  y g ;3/4/2/C/LCE2/5/E4 d dgF Thus, for example, if         and   is the operation of addition (       ), then         and

 

¡ :¢@+9£ In all, the value set provides for four basic global reduce operations, namely  (K   ¤ 

Induced Unary Operations and Functional Composition

 

In the previous section we discussed unary operations on elements of induced

 

by a binary operation . Typically, however, unary image operations are induced  on  §E¬;5<< ¨ §/<®1¯6°7±J  §6²   ¥

directly by unary operations on   . Given a unary operation            , then the induced unary operation             is again denoted by f and is defined by

¥ ©«¥ , and     .                                                  ¥ ¦ ¥ ¥ §¨¥2©ª¥

 

Note that in this definition we view the composition as a unary operation on  ¥  ³C´µ]¨ ©   ¥  ¥    ³C´µ¨ © 

with operand a. This subtle distinction has the important consequence that f is viewed as

 

a unary operation — namely a function from     to     — and a as an argument of f. ³L´5µE¬;5H< ¨ ³L´5µ/41¯°#± ¶K·;¸<¹Gº]»3¼¾½À¿ Á=ÂÄÃÅÇÆ;ÈÉÊ4ËÌ½ÎÍÊ For example, substituting    for    and the sine function               for f, we obtain the induced operation                  , where

 

As another example, consider the characteristic function ¶K·N¸E  ÂÐÏ /ÒÑ Ï

 

Then for any         ,         is the Boolean (two-valued) image on X with value 1 at 2¯' çÇèé<êë4ìíßáîëï location x if            and value 0 if           . An obvious application of this operation ¶KÓÔ5ÕÖ×5Ø(ÙGÚ^ÛÝÜÞ¾ßáà8âKãåäÄã=æ is the thresholding of an image. Given a floating point image a and using the characteristic function

 

then the image b in the image algebra expression ðMñÛòôó®õ8öÔ5ÕÖ5×ØòEÚ
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is given by                               ! " úÿEý ÿ úÿEý                               þ ÿ9ø

then the composition      provides for a unary operation which changes an   -valued image &%(' # #$ #

 

in a scalar (an element of   ) by use of the global reduction operation, or another   -valued # þ +*,%.-ÿ /0  " ÿ

' The unary operations on an image discussed thus far have resulted either  #)$

image by use of the composition             . More generally, given a function            ,

 

spatial domains instead, provides a scheme for realizing naturally induced operations for # $1#  2 ÿ øùGú .ü<ÿ/ú ú ý<ý<ýþ into a   -valued image      . Taking the same viewpoint, but using a function f between spatial manipulation of image data. In particular, if               and          , then we 43 $# # 53 637*&8 define the induced image              by

 

Thus, the operation defined by the above equation transforms an -valued image defined  D = E(F>  ÿ  /09 "  þ -;:=<+>  G-H%I- ?A@CB  #  ú  ü  ;ý

over the space X into an   -valued image defined over the space Y.

 

forms. For instance, suppose         , where          is a rectangular         array. If

 

then      is a one sided reflection of a across the line        . Further examples are provided J ÿ

 

by several of the algorithms presented in this text. E  "-;:=<+>       300<+> ÿ øùGú Eü÷.ú Jý<ýþ ÷.ú ýøFÿú ºý®ü ÿ Examples of spatial based image transformations are affine and perspective trans-Jý^ø ú +ü ;ý ú OK J ü 5J P Q0J LK NM ü # 5R TSUJ OK .PJWV 

$X#            and             is defined as        3øY 

 

Simple shifts of an image can be achieved by using either a spatial transformation 1Z73 5[ \[ 4[ 4[1S&3 [1SC3&!-] ÿ ZE3-^Z_3 [1S737&-a` [W!-NZE3

or point addition. In particular, given          ,          , and         , we define a shift of a by y as

 

Note that        is an image on         since                            , which provides ÿ 1Z73 øùGú 5[ Eü÷.ú \[ Jý<ýþ ÷.ú 4[ ýøFÿú 4[1S&3 ºý®ü [Qb-cZE3Q þ ú ÿ ýø øÿ

 

Of course, one could just as well define a spatial transformation by  $6#  ÿ  ! gfihkjlfnm  ÿ  ÿ  ÿ  ü  þ  ú  +ü  ü  <+r @ <F %(<F @ <Xr  ýø%ú  Eý

#for the equivalent formulation -dZY3^%e- #  4[  ][1S73  ZE3

 

Another simple unary image operation that can be defined in terms of a spatial oqp J K 5K OJ $+# # #

 

by   , is defined as             where                          is given by                 . þ s t%u # " þ Gýø ú o        in order to obtain the identical shifted image                . map is image transposition. Given an image , then the transpose of a, denoted

 

Binary Operations Induced by Unary Operations 9)v+w1%x9 cynz # y # ÿ ø ú5ûü<÷.ú[ûýý:þ=÷ú[ûý^ø ÿ/ú5ûý üû    ü Various unary operations image operations induced by functions

can be generalized to binary operations on . As a simple illustration, consider the  z  c{  c|  ~}z  &b-&

exponentiation function                defined by            , where k denotes some non-negative real number. Then f induces the exponentiation operation
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where a is a non-negative real-valued image on X. We may extend this operation to a binary

image operation as follows: if                 , then

 

The notion of exponentiation can be extended to negative valued images as long +4£ 0�¥¤X00  ¦¨§©ª«e¬«N¯®X°(±

as we follow the rules of arithmetic and restrict this binary operation to those pairs of

 

real-valued images for which . This avoids creation of complex,  ²U�   +³ ¬

undefined, and indeterminate pixel values such as , respectively.

However, there is one exception to these rules of standard arithmetic. The algebra of

 

images provides for the existence of pseudo inverses. For , the pseudo inverse of  ³ ¬ ^´)~k)\OW8~ §+5²µ¶ +5·¸±&¹nº»X¼©½¾ µ¿¼)40±qÀÁ¢

a, which for reason of simplicity is denoted by      is defined as

 

Note that if some pixel values of a are zero, then , where 1 denotes unit image  ¨ÂO³ ¬ ·ÄÃ  1ÂL+³ ¬ ÂL¸

 

all of whose pixel values are 1. However, the equality always holds. Hence  ÅÇÆ¯ÈPcÉl4kO~5k ÅÇÆ¯È+5C UÊl¢  Å\Æ¯È

the name “pseudo inverse.”

The inverse of exponentiation is defined in the usual way by taking logarithms.

 

Specifically,                                                              E7�ËÌ /U� 

 

As for real numbers,        is defined only for positive images; i.e.,                . Í¨ÎÐÏ~qkYÑ4kO4O)1~k§ µ¶+5ÒÓ)~©¹ºL»¼©½L¾ µÔ¿¼Õ4kY±Ö Í¨×ÐØlÙ~ÚqÛkÜYÝÙ4Þ8ßLàÙ4ÞÛOÛ)á1àÙ~ÞÛkÜâ8ãäkÚ+Ù5ÞÛåÓæ)Ù~ÞÛ©ßçèLéê¯ëìãîíLêÕàÙ4ÞÛkÜYïð ñ1òØÙ5ÚqÛÜÄÝÙ~ÞkßàÙ4ÞÛÛÁá1àÙ4ÞÛÜcâ)ãäkÚ+Ù4ÞÛkÜ¸æ)Ù4ÞÛßçèélê©ëìãíêàÙ~ÞÛkÜïð ñ¨óÐØlÙ~ÚqÛkÜYÝÙ4ÞkßOàÙ4ÞÛOÛ)á1àÙ~ÞÛkÜâ8ãäkÚ+Ù5ÞÛôÓæ)Ù~ÞÛ©ßçèLéê©ëLìãÔíLêÕàÙ4ÞÛkÜYïð ñ¨õØÙ~ÚqÛkÜYÝÙ4ÞkßOàÙ4ÞÛOÛ)á1àÙ~ÞÛkÜâ8ãäkÚ+Ù5ÞÛöÓæ)Ù~ÞÛ©ßçèLéê©ëLìãÔíLêÕàÙ4ÞÛkÜYïð Another set of examples of binary operations induced by unary operations are the

characteristic functions for comparing two images. For             we define

 

ñP÷òØÙ5ÚqÛÜÄÝÙ~ÞkßàÙ4ÞÛÛÁá1àÙ4ÞÛÜcâ)ãäkÚ+Ù4ÞÛøÜ¸æ)Ù4ÞÛßçèélê©ëìãíêàÙ~ÞÛkÜïðù

 

Functional Specification of Image Operations

The basic concepts of elementary function theory provide the underlying founda-

tion of a functional specification of image processing techniques. This is a direct conse-quence of viewing images as functions. The most elementary concepts of function theory

 

are the notions of domain, range, restriction, and extension of a function. Ú_ú0ûü ÚÌýþ    

Image restrictions and extensions are used to restrict images to regions of par-

 

ticular interest and to embed images into larger images, respectively. Employing standard Ù bûÛkÜ]ÝnÙ5ÞkßLÚ+Ù4ÞÛLÛPáÞ&ú 8ðù ÚÌýþ0ÿ Ú

mathematical notation, the restriction of to a subset Z of X is denoted by  ,

 

and defined by ÚÌýþEúÓû þ

Thus, . In practice, the user may specify Z explicitly by providing bounds for

the coordinates of the points of Z.
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can just as well define restrictions of images to subsets of the range values. Specifically, if

and        , then the restriction of a to S is denoted by      and defined as

 

In terms of the pixel representation of      we have                                 . The  0 

 

double-bar notation is used to focus attention on the fact that the restriction is applied to 1 # 3# 45 6 ,# 45

the second coordinate of             . $&- ,"2& /.        *+&  Image restrictions in terms of subsets of the value set is an extremely useful

concept in computer vision as many image processing tasks are restricted to image domains over which the image values satisfy certain properties. Of course, one can always

write this type of restriction in terms of a first coordinate restriction by setting

so that . However, writing a program statement such

as is of little value since Z is implicitly specified in terms of S; i.e., Z

must be determined in terms of the property “ .” Thus, Z would have to be

 

precomputed, adding to the computational overhead as well as increased code. In contrast,-87 29"'): / 7 <;>=@?ACB ED=  F;G=H?ACB

direct restriction of the second coordinate values to an explicitly specified set S avoids these problems and provides for easier implementation.

As mentioned, restrictions to the range set provide a useful tool for expressing

 

various algorithmic procedures. For instance, if          and S is the interval             , @I"= @J=H?ACB'KEL"= ;MNA?=OB'P@= @Q=R'8S@TVUHWN= ;M"A?=YX! [Z]\_^H` 2&acb&d where k denotes some given threshold value, then denotes the image a restricted

to all those points of X where a(x) exceeds the value k. In order to reduce notation, we define                  . Similarly,

 

is given when S corresponds to a set-valued image            ; i.e.,                     . 'f6g[7 FIih  $+&('Y"+&Y-,"+&kn 6/G&O.'-Dh  $&(')"&)-,"2& o 6/+&m.' In this case we define

FWih  $+&('Y"+&Y-,"+&kj 6/G&O.'-LVh  $&(')"&)-,"2& l 6/+&m.' As in the case of characteristic functions, a more general form of range restriction @ #[$+&('Y"+&Y-,"+& 2&.e!

 

uv For example, for              we define Fh  $&(')*+&P,*+&# 6/G&.'-F_pqh  $&(')*+&P,*+&sr# 6/G&.t!- 1  

 

restrictions provides the general definition of an image restriction. If         ,         , and 4;?B # d 6 {z E4h , then the restriction of a to Z and S is defined as

It follows that                                                 ,                   , and

 

.                     E4h+&#v|"&~}&-6/G&}&-8E !

4;5?^B# 45 Combining the concepts of first and second coordinate (domain and range) 4;5?B# Y1w ("! 4;5?B # $&(')"&)-,&x1ySHTiUd*]&  . The extension of          to          on Y, where X and Y are subsets of the

same topological space, is denoted by     and defined by

 

In actual practice, the user will have to specify the function b.
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Two of the most important concepts associated with a function are its domain E�tV_H E�tVH+"Es8C"2(VE <E¡K -¢8£

and range. In the field of image understanding, it is convenient to view these concepts as functions that map images to sets associated with certain image properties. Specifically, we view the concept of range as a function

 

defined by                                                  . ¤E¡K�t¥+_§¦¨G©2ª/«i©¬¯®°s± {¦¨²©ª«i©¬®y³H´s´x¦¨>µV¶·t®±-¸±/¹ xH±(º 8HN» Similarly, the concept of domain is viewed as the function

 

where     ¤E¡P�t¥F+´(y³H¼¢½¾¦¨GµV¶·t®+ ´/G(uVE <E¡K-sx »À¿ and domain is defined by

images of particular interest. For example, the statement

 

yields the set of all points (pixel locations) where a(x) exceeds k, namely E�VtE2ÂÃNÄ È . The statement

-¢½"2/ÆÇV£ These mappings can be used to extract point sets and value sets from regions of CÁ ¤E¡P�t¥F2ÂEÃ"ÄE Å

 

on the other hand, results in a subset of    instead of X. -xFÉEÊ«ÉmË ´d¸(ÉÌÊ«É@Í  ¦´( + ¦´(Î¦ÏtÐ¨GÑO¶Ä®¿ Closely related to spatial transformations and functional composition is the notion

of image concatenation. Concatenation serves as a tool for simplifying algorithm code, adding translucency to code, and to provide a link to the usual block notion used in matrix

 

algebra. Given              and             , then the row-order concatenation of a with + ¦´-[{ÉEÊ«ÉEÍYÒÓ ÔÕcÖ ×dÖØ_Ù ÚÔYÔ+ÕÖ/×Ù@ÖØ_Ù b is denoted by         and is defined as

 

Assuming the correct dimensionality in the first coordinate, concatenation of any ÔÕ"Û_ÖÕÀÜtÖVÝ<Ý@ÝÖÕÀÞGÙ(Ú%Ô)Ô+Õ*ÛHÖÕiÜ_ÖVÝ@Ý@ÝÖÕVÞßÛÙ<ÖÕiÞ²Ù"à áââââââââãÕ"ÛäÕÜä åææææææææ

Note that                     .

 

number of images is defined inductively using the formula so

that in general we have

 

Column-order concatenation can be defined in a similar manner or by simple transposition; i.e.,

 

äÕVÞ     ç Ú[ÔÕ"ÛHÖÕiÜtÖVÝ@Ý<Ý"ÖÕiÞGÙ2èéà .. .
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Multi-Valued Image Operations ê

Although general image operations described in the previous sections apply to

both single and multi-valued images as long as there is no specific value type associated with the generic value set , there exist a large number of multi-valued image operations

 

that are quite distinct from single-valued image operations. As the general theory of multi-êxëuìí îPïxêFð ÷xëùø_õ"ö@ö<öVõú î*ñ+òóë%ñ+î"ô@ñ+òó@õ"ö@ö<öVõÀîíñ2òóYó îiûñ+òóïì îüïñ]ì{íióð îûñ+òó valued image operations is beyond the scope of this treatise, we shall restrict our attention to some specific operations on vector-valued images while referring the reader interested

 

images are a special case of multi-valued images. ñ]ìíÀóð  î  þxë%ñ+îô þôõ"ö<ö@öiõYîídþíó

îýë[ñîôõ"ö<ö@ö"õtîíó in more intricate details to Ritter [1]. However, it is important to realize that vector-valued îõ2þvïÿñ]ìíióð

If            and          , then a(x) is a vector of form

where for each              ,               Thus, an image .              is of form

and with each vector value a(x) there are associated n real values .

 

Real-valued image operations generalize to the usual vector operations on .   î  Oþ/ô<õö@ö<öVõYîí  Oþíó  Oþxë%ñ+î"ô  î  Kþxë%ñ+î*ô  Kþeô@õö@ö<öVõ)îí  î  Kþxë%ñ+îô  þíó  Kþôõö@ö<öVõ)îí  þíó

 

In particular, if                 , then                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          8ë3ñ ôõ"ö<ö@öVõ íóï ìí

 

If                                , then we also have  îPëuñ Hô î"ô@õö@ö<öVõ       í îíó"õ îPë%ñ ô îôõ"ö<ö@ö"õ í îíó"õ

 

îõ                                    Eî                  sï8ì

 

                 , and so on. etc. In the special case where                  , we simply use the scalar        and define ë%ñ î Eõ Eî EõVö<ö@öVõ @ó      As before, binary operations on multi-valued images are induced by the corre-_ìí §ìí 0ìí ìí

 

sponding binary operation                    on the value set    . It turns out to be useful "! iì{í ìí ì î Àþ Àôþ õYî Pë ø_õ"ö@ö<öVõú [ñî Oþkõ"ö@ö@öiõYî íþó

to generalize this concept by replacing the binary operation by a sequence of binary  &   $#%  !  xì{í  ½ì  ì{í

operations                     , where               , and defining ( ' ) ( (+* ( ,

 

For example, if                     is defined by-#. . /! ñ 10                0      2#   3              3        54%67098$0   :%3#    <;    =;>'(? @ ôõ"ö@ö<ö"õ Àû ýø íó ñ ôõ"ö@ö@öiõ íóë ÷{õ îFõ)þdïdñ2ìíÀóð Cëî Àþ tñ2òó(ëÿñ ôñ2òóOõ"ö<ö@ö"õ   íñ+òó)ó

 

then for                and          , the components of                             have éñ+òó(ëî"ñ2òó Eþ/ñGòó(ë @îûñòó Kî éñ2òó ýø ÷ wë øéõ"ö<ö@ö"õ¯ú ô ì ¼ì ì values                          (                       @        @           @ @A#-# 54B670C8 D +# " ; =;E'F?

 

for                 . '                        ôõ ó ôñ ôõ    ó(ë ñ      ô   ô

 

As another example, suppose    and    are two binary operations 0 3* 0 * 3 G0 3 IH 0 *3* ñ ôõ ó ñ ôõ óë ô ôõ

defined by                                  *                            *      * !

 

and                     0   0 * * 3   3*   J0   3* E0 *3

 

© 2001 by CRC Press LLC

respectively. Now if represent two complex-valued images, then the product  T7XZYD[IU\XKC]X^YD[M_]XZYD[=` KQXZYD[M QX^YD[LWKC]X^YD[M QXZYD[Da KQXZYD[M]X^YD[[b

represents pointwise complex multiplication, namely

TBU KWV(M 1. 4 Images 21  KDL2M)NOP=Q R-S

 

Basic operations on single and multi-valued images can be combined to form KDLM>N XP=c [S

image processing operations of arbitrary complexity. Two such operations that have proven to be extremely useful in processing real vector-valued images are the winner take all jth-

 

coordinate maximum and minimum of two images. Specifically, if , then the  Kd)efgM U\h$XZY LTiX^YD[[BjT7X^YD[kU K XZYD[=lnm K+fX^YD[o MCfX^YD[L=p+qrWsut2v lxws T7XZYD[IU M XyYD[AzL

jth-coordinate maximum of a and b is defined as

 

while the jth-coordinate minimum is defined as K{)ef-M U\h$XZY LTiX^YD[[BjT7X^YD[kU K XZYD[=lnm K+fX^YD[| MCfX^YD[L=p+qrWs tv l}ws T7XZYD[IU M XyYD[AzFb

 

Unary operations on vector-valued images are defined in a similar componentwise ~ jPEP P=c%P=c

 

fashion. Given a function            , then f induces a function           , again denoted ~ X ]L  QLCu-CLc[I�X~ X][L(~ XQ[LD--:L(~ Xc[2[ b by f, which is defined by

 

These functions provide for one type of unary operations on vector-valued images. In K UXK ]L7K QLC-uCL7Kc[ N XP=c[S ~ XK [I ~_K U�X~ XK ][L(~ XK Q[L,u-:L(~ XKc[2[ b particular, if                                       , then

 

Thus, if                     , then ~ U-\j PP -^,XK[IUX1-Z,XKC][L,u-:L-Z,XKc[[Cb

 

Similarly, if            , then ~ UF  FXK[IU O +XK ][L,u-9L +XKc[R b

 

P=c%P Any function               gives rise to a sequence of functions ~ j P=cPc ~f UGf ~ j   ULCu-CL   ~f j P=c%P   ULC-uCL   ~ j PcPc

where             , then we can define a function               by

 

where . Such functions provide for a more complex type of unary  ~ XK [IU\X~]XK [LCu-9L~- XK [[IU�h$X^Y L2M X^YD[[%j M X^YD[IU�X~]XK X^YD[[LC-u9L~- XK X^YD[2[[zL

image operations since by definition

YU\X ]L,u-9Lc[ NP=c , where              . Conversely, given a sequence of functions              , ~ XYD[kJX~]XYD[L(~QX^YD[LCu-9L:~c XZYD[[L

 

coordinates. To provide a specific example, define               by ~QX L[ U $gX:[=aJuZCCX[ $$X[ which means that the construction of each new coordinate depends on all the original ~] j PIQP ~Q j PkQP ~]X L[<U-^,X:[=a and              by                          . Then the induced function
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results

 

Thus, if we represent complex numbers as points in º ·u¸Z¹C¾C¬± ¥¬^´ °°°¯=´ ²%¿\À7Á ¤I¥ ¡¬±° Global reduce operations are also applied componentwise. and a denotes a complex-valued image, then ±G² ¬¤Â°§ in the image ¡¬±° «\³®¬^´I¯2µ¬y´ °° ¢¶µ¬Z´ ° «\¬·$¸^¹,¬±u¬Z´ °°Cº¼» ½·$¾¬±¥¬^´ °2°¯» ½·$¬±A¬^´ °° given by . Applying f to an image ±>² £¤I¥A¦u§ ¡E¢_£¤=¥A¦u§©¨ª£¤I¥A¦-§ 22                                        CHAPTER 1.   IMAGE ALGEBRA ¡)«¬¡®$¯¡¥A°

 

Ã « »AÄFÅ$Æ ¬¿ ° is a pointwise application of the complex sine function. Ç ± «�¬Ç ±$¯CÈuÈ-È9¯Ç ±Â9° «ÊÉËÍÌÎÏ-Ð±¬^´Ï°¯CÈ-È-È:¯ÌÎÏ-Ð±Â¬^´Ï°1ÑÒ ² ¤Â Á ± Ô ² ¤ § For example, if

, and               , then

 

projection function Õ Ô is a unary operation ¬¤Â°§ ¨Ö¤ § In contrast, the summation                           since each          . Note that the ÂÓÔyÐ±Ô « ÂÓÔyÐuÕÔ¬±° ² ¤§

 

Similarly,               Ø ± «�¬Ø ±¯DÈ-ÈuÈ9¯Ø ±Â°¯ Ù ± «\¬Ù ±$¯DÈ-È-È:¯Ù ±Â(°Á × ± «�¬×±-¯DÈ-ÈuÈ9¯× ±Â(°¯ .

and

 

Summary of Image Operations

 

The lists below summarize some of the more significant image operations.

 

Binary image operations.

It is assumed that only appropriately valued images are employed for the op-

 

erations listed below. Thus, the operations of maximum and minimum apply to real- or ±(Ú µ¼«Û³$¬Z´I¯Üi¬^´ °° ¢Ü7¬^´ ° « ± ¬Z´ °Ú µ_¬^´ °¯=´ ²%¿¶À ± º µ/«�³+¬Z´I¯Üi¬^´ °° ¢ÝÜ7¬´ ° « ± ¬´ °Cº µ_¬Z´ °¯=´ ²&¿ÞÀ integer-valued images but not complex-valued images. Similarly, union and intersection

 

apply only to set-valued images. ±"ßµ/«�³+¬Z´I¯Üi¬^´ °° ¢ÝÜ7¬´ ° « ± ¬Z´ ° ßµ_¬^´ °¯=´ ²%¿À ± × µ.«Û³$¬Z´I¯Üi¬^´ °° ¢Üi¬^´ ° « ± ¬Z´ ° × µ_¬y´ °¯=´ ²%¿À ± Ø µ.«Û³$¬Z´I¯Üi¬^´ °° ¢Üi¬^´ ° « ± ¬Z´ ° Ø µ_¬y´ °¯=´ ²%¿À generic

addition

 

multiplication                     Ã º ± «Û³$¬´I¯Üi¬^´ °2° ¢ Üi¬^´ ° « Ã º ± ¬^´ °¯=´ ²%¿À ÃàßA± «Û³+¬Z´I¯Üi¬^´ °2° ¢ Üi¬´ ° « Ãß ± ¬Z´ °¯=´ ²%¿À ± º>á «\³®¬^â9¯µ_¬yâ°° ¢Ýµ_¬yâ° « ± ¬^âã á=°¯=â ²%¿ º>á À maximum

minimum

 

scalar addition ±ä µ.«Û³$¬Z´I¯Üi¬^´ °° ¢Üi¬^´ ° « ± ¬Z´ ° ä µ_¬y´ °¯=´ ²%¿À  ±å µ.«Û³$¬Z´I¯Üi¬^´ °° ¢Üi¬^´ ° « ± ¬Z´ ° å µ_¬y´ °¯=´ ²%¿À  ±(æ «ç=¬^´I¯Ü7¬Z´ °° ¢ÝÜ7¬´ ° « ± ¬´ °æFè}é+ê¯=´ ²¿.ë

scalar multiplication

point addition

union

 

intersection ì½gíæ± «îi¬^´I¯Ü7¬Z´ °° ¢Üi¬^´ ° « ì½-íæFèïé+ê±¬´ °¯=´ ²%¿/ð

exponentiation

logarithm
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1. 5 Templates 23  ñ^òIóôIõIöJò=ó÷7øCùyúAûü ýþIòÞÿ       

 

concatenation                                                 þIôEÿ ò öñ^òóôIõ ;< "! $#&%(' BA &) +*-,/.10324"%65/07     98-:

 

concatenation                     ô I D "! "!B C    $#&%=' E#&%6'   &>      +*-,/.1032?4"%@5/07    98-: F +*<,?.1032/4"%@5?07 G8H: "! $#&%=' KJ LNM&OQPRJ LNM3S+T-U/V1W3XY"Z6[/W7\JLNM]9^-_

 

characteristics         ñ^ò9õIö   ®ñ Iþ 7ñ Dõõ     iñ DõIö       òCñ Dõ   ôñ Dõ þ               Wñ DõIö Iþ ñ^ò9õIö ®ñ 7ñ Dõõ iñ DõIö IòCñ Dõ ôñ Dõ þ Wñ DõIö ñ^ò:õIö     +ñ Iþ iñ Dõ2õ      iñ DõIö         IòCñ Dõkö ô_ñ Dõ-þ                   (ñ DõIö ñ^ò9õIö `abJcdM]e-JLS\J LNM/M"f\HJLNM]$g&Z(hRcKJ LNM&iQPRJ LNM3S+T-U/V1W3X?Y"Z@[/W7\JLNM]9^-_ `kjlbJcmM]Ce<J LSD\HJLNM?M"fB\HJLNM]Eg&Z6hcKJLNMon]GP&JFLNMpS+T<U?V1W3X/Y"Z@[?W7\1J LNM]G^H_

 

Whenever b is a constant image, say        (i.e.,                    ), then we c1{ `<J cmM |F}p~zc |}p~{c qKc `�<JcdM

simply write    for    and       for       . Similarly, we have      ,         ,         , etc.

cdz                                  ®ñ Iþ 7ñ Dõõ      iñ DõIö       Iò PQ]rq       P&JLNM"]squtmLwvyx

 

Unary image operations. c]JcmM&]e-JLS\JLNM?Mf\J LNM]JcKJLNM?M3S+Lwvx_ ck]e<J&S/cJJ+M/M?Mfwvw_ cs]e<J LS/cKJ LNMMfLvR_ cN $]eJLS/cJLNM/MfcKJ LNM&v ¡_ As in the case of binary operations, we again assume that only appropriately

valued images are employed for the operations listed below.

 

value transform            c{]£¢oJLS\JLNM?Mf\JLNM&]£¤cKJ LNM¥Z6h¦Lvx P&JFLNM§Z6h¦Lv¨x© ª}«¬®¯JcmM&]$e Lwvx°fB±"²v³´<µ¶ µ·¯¸¹Nº»9¼½ ¼¾¿dÀÂÁÃ¸·dºR»ÅÄ¼ÆÇ£ÈÉ&¹wÆÊE´<µ¶ µN¼»G·¸¹Nº½ spatial transform

domain restriction

range restriction

 

extension                   Ë·»$·K¸¹+Ì3ºÍ1·K¸¹NÎpºÍÐÏpÏpÏ<Í1·¸¹KÑdº ÒÓ·»°ÒÔÕÖ·¸¹Nº"»×·K¸¹Ìº¯Ø·K¸¹ÎºKØÙÏpÏ ÏKØÚ·K¸¹Ñº Û·»ÜÛÔÕÖ·K¸¹NºR»C·K¸¹+Ì3ºÏ·K¸¹NÎ ºÝÏÏpÏ Ï+Ïp·K¸¹KÑdº domain

 

range                    ÞÚ·y» ÞÔÕÖ·K¸¹NºR»9·¸¹ÌºNß·K¸¹Îº¯ßEÏpÏpÏàß·K¸¹Ñº áÚ·y» áÔÕÖ·K¸¹NºR»9·¸¹+Ì3ºNâ·K¸¹NÎ º¯âEÏpÏpÏàâ·K¸¹KÑmº ã·»åä¯¸ ¹Ræ/çH¸¹NººÈç¸¹Nº»éè·K¸ ¹Nº3æ+¹wÆyÊwê generic reduction

image sum

 

image product

 

image maximum          ·KëÌ»rì¸ ¹æí&¸¹Nº/ºÈí&¸¹Nº»sì Ìî ïðÔ<ñ°ò6ó¦·K¸¹Nºô»Gõ õ ö-÷/ø1ùpú/û"ò@ü/ù ý ·1þK»Ä-¸/¸ÿ¯æ º3æ?·1þ ¸ÿ¯æ <º/ºÈ&·1þ ¸ÿNæ <º+»×·K¸ 1æÿmºæN¸ æDÿdºÝÆÊ½ image minimum

image complement

 

pseudo inverse                                                      image transpose

 

1.5.   Templates

 

Templates are images whose values are images. The notion of a template, as used

in image algebra, unifies and generalizes the usual concepts of templates, masks, windows, and neighborhood functions into one general mathematical entity. In addition, templates generalize the notion of structuring elements as used in mathematical morphology [27, 60].
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Definition. A template is an image whose pixel values are images   

(functions). In particular, an -valued template from Y to X is a function

. Thus,             and t is an     -valued image on Y.

 

For notational convenience we define . The image  ! #"$%&'()%*%+,.-0/  1%2

has representation

 

The pixel values of this image are called the weights of the template

 

at point y. 354  687:9<;>=  ?A@9;=CBED'F!GIHKJL9;@F=LMBONQPSR

If t is a real- or complex-valued template from Y to X, then the support of

 

is denoted by        and is defined as 9LG+T1UVXW5Y U 9; ?Z@9;=B[D5F\G\HJL9;@F=LMB]N^P More generally, if              and    is an algebraic structure with a zero element 0, then

 

the support of     will be defined as                                 . ?`_@9;=CBED5F*G\HaJL9;@F=LMB]bcP ?edf_@9;=gBED5F!GIHJL9;@F=LMBih0bjPSR For extended real-valued templates we also define the following supports at

infinity:

 

If X is a space with an operation    such that         is a group, then a template @HmlkL= k

9LGcTnUoVWV and                                  k FCl)pSlQqrGmH 9; @F=BE9;tsvu@Fkwqx= is said to be translation invariant (with respect to the operation ) if and only

 

if for each triple                we have that                        . Templates that are not HyB]z`{ Fg|SB @n} l~Lh<='lgF { B @n} k]^l~^='lCvF�0B @} k+tl~Xh+5= 9G T1 V WV translation invariant are called translation variant or, simply, variant templates. A large

 

class of translation invariant templates with finite support have the nice property that they 9; @p=B[tlA9; @Fg=B$l9; @F {=Bl9; @F`�5=0BElO9;@F=0BN ?Z@9<;>=ZBD'pSl)F | lF { lF�P

can be defined pictorially. For example, let and y = (x,y) be an arbitrary point of  D5pAlFg|l)F { lF`�^P

X. Set                                                           . Define             by

 

defining the weights    9;

 

whenever x is not an element of . Note that it follows from the definition  9;    

of t that . Thus, at any arbitrary point y, the configuration of the

support and weights of    is as shown in Figure 1.5.1. The shaded cell in the pictorial

 

representation of     indicates the location of the point y.        y-1    yy

 

                    x                                                                                                                                                                                  3                                                                     1

 

x +1             4       2

 


x

Figure 1.5.1. Pictorial representation of a translation invariant template.
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There are certain collections of templates that can be defined explicitly in terms

 

of parameters. These parameterized templates are of great practical importance.  I`)

Definition. A parameterized -valued template from Y to X with param- + +

eters in P is a function of form The set P is called the

 

Thus, a parameterized -valued template from Y to X gives rise to a family of  ¢`£¤¦¥$§A¨c©1ªg«¬5®¯r°\±³²

regular   -valued templates from Y to X, namely                           . ¡                                                                                                              set of parameters and each        is called a parameter of t. ¡

 

Image-Template Products

 

the usual correlation and convolution products used in digital image processing. Suppose ´ ·c°!¸ µ º ´»¶¹ °ªg« µ ¶'¹*°wªo« ¼¾½º ´¿¶¹$À °cª ª The definition of an image-template product provides the rules for combining

is a value set with two binary operations     and   , where     distributes over   , and ´ µ

is associative and commutative. If             , then for each        ,          . Thus, if

 

º °+ªg« images with templates and templates with templates. The definition of this product includes ´ µ ¶°©1ªg«A¬5

 

, where X is finite, then                 and                  . It follows that the µ´Á®^ª «ÃÂ ©ª « ¬ÃÄ ª Å Æ!Ç º µ´.¶L°Èª 

binary operations     and    induce a binary operation

 

where

 

is defined by           Æ ½É·À Ç ¼ ½º ´¿¶<¹À Ç ¼ÊÌË'Í ½º½1ÎÀ´¿¶<¹½ÉÎÀÀ`Ï

 

Therefore, if                           , then Ð Ç»ÑÎZÒÅ ÎÓÅÔ<Ô5ÔvÅÎÕvÖ Æ ½É·À Ç ½º½1Î ÒÀ´¶5¹v½ÉÎ ÒÀ)Àµ`½º½ÉÎÓÀ´¶5¹v½:ÎÓÀÀµ×<×5×^µ`½º½1ÎÕÀ´¿¶<¹v½:ÎÕÀÀ`Ï

 

The expression is called the right convolution product of a with t. Note that  º µ´.¶  º µ´.¶  ÆcÇ º µ´.¶

 

while a is an image on X, the product is an image on Y. Thus, templates allow for the  ½ª Åµ Å ´ À  ½nØ Å$Ù³Å ×À  ÆmÇ º Ù´¶ Å

transformation of an image from one type of domain to an entirely different domain type.

Replacing           by          changes           into

 

the linear image-template product or simply the convolution of    with , where º ¶ Æ ½É·À Ç+ÚÛ^Ü« ½º½1ÎÀ×'¶<¹v½:ÎÀÀÅ

 

º °Øg« , and ¶° ©Øg« ¬ Ý]° ©ª  ¬« ÝÌÞ¹ ½:Î À Ç ÝÛ ½:· À . Every template    has a transpose . Obviously, ÝÌÞ\° ©ªg« ¬ ½1Ý'ÞÀÞ Ç Ý ÝÌÞ    which is defined and reverses the mapping order from Ð Ä ª 
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to           . By definition,                 and                  , whenever           and èéâoã ð äîéë1âgï0íã 26                                        CHAPTER 1.   IMAGE ALGEBRA ßáàâgã ä'åæç»è.éâgã ç êrënäÌåæçìèíéâ

 

. Hence the binary operations    and   induce another product operation ðçÁñ ëâ ï íã]ò â ã àóâ ïô õ!ö ä ðçwèréÈâ ï

where

 

is defined by           õA÷Éøùgö ê ëäåæçìèí ö êúÌû'ü ÷äåæ÷:ýùç¿è÷:ýùù`þ

 

The expression       is called the left convolution product of a with s. ä ðç.è ä ðçè    äå

 

When computing      , it is not necessary to use the transpose    since êú'û'ü ÷äåæ ÷:ýù çè ÷:ýùùgö êú'û'ü ÷äÌÿ ÷:øù çìè ÷1ýùùLþ õ+ö ä ðç.è õA÷¦øùCö êú<û'ü ÷äÿ÷Éøùç¿è÷:ýùùLþ

 

This allows us to redefine the transformation             as ÷â ôðù            â ð è+éâ ã !éyë1â íï

 

For the remainder of this section, we assume that is a monoid and let 0  â  

denote the zero of                         . Suppose under the operation          and             , where ðç

 

X and Z are subsets of the same space. Since    is a monoid, the operator     can be ðçÁñtâ ã ò ëâ íï àáâ ïô õö è ðç 

extended to a mapping

 

where           is defined by õA÷:øgùö    ÷è÷:ýùç                       ö æ ÷:ýùù êú<û'ü mö+þ

 

The left convolution product is defined in a similar fashion. Subsequent examples will  ä ðçè  

 

implementation and the use of templates in algorithm development. ÷ æùö ñ           é ëâ   íï ö ý 'ý é ð " ÷ æù ! ÷ æù

 

Significant reduction in the number of computations involving the image-template æ ÷:ýù ý ÷è÷1ýùç ÷è÷1ýùç $#%'&'($)

then the support of t at a point          with respect to the operation    is defined as æ ÷Éýù ö é êú<û'ü æ ÷:ýùùgö êú'û'ü æ ÷Éýùù`þ demonstrate that the ability of replacing X with Z greatly simplifies the issue of template ÷â ôðôç ù ø éß . Since            whenever           , we have that

 

whenever           and, therefore, ,+.-0/$1 2" ÷ æù ö ÷ ÷ æù)ù * 34*5,6

è ÷Éýù ç product can be achieved if            is a commutative semiring. Recall that if             , æ ÷:ýù ö é

 

It follows that the computation of the new pixel value b(y) does not depend on the size of ð ç ð ç ÷ 87 =7?><@ 7GFH@ :9 <; I7J><@ BA DC B9 E9 BA EC X, but on the size of       . Therefore, if                        , then the computation of ù ÷ ô ³ô ÷ ô ô ô ³ô EA EC B9 E9

 

b(y) requires a total of                                and operations of type    .    åù ³ô åù õmö è KALMJN As pointed out earlier, substitution of different value sets and specific binary op-ë ô ô ôò ôò åíþ ô ô ô

erations for   and    results in a wide variety of different image transforms. Our prime ex-amples are the ring           and the value sets                      and The structure                     provides for two lattice products:
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1. 5 Templates 27  OQP2RTS?U VWX4YQZ[]\0^`_'acb$defPcghSjikmljP2ghS2n:o  OpU fKqr kGo

where

 

and                    OGPsRTSJU tWX$YQZ[$^u_'acb$defP8ghSjiwv]klPxghS=n0y

 

where zr  qr  {"|~}?j PxklSJU,  OGPxR?S~U 

In order to distinguish between these two types of lattice transforms, we call the operator u �h z {|}j PxklSJU, the morphological max convolution operator and the morphological min convolution

operator. It follows from our earlier discussion that if , then the value

 

of b(y) is                          under the operation of , the zero of   . Similarly, if                    , k zr fUPxRGoIOGPsR?SIS~wOQP2RTSJU VWXYGZ0[]\4^_'acb$dekWPxRTSji fP2ghS2n:o?R then            .

The left morphological max and min operations are defined by

 

and     k qr fUP2RQoDOGPsRTSIS~OGPsR?SJU tWX$YQZ[^_'abdekWP2RTSjivfPcghS8n0o?R~o

of lattice duality by

 

where the image     is defined by                  , and the conjugate (or dual) of f k �< Y fPxghSU efPxghS8n kWPxR?SKU eklP2ghS=n kWPxRTS¡U kvlP2ghS G¢¤£ozoqo¥`¦4§?¨'© k Y�h respectively. The relationship between the morphological max and min is given in terms fqr kuUPxk$ zr fS o

 

is the template                  defined by                   . It follows ª«¬~®°¯¦ ªJ±c²h³J« ´µ¶$·Q¸:¹º'»2¼½¾¬j±2¿h³§¯ÁÀ±x¿h³=Â¦

that                      .

The value set also provides for two lattice products. Specif-

ically, we have

 

where                            ª«¬~Ã®¯¦ ªG±s²T³J« Äµ¶$·Q¸¹4Å`º'»¼½¾¬Æ±8¿h³§¨¯ÁÀ±x¿h³=ÂÇ and

 

Here 0 is the zero of       under the operation of   , so that             whenever ÎÓÏÔÐË ±¯À³`«Ñ ÎÏÐ ±¯À³`«"Ñ where                                                     ªG±x²?³«ÍÌ ªG±2²T³`«Ò ÈGÉjÊË . Similarly,              whenever                   .
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28                                        CHAPTER 1.   IMAGE ALGEBRA ÕÖ ×Ö öÝ÷Ýø Ø ÕÖÙÛÚÜÝÞÝßàcáJâDãGàxáhäEäÛåãGàsá?äÚ æçè$éQêë]ìàxíIîïäðØçàxáTäGñÙà2òhä=ó0â?áôõ The lattice products      and      are called the multiplicative maximum and

multiplicative minimum, respectively. The left multiplicative max and left multiplicative min are defined as

 

and                                                               öÝ÷Ýøâ Ø ×ÖÙÛÚ ÜÝÞÝßà2áQâDãGàsáTäIä~åãGàsá?äÚ ùçè$éQêë$ìàxíIîïäðØçàxáTäGñúÙà2òhä2ó:â?ápô~õ

 

respectively. The duality relation between the multiplicative max and min is given by Ù ×Ö ØÚ àØ$ûÕÖÙûäûâ ÙûàxòhäÚ àÙà2òhäEäû Øûçàxá?äÚ ðØüà2òhä=óû 

 

where                and               . Here    denotes the conjugate of r in     . ýû þGÿ Ù ô Ø ô     Summary of Image-Template Products                    ?é é 

 

In the following list of pertinent image-template products and   Ö Ø Ú    Ù  àxáGâIãGàsáTäDä~åãGàsáTäÚ  àÙàxòhäÖ Øüà2òhäIäjâ?á°ô õ

. Again, for each operation we assume the appropriate value set   .

right generic convolution product

 

right linear convolution product "!$#&%'!)(*(,+-%.!/($1024365'7)(98:;'7)(<(;#/!>=@?BA

 

right morphological max convolution product CD E  F!G#&%G.!/(<(+ %'!H(/JI24365@K'7)( :LF7)("M4#/!N=O? A

 

right morphological min convolution product PD   '!#<%.!H(&(+%F!H(/RQ24365SKF7)( T:'7)(UMV#/!S=@? A

 

right multiplicative max convolution product CW  F!G#&%.!H(<(+ %'!/($ I24365 K'7)(YXO:'7)(ZMV#/!N=? A

 

right multiplicative min convolution product PW  '!#<%.!/(<(+-%.!H($ Q24365@K"7)(XT:"7)(FMV#/!N=? A

 

right xor max convolution product B[CD   F!G#&%.!H(<(+-%.!/($ I24365]\F7)([:'7)(&^H#/!S=? A

 

right xor min convolution product [PD _ "!G#&%.!H(<(`+-%.!H($ Q24365 \"7)([T:L'7)(^#/!S=O?BA
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In the next set of operations,              .

 

left generic convolution product ahiNj,klnm'op<qm.oHr&rs-qm.oHr$ktuvxw maymZo/rzi{jzm"|)r<rzp/o bO}N~

 

left linear convolution product a-ij,k m"op<qm.oHr&r,s-qm.o/r$k1y4gmaym'o/r$*jzm"|)r<r;p/o bO}B

 

left morphological max convolution product a� jk  mFoGp&qGm.o/r<r`s-qm'oHr/kJy4g@aymFoHr jzm"|)rF4p/o bO} 

 

left morphological min convolution product a j,km'op<qm.oHr&rsqmFoHr/kRy4g aym"oHr j;m'|)rUVp/o b}B

 

left multiplicative max convolution product a �ij,k  mFoGp&qm.oHr<rs qm'o/rHkJy4g>aym'o/r,jzm"|)rZp/o b} 

 

left multiplicative min convolution product a iNj,k_ m'op<qm.o/r<rs qGmFoHr$kJy4g aym'oHrjzm"|)rFVp/o b}B

 

left xor max convolution product a,� j,k mFoGp&qm.oHr<rs qm'o/r$k y4g]aymFoHrj;m'|)r&Hp/o b}

 

left xor min convolution product a j,k_ m"oGp&qmo/r<rs-qm.oHr$k y4g aym'o/rjzm'|)rp/o bO}
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earlier apply to templates as well. Any binary operation   on    induces a binary operation ²4¡ ±/  ³¯©´ ¥$´N6¦§ ¯1§´S§ § ¡@±/ (again denoted by   ) on         as follows: for each pair                 the induced § ´S§

operation      is defined in terms of the induced binary image operation on     , namely

.    Thus, if           ,                    , and           , then

¥¤6¦"§{¨©§¤§ ª¬« ¡® Binary and Unary Template Operations           "/ 6 N¡¢"/ £¤   /

 

, where         denotes the pointwise sum of the two images ¶¯·«/¸«)¹zºººz«z»;¼ ½¡ /    ¾¿ÁÀ 

§ ¡µ±/ Since templates are images, all unary and binary image operations discussed °¯©± and          .

The unary template operations of prime importance are the global reduce opera-

tions. Suppose Y is a finite point set, say                          , and             . Any binary semigroup operation   on    induces a global reduce operation

 

which is defined by   ¾¯ ¾ÂÃÄ§ ¯ ¾ÅÆ&Ç¤È§Æ¯Á§È¤§4ÉBÊÊÊ²¤§ÅÌË N¯±  ¯Á´ Î ¯ Î§4ÏÑÐ,ÒÓÔÕÒÓ²ÖH×NÒÓÑØ/×¢ÙÙÙ¬×WÒÓ²Ú¬Û Thus, for example, if         and   is the operation of addition (       ), then         and ¾ ¯Í

 

Therefore,      is an image, namely the sum of a finite number of images. Ü Ò Ý"Þß× ßÙß¤àß¤á$â Ü Òßäã Òßæå Ò ç Ò

 

In all, the value set provides for four basic global reduce oper- è  é  ê  Ý<èß&é)ßxêNâ  ë¤ì"è/íîÐ ß&é)ßxêï  ê  é

ations, namely                , and     .

If the value set    has two binary operations   and    so that            is a ring (or

 

semiring), then under the induced operations is also a ring (or semiring).  éêñðìè$òîíó ìèíîÐ1ô ìè$òîÐ  õæö÷ìZèòîí

Analogous to the image-template product, the binary operations    and   induce a template convolution product

 

defined as follows. Suppose            ,            , and X a finite point set. Then the Ò ö÷ì"è/íîÐ >ö ø Ô õéê Ò øÓÝFùVâÔúû£üýÝ"õþLÝFùVâ)ê ÒÓÝ"ÿ)â<â template product           , where            , is defined as øöìZèòîÐ         Lùö Û

 

Thus, if              and             , then            is given by the formula õ ö ìÞòîí Ò ö ìÞí îÐ øÓÝ'ùVâÔ ø Ô õ×ê Ò þ The lattice product            is defined in a similar manner. For í õþÝFùVâÙ£ÒÓÝ'ÿ)âÛ ø Ô õà

 

and             , the product template r is given by                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              õæö1ì"Þò                                                                                     îí Ò îÐ Ò ö ìÞí   øÓÝ'ù4âÔ  þ                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    õþÝ'ù4â×ÒÓÝ"ÿ)â

The following example provides a specific instance of the above product formu-Û í

lation.
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Example: Suppose are the following translation invariant

templates:

 

,s   =                                    = y 1 t   2 1 y     3-+ .-1

 

-1

 

Then the template product           is the template defined by /103254687

 

9                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                1                                                                                                                                                                                                                                                                                                  2                                                                                                                                                                                                                                                                                     1 r   = y : 3 6 ; 3

 

-1    -2    -1

 

If                        are defined as above with values       outside the <>=*?A@CBED&FGHJI K FG LNM OQPR<TSU ? support, then the template product is the template defined by

 

V                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      X2                                                                                                                                                                                                                                                                                                  3                                                                                                                                                                                                                                                                                    2 r   = y X W Z 4 5 Y 4 0 1 Z 0

 

The template t is not an -valued template. To provide an example of  []\_^`  a5bc8d

the template product      , we redefine t as

 

e                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                1 t   W = y 3

 

1
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Then          is given by     +

 

r   = y     3      6      3-o 1          1 2

 

1     2     1 +

 

The utility of template products stems from the fact that in semirings the equation prqshtvu qsxwzy|{}tp~qsuy qsw

 

associated with typical convolution problems. For example, if is defined by

 

   holds [1]. This equation can be utilized in order to reduce the computational burden  Nz� 

 

, then                                  ;

 

9r   = y     6      9      -6  : ; 4     6     -4

 

-4    -6    4

 

 v xz|} x|

 

where                                                    ¢

 

¡                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    2 s   W = t   y 2-2 W = 3 y 3

 

£¤¥8¦§¨x©             -2

 

£¤ª¥}«¬¦§¨® §¨¯ The construction of the new image requires nine multiplications and  °z±³²´Qµ¶°±·²´

eight additions per pixel (if we ignore boundary pixels). In contrast, the computation of the image requires only six multiplications and four additions per pixel. For

large images (e.g., size ) this amounts to significant savings in computation.

 

Summary of Unary and Binary Template Operations ·¸¯T¹»ºv¼J½r¾¿ ¼ À¯ ¤ «*À¯³®ÂÁÃ"ÁÀ¯Á

 

In the following                and    denotes the appropriate value set.  § ¯ ¤ « § ¯³®ÂÁÃÁ § ¯Á ~Ä¯ ¤ «|ÄÅ¯Æ®Á ÃÁ Ä5¯Á generic binary operation

template sum

max of two templates
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min of two templates             ßàÉáÏâßÍãä ÉÍ×Ö ÉÍÛå ÉÍÝ å ÞÞzÞ å ÉÍØ æçÉÏèæÍã³ä ÉÍ Ö ÉÍÛÞÉÍÝ Þ|ÞzÞÞJÞÉÍØ generic reduce operation

sum reduce

 

product reduce                  éêÉÏ éÍã³ä ÉÍ Ö ÉÍÛë ÉÍÝ ëÞÞzÞÑë ÉÍØ ìêÉÏ ìÍã³ä ÉÍ Ö ÉÍÛ È5ÉÍÝ È ÞÞzÞ È5ÉÍØ max reduce

 

min reduce     ÇNínîÂï|ðñò    ÉNíçîÂï ò ñä                                 ï

 

In the next list,              ,               , X is a finite point set, and    denotes ó Ö Ç Üô ÉõÊöó Í Ë¬÷Ì Ö ÐøÔ*ù ËÂÇ*úË÷(Ì ô ÉÍ ËûÌ$Ì ó Ö Ç åô ÉõÊöó Í ËÂ÷(Ì Ö ßúãò ÇúË¬÷Ì ÞÉÍË¬ûÌ

the appropriate value set.

generic template product

 

linear template product ó Ö Ç ëü ÉNÊöó Í Ë¬÷(Ì Ö éúãò ÇúË¬÷Ìå ÉÍËûÌ  ó Ö Ç Èü ÉNÊöóÍ Ë¬÷(Ì Ö ìúãò ÇúË¬÷Ìå ÉÍËûÌ

additive max product

 

additive min product             ó Ö Ç ëô ÉNÊöó Í ËÂ÷Ì Ö éúãò Ç*úË¬÷Ì ÞÉÍË¬ûÌ ó Ö ÇÈô ÉNÊöó Í ËÂ÷Ì Ö ìúãò ÇúË¬÷Ì ÞÉÍË¬ûÌ multiplicative max product

multiplicative min product

 

1.6.    Recursive Templates

 

In this section we introduce the notions of recursive templates and recursive

template operations, which are direct extensions of the notions of templates and the corresponding template operations discussed in the preceding section.

A recursive template is defined in terms of a regular template from some point

 

set X to another point set Y with some partial order imposed on Y. ýÿþ 

 

Definition. A partially ordered set (or poset) is a set P together  þ  ý   ! "# 

with a binary relation , satisfying the following three axioms for arbitrary

 

(i)                                            ý &3($)&4) (ii)                                              ý

  1%2         :                                $%'&)(*+,+-&.0/

 

order   , and    a monoid. An   -valued recursive template t from Y to X is a function 6 6 NPORQESUTVKBW NXQSUTYKZL [E\]^_a`cbNEXb]Bddfehg'i 5                                                                                                                                                                                                                  (iii)

798;:<7=?>7@BA9CEDGF!H6BIJKBL9M Now suppose that X is a point set, Y is a partially ordered point set with partial

 

jk\l)mnfoeqprts _-`fb<uXb]?dvdJsxw]y\ , where               and              , such that
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In most applications, the relation            or            usually holds.   Also,  B'

for consistency of notation and for notational convenience, we define and

so that                    .   The support of t at a point y is defined as

}E'}EB)zB Thus, for each        ,        is an   -valued image on X and        is an   -valued image }~1}~?<z?  )}y }~%P }q%v on Y.                })}~%}q

 

be denoted by                .                         }{UBB¡¡ ¢fz£¤{ })¢x¥}q¦§)¢x ¨¤ }~<¢©}~¦§<¢ ª¤ }<¢©}'¦§¢x ¤ In analogy to our previous definition of translation invariant templates, if X is . The set of all -valued recursive templates from Y to X will

closed under the operation   , then a recursive template                       is called translation invariant if for each triple               , we have                        , or equivalently,                            and                           . An example of an

invariant recursive template is shown in Figure 1.6.1.

 

-1     1

t =    1           t   =

 

1           «¬   «¬

 

Figure 1.6.1. An example of an integer-valued invariant recursive template from to  .  c®¯°±²

If t is an invariant recursive template and has only one pixel defined on the target

point of its nonrecursive support , then t is called a simplified recursive template.

Pictorially, a simplified recursive template can be drawn the same way as a nonrecursive template since the recursive part and the nonrecursive part do not overlap. In particular,

the recursive template shown in Figure 1.6.1 can be redrawn as illustrated in Figure 1.6.2

 

-1     1

 

t =

1    1

 

Figure 1.6.2. An example of an integer-valued simplified recursive template. ³3´ ³´µ·¶³´¸Z¹³P´º» ³¼¾½¿ZÀÁÂ ¹'¿BÀÁÂtÃÄÅÀÇÆºÈ

The notions of transpose and dual of a recursive template are defined in terms of ³PÉµ ¶³É¸ ¹³Éº» ¿cÊËÂ

those for nonrecursive templates. In particular, the transpose of a recursive template t is

defined as                . Similarly, if                          , then the additive dual of

t is defined by                 . The multiplicative dual for recursive      -valued templates

is defined in a likewise fashion.

 

In order to facilitate the discussion on recursive templates operations, we begin

by extending the notions of the linear convolution product , the morphological max  ,

 

, respectively.

and the multiplicative max     to the corresponding recursive operations            , and

ÎÍ º Operations between Images and Recursive Templates ÌÍ ÎÏ  ÌÍ º ¹1ÎÏ º  ÎÍ
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Let X and Y be finite subsets of     with Y partially ordered by   . If          and

 

Óåâä àØ9æèçé)ê Úë éê?ìvìÕíê Ôãî ÚÕë é)êBìBæ ïðqñòé<óôõìéÓé)öìf÷.Ø.ø%ùé)öììâ , then the recursive linear convolution product is defined by  ïúPñqòÝóûõáéëéüìf÷.Øàù'é<üìvìPýÿþ

 

The recursive template operation       computes a new pixel value       based âä à ë éê?ì Óé)öì ë é)üì Ò ü Ò ê

pixel values       which are determined by the partial order    and the region of support ê éØàùì Ô éØàùì ë é<ê?ì ü Ô on both the pixel values of the source image and some previously calculated new  

of the participating template. By definition of a recursive template, for every

 

and            . Therefore,       is always recursively computable. Some âä à ë éê?ì Ò

partial orders that are commonly used in two-dimensional recursive transforms are forward and backward raster scanning and serpentine scanning.

 

be done only after all its predecessors (ordered by ) have been computed. Thus, in contrast

to nonrecursive template operations, recursive template operations are not computed in a

 

globally parallel fashion.                                                     

Note that if the recursive template t is defined such that for all   é)ê Úvë éê?ìvìåí ë é)êBìBæ  þ  Óãâä àØ9æ  ðñqòé)óôvõìéÓéöìB÷.Øøùé)öììÚ ê ÔÕî

, then one obtains the usual nonrecursive template operation

ê Ôî It follows from the definition of       that the computation of a new pixel       can éØàùìxæ

 

Hence, recursive template operations are natural extensions of nonrecursive template op-ÓªÔªÐ × Ø Ô ÙÐ× ÚÐ × ÜÝ× Þàá ë æ Ó erations.

Recursive morphological max and multiplicative max are defined in a similar

fashion. Specifically, if             and                          , then

 

is defined by  "!$#&%('*)+-,.0/1324 65(73238:9 ;6!<#%$'>=)@?,$A/B3C(4 7*C"8"D

 

For              and                            , 1FEGHI0JKML6N EPOQGRHSITJKUL6NWVGRHSITJKMLYX>Z=X\[A ] 1 9^ 

 

is defined by_3``  "!$#)+-,/132ba 65Q7*238:9 ;6!<#=)c?,dA/_*C"_a 73C(R8eD

 

The operations of the recursive morphological min and multiplicative min 0fg ]h6i0j f^  are defined in the same straightforward fashion.
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Recursive morphological max and min as well as recursive multiplicative max

and min are nonlinear operations. However, the recursive linear convolution remains a

 

linear operation.                                                                   k        l mnbo"lo0kFp The basic recursive template operations described above can be easily generalized

to the generic recursive image-template convolution product by simple substitution of the specific operations, such as multiplication and addition, by the generic operations and  .

 

More precisely, given a semiring with identity, then one can define the generic  lkrqFs&nutwvrxnutyozn{y|.}{>~qzu nu{  � lkUq

recursive product

 

by defining              by _m`pM-m*@dp\0m3pkP.em*p$lF@Y}*_m"pkqm3(p3"

 

Again, in addition to the basic recursive template operations discussed earlier, a wide variety k l of recursive template operations can be derived from the generalized recursive rule by substituting different binary operations for     and   . Additionally, parameterized recursive

 

templates are defined in the same manner as parameterized nonrecursive templates; namely Ws$  xnutWoQn{ |d}{\~q0o &m pB�¡¢&m p o"&m zpq£ &m¤zp¦¥ xn t |{ as functions

where P denotes the set of parameters, and                         with &m pq ¥ xn { |}{>~qT

 

¬ ¨rRª«W®Qªu¯\°d±¯>²´³Tµ Summary of Recursive Template Operations In the following list of pertinent recursive image-template products . As before, for each operation we assume the appropriate value set §©¨¦ª« and                   . ª .

 

recursive generic convolution product §·¶¸ ³¬\¹»º¼½¼¾¿3À®-Á¿À`Â@Â©ÃÁ¿*ÀuÂ¹ À ¨©ÄÅ®BÆÇ@ÈYÉ¿*ÊÌË@ÍdÂyÎ§¿RÏÂ¸ ¬ÑÐeÒ¿ÏÂ3Ó¶ ÆÇ-ÈYÉ±Ê3ÔÍµÎÁ¿*Õ"Â¸ ¬³Ò¿*Õ"ÂÓ   ÿ×××Ø×××Ù ïú¢ñ$òQûó-üõ$ýæ*é_æ3þ(êu÷àÞùæ3þ(êcê Ö×Ø×Ù and

recursive linear convolution product ÚÜÛÝßÞà\áãâ×××ä×××åæçè-é_æ*çêcêÜëyé_æçuêá çíì©îÅè ïð"ñ(òæ3ó*ô-õ$êæÚæ*öê÷àÑøeùæ*öêcêÛ

 

recursive morphological max convolution product     Ú Þà\áãâ×××ä×××å_æ*ç_è@é_æç`ê-ê©ë_éBæ3ç`êá ç]ì îÅè ð"ñ<ò Úæ3öêÛ à.øQùæ3öê                                                            æ*óô@õdê         ÿ×××Ø×××Ù úYñ$ò                      \ûócüõ$ý é_æ*þ(êÛ àÞùæ*þ"ê
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recursive morphological min convolution product

 

O

 

recursive multiplicative max convolution product                      MN %PQ    '&# "!!R$F "!  S(%*T U-./4243#56!748!V D=W?'8!4AP UCD./E2GI5J7 KX!YV ?4KX!'A O

 

right multiplicative min convolution product                            MN Q    '&# "!!R$F "!  S(%*T ,-./1243#56!78!FVZ;=W?48!'A ,CD./1E2GI5J7K!FV;?'KX!'A

The definition of the left recursive convolution product is also straight- \[Q  

O

 

forward. However, for sake of brevity and since the different left products are not required for the remainder of this text, we dispense with their formulation. Additional facts about recursive convolution products, their properties and applications can be found in [1, 61, 62].

 

1.7.   Neighborhoods

 

There are several types of template operations that are more easily implemented ]%^`_4aZbFcDd eS^gf ]Dh a

in terms of neighborhood operations. Typically, neighborhood operations replace template operations whenever the values in the support of a template consist only of the unit elements

of the value set associated with the template. A template with the property

 

that for each        , the values in the support of     consist only of the unit of    is called ]<^jilknmpoHq mo rLksuts:vxw a unit template.

For example, the invariant template               shown in Figure 1.7.1 is a unit

template with respect to the value set since the value 1 is the unit with respect

to multiplication.

 

yt =    1     1     1 1    1    1

 

1    1    1            z4{F|W}~|:

Figure 1.7.1. The unit Moore template for the value set           .
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Similarly, the template                 shown in Figure 1.7.2 is a unit template

with respect to the value set since the value 0 is the unit with respect to

the operation   .

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               0 r = 0 0                                                                                                                                                                         0

 

 0                      L:%WFW

 

If             is an          array of points,          , and                 is the °±£g°

 

unit Moore template, then the values of the image b obtained from the statement  ²  ¶" ´ ·¸¹¨&º»¼¾½4¿IÀ¥:ÁÃÂl©lÄ:'Á´ ·¸¹¨ºX»¼¾½4¿IÀ¥:'ÁÅÂÆZÇ

²`³´ ¥%µ © Figure 1.7.2. The unit von Neumann template for the value set .  ©~¦«ª>n¬l¯® ¬   :¡  ¢£g¤  ¥§¦TZ¨  ¢£¤

are computed by using the equation

 

We need to point out that the difference between the mathematical equality and  ²´ ¥+µ ©  ²È³x´ ¥%µ ©

 

for those points y for which                  . Observe that since                  and Ð ¶Z ² '¶" ´ ·¸¹¨&º@ÑÒ¼ÄÀ¥:ÁÓÇ Ð  ¶Z ´ ËÃ4©>ÄW the pseudocode statement is that in the latter the new image is computed only  ÊÉËÃ4©DÄ@ÍÌ´ÏÎ  ¥:4ÁFÂWÆ ´ ¥:Á

, where        denotes the Moore neighborhood of y (see Figure 1.2.2),

it follows that

 

This observation leads to the notion of neighborhood reduction. In implementation,

neighborhood reduction avoids unnecessary multiplication by the unit element and, as we

 

shall shortly demonstrate, neighborhood reduction also avoids some standard boundary Ô ³FÕ ¨×Ö Õ Õ Ø Ô problems associated with image-template products.

To precisely define the notion of neighborhood reduction we need a more general

 

notion of the reduce operation , which was defined in terms of a binary  Ô ³Õ ¨ÙÚ Ö Õ   Õ ¨ ÙÚ ´âá¥ ÙÚ ¼ÄÀ ³ ¥%¦ Õ¨)Z¶S¦+ãÈä

operation    on   . The more general form of    is a function

 

Ûç¦ ÝÞ¨Fß6è  For example, if Õ ¨ ´ Z¨ where            and                                  . ÛÜ¦`Ý4ÞI¨FßDà åâ:¡ ¢æ£)¤

 

where                        . Another example would be to define Ô ³ ¨ÙÚ Öæ ê Ý¥ ÙÚ ¼ÄÀß ´ ê¸¹Ú ¼ÄÀ¥:Á , then one such function could be defined as é ³ ¨ÙÚ Öæ% , where    is an         array of points and
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as                                        , then    implements the averaging function, which

 

we shall denote by average. Similarly, for integer-valued images, the median reduction îï  "! ###$ %&(' ìíZîïFð¾ñó'ô õ í í í õ

 

is defined as                                                             , where ) *+ , ! #-##  %.' ì uô

 

operation    of the semiring           ,               is a neighborhood system defined by õ BA 3 ñ í 4 6 C õjí <;D3 =( 7= ;M3 ;                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                .      / 021 6 7<=; 354    7698-:

) * Now suppose         ,             is a unit template with respect to the ) &> @? 8 

 

, and         . It then follows that             is given by C * õ ë í ñ õ ë EF(G$H&I ð EFG$H&NPORQSUTPVWXPY "JLK Ió

 

convolution product. Given         ,          , a neighborhood system qrea+ctsu i a v5ew Tyxz d

 

(i.e.,                  ), and a reduction function                   , then the image-neighborhood v V{+X w q mTsc}|u~o d _nmjl,o-p This observation leads to the following definition of an image-neighborhood Z\[^] dfehg\ikjl T`_ba+c

convolution product               is defined by

 

for each        . Note that the product     is similar to the image template product {y_ g z xz xz

 

 _- (  In particular, if                e=i j in that      is a function         xz ea cy mj l op i a p Y    T�_+c

 

is the         unit Moore template defined earlier, then                  .  _      VW=X w¢

 

(Figure 1.7.2) and N denotes the von Neumann neighborhood (1.2.2). The latter equality {¨_   ¤ ¦ V§X w`d V{+X v V{X w ©ª«c}|§¬.®°¯±7²&³´ µ7¶=· ¸¨¹-ºPµ¶=·9» ¼½¾.¿}À.Á ¯º³´ µ¶=·Â»ÄÃÅµÆ·PÇ T w T d , is the Moore neighborhood, and  Tz  w Tz 

stems from the fact that if              and              , then since             for all

 

Wr_ Z5£¥¤ ¦ V§X Likewise,                , where                denotes the von Neumann unit template v eRw T   ¡eRw T  d and                 for all points        , we have that

 

Unit templates act like characteristic functions in that they do not weigh a pixel,

but simply note which pixels are in their support and which are not. When employed in

 

the image-template operations of their semiring, they only serve to collect a number of ÈÉ¥È values that need to be reduced by the gamma operation. For this reason, unit templates are also referred to as characteristic templates. Now suppose that we wish to describe a translation invariant unit template with a specific support such as the support of the

 

Moore template t shown in Figure 1.7.1. Suppose further that we would like this template ÊË Ë to be used with a variety of reduction operations, for instance, summation and maximum.

 

In fact, we cannot describe such an operand without regard of the image-template operation Ì Í by which it will be used. For us to derive the expected results, the template must map

all points in its support to the unitary value with respect to the combining operation .

Thus, for the reduce operation of summation , the unit values in the support must be

1, while for the maximum reduce operation , the values in the support must all be 0.

Therefore, we cannot define a single template operand to characterize a neighborhood for
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reduction without regard to the image-template operation to be used to reduce the values Î+ÏÐÎ ÑÒÓÔ within the neighborhood. However, we can capture exactly the information of interest in Moore neighborhood M can be used to add the values in every neighborhood as well as  Ñ×Ö Ô

to find the maximum or minimum in such a neighborhood by using the statements ,

, and , respectively. This is one advantage for replacing unit templates with

ÑtÕÖ Ô unit templates with the simple notion of neighborhood function. Thus, for example, the

 

considering the simple example of image smoothing by local averaging. Suppose ÜMÝßÞ=à Another advantage of using neighborhoods instead of templates can be seen by ÑÙØ¥ÚÛ neighborhoods. áÏâ ãäØÄå-Ú9æ(çè æç Î+ÏÐÎ

 

where        is an       array of points, and              is the      unit Moore template é ïñ ð é ïñ ð9ëòó ôõöÛ}÷§øùúûüÑï7ýð+þãÿïýð9ë òó ôõöÛ}÷øù"ú7ûüÑïýð image obtained from a by local averaging since the new pixel value is given by

é¨êëíìî§ïÑÒÓ ã-ð ,

with unit values 1. The image b obtained from the statement represents the

 

Of course,   there   will   be   a   boundary   effect.      In   particular,   if  ! "#  $&%' ( )#+*,%- !  .*/%-0.1 "#-*,%-0.2 .0# , then

 

most common choice), or one may use one of several schemes to prevent it [1]. However,  %>=?A@ each of these schemes adds to the computational burden. A simpler and more elegant way is to use the Moore neighborhood function M combined with the averaging reduction 3546387(9:3<;9 which is not the average of four points. One may either ignore this boundary effect (the

 

image without boundary effect. BDC B PQ  RS2TUQVWYX(ZB CPQ-*[&\^]_P0- simplification of algebraic expressions. Given two neighborhood functions BDC *? B5E .KJL . The simple statement provides for the desired locally averaged  BDC B5E (FGIH

, then the dilation of      by     , denoted by          , is a neighborhood function

 

B MFGNHO.<JL Neighborhood composition plays an important role in algorithm optimization and B5E which is defined as

 

where . Just as for template composition, algorithm  B &PM*>` 4 "a*b`>caed B &PQf  %g*? BDC *? B5E &%g*? BDCh*? BiE  j  k d/l

 

optimization can be achieved by use of the equation for  Bn  B^n)oC *? B  Bp&PQ  #PM6qrPsdtFG  B !FGHm.(J<L  FG

appropriate neighborhood functions and neighborhood reduction functions   . For       ,

 

the kth iterate of a neighborhood                 is defined inductively as                    , uEv F E B (FGDHm.<JL \xdyFG B &P*\M  B PQM*w\ Bz |  ~2 2~2 -))- 2~(cdFG where                       .

Most neighborhood functions used in image processing are translation invariant

 

Bz{P  B^z|r*bP subsets of     (in particular, subsets of          ). A neighborhood function Bz|r  !]a}aed B |rf is said to be translation invariant if                            for every point          . Given a translation invariant neighborhood N, we define its reflection or conjugate by

, where                              and

denotes the origin. Conjugate neighborhoods play an important role in morphological

image processing.

 

Note also that for a translation invariant neighborhood N, the kth iterate of N can B nPQ  B n<oC&P+* B {|#

be expressed in terms of the sum of sets
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 Q <+�r>e& Furthermore,    since                                                              and , we have the symmetric relation

.

 

In the following list of pertinent image-neigborhood products         ,         , ¡

and           . Again, for each operation we assume the appropriate value set   .

 

¦  {§!¨"© Summary of Image-Neighborhood Products             / /¡¢   £¤t¥

 

generic neighborhood reduction 6ª« ¬t1&h®¯h&0±°c¯²Q6³ Q´Yh®e gµN¶

 

neigborhood sum « x ·¸¹&²®º¯h»Qº¼°½¯h& ¾¿¢ÀY8'{Á+'®_ µ¬ÂÃÄ

 

neighborhood maximum DÅÆ Ç ·¸¹&h®0¯h»0¼°¯²QM È¿¢²À)É&Á+-®, gµÂÃÄ

 

neighborhood minimum ÊÆ ¬ ·¸¹&h®0¯h»0±°c¯²Q Ë¿¢hÀ-Á+-®e gµÌÂÃÄ

 

Note that  Å« Ç ·¸¹²®º¯²»0±°c¯h&Q È¿¢²À-Á+-®e µÂÃÄ

 

and, therefore,                   . Similarly,                   .  Å« msIÅÆ   Ê« msÊÆ  Although we did not address the issues of parameterized neighborhoods and

 

recursive neighborhood operations, it should be clear that these are defined in the usual °(Í6Î §!¨¢ Ï± Í eYÏr ÐeÑÓÒÔ½Õ!ÖØ×ÚÙ(Û ÑÖ_ÜÞÝßÔ Ð¬à>ÑÐâáãÜÐDäQÔÕÖÇ×æå{Ù!ÛÜ Ù)çè way by simple substitution of the appropriate neighborhood function for the corresponding Boolean template. For example, a parameterized neighborhood with parameters in the set P is a function                  . Thus, for each parameter       ,       is a neighborhood é,ê_Ö é[ëêìÐDäMÑé+Ô í±êìÐDäÑ&é+Ô íÝé system for X in Z since . Similarly, a recursive neighborhood system for

a partially ordered set         is a function                                     satisfying the conditions that for each        ,             , and for each             ,        .
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1.8.   The p-Product

 

It is well known that in the linear domain template convolution products and

image-template convolution products are equivalent to matrix products and vector-matrix products, respectively [63, 1]. The notion of a generalized matrix product was developed in order to provide a general matrix theory approach to image-template products and template convolution products in both the linear and nonlinear domains. This generalized matrix or p-product was first defined in Ritter [64]. This new matrix operation includes the matrix and vector products of linear algebra, the matrix product of minimax algebra [65], as well as generalized convolutions as special cases [64]. It provides for a transformation that combines the same or different types of values (or objects) into values of a possibly

 

different type from those initially used in the combining operation. It has been shown that îðïNñ"òó2ôõ ös÷ø î îùcú2û î ûü îhýú1û î û the p-product can be applied to express various image processing transforms in computing form [66, 67, 68]. In this document, however, we consider only products between matrices

 

having the same type of values. In the subsequent discussion, and the set of  î  î  þ{î ù5ÿ  ²ü  î ýú1ù  hü îùcúý  öóøó  

all          matrices with entries from    will be denoted by        . We will follow the usual convention of setting              and view     as the set of all n-dimensional row vectors with entries from . Similarly, the set of all m-dimensional column vectors with entries

 

from    is given by                ÷    "!$# û    û þ ró ÿMü þ ÿ &%')( *,+.-0/- #21341 %' 6587:9;#21<1 ' Let and p be positive integers with p dividing both m and n. Define the

following correspondences:                             ró ó   ó

 

and                          = > 0 ù? <@ BA ÷                                                                                          BAC!D#   ÿ                                                                                                                                                                          ù *,+.-E/ -#F1G1 ' þ                                                            ó                                                                         ÿQü þ                                                                                                                    '( 657H9"#21AI1KJ' þ                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            ó                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              ró 0ó

 

ù                                                                                                                                                                                                                                                                                                  ÷                                                                                                                                                                                                                                                                                                                                                                                                      using the row scanning order as shown: QRRRRRRRRRRRRRR T\[^]   TWU ý ý ý T_[U V ..    ý ý V T\[UWV XYXYX T_[] ý .. . V  WTWUWV XYXYX  ZTWUZV XYXYX W TWU V                         bdcccccccccccccc

 Since                                                        ,     linearizes the array = L 6M ÿ ;N = þ L ó 6M ÿ 4O LN LGP/ L ü L 57H9DM N M , = T ý                                                  ý U ý V WT ý                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  ý                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            ý6U V 6UWV XYXYX ZT 6UZV XYXYX  T

 

RRRS                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    ..                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             .. .                                                                                                                                                                                                                                                                                                                                                       ccce T^T ù , V] , V a T ù T , U .. ý V  V T ù , UWV XYXYX T .. . `V ZT\[UZV XYXYX [ T\[U V . . , UZV XYXYX T .. ù , U V .. . ý ù ù ý ù . .
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It follows that the row-scanning order on              is given by

 

or, equivalently, by n`op6q.rIs<notp6qtrzw{oz|$ot~} o~otH�qsqt

 

We define the one-to-one correspondence j;fgkfgh?ijkfgj fgkfgh  jn`Cp &pB>r np6yjn`.p6r6r

 

_h The one-to-one correspondence allows us to re-index the entries of a matrix  n r  ¡_¢£0¤  ¡¥¢u£E¤¦ w yjn`opBq&r§¨p

in terms of a triple index         by using the convention ©,ª&««¬soCs¯®l°6± ²� ¬sqs³±

 

ÀxµÌ¶¸¼Í¾¿ÌÇÉÈÎFÈË¹$ÃÄÀ³µÌÅ àÙá àÙ0Ù àÙâ àÙã àÙä àÙ6Ûzå Example: Suppose                      . Then ´?µ·¶¸º¹{µ·»½¼¾¿ÀÁµÂ¶ ¹ÃÄÀÁµÂÅÆ¸)ÇÉÈËÊÁÈ ÜÞÝßzàHá0á à²áÙ à²á6â à²á6ã à²á6ä à²áÛ . Hence for ÏÐµÌÑBÒ²Ó6ÔÕ6Öº×)ØFÙÚ²Û

 

Ý ßzàáÔYæáÔá6ç àáÔYæáÔÙç àáÔYævÙ8Ôá6ç àáÔYæ_Ù8ÔÙç àáÔYæâÔáBç àáÔYæâÔÙç , we have àÙ8ÔYæáÔá6ç àÙ8ÔYæáÔÙç àÙèÔYævÙ8Ôá6ç àÙ8ÔYæ_Ù8ÔÙç àÙ8ÔYæâÔáBç àÙèÔYæâ8éÙçålê

 

The factor      of the Cartesian product            is decomposed in a similar ëCìí ëìíïî ëìð ñòóëìò îëìíôòõ ëìí

 

fashion. Here the row-scanning map is given by ö,÷HøEù ø³ñò²ú`ûü`ýþÿ ú`û þ ú    .þ xýü ý ü           û

 

This allows us to re-index the entries of a matrix in terms of a  ! #"$&%('   ÿÐú  þ  í

triple index         by using the convention             )+*-,/.0+1.2

 

DFE!GHIGKJL > LNMPORQSTJUL @ LKV#W+MYX )*3,.014.265 )+78.2:9 ;=< $&>?&@A' 5CB ?
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44                                        CHAPTER 1.   IMAGE ALGEBRA Z[]\^`_a[cbedgfhCij[lk Znmoip[]k^rq:sutps iv[]k^wdxfh]qys{zNs|Z}moip[~k     Example: Suppose                       . Then []�`pn#

 

[ +  R . Hence for , we have   +    +  RI   [    +     o / +   + 

/o // +             + 

 

Á¿ Now let                    and                   . Using the maps    and T ]¡&¢g£-¤+¥4¦§©¨(ª¬«® ¯±°e²³´-µ·¶¸¹º©¨¼»«#½ ¾À¿  Â °]Ã+Ä/Å¶Æ4Ç4¶È+É4ÊË«ÌÎÍÏFÐ!Ñ/ÒIÑNÓÔCÕ`Ô×Ö&ÍØÓÔPÙ&Ú²ÜÛÍÝ¹(°pÞßÔCà:Í¼áâã

, A and B can be rewritten as ä ° Ã+åÆÈo¶æ+É4¶èçÊAé«¼êÍëÏFÐ®Ñ+ÒIÑjÓÔ|ìÚ²ÝÍÞg¹(°|Û4ßÔ×íKáâ#ãKÓÔïînÔ|ðgñ

 

The p-product or generalized matrix product of A and B is denoted by , and is  ò×óô ¿¯  õ °{òïóô ¿¯Tºa¨ªèÆ¬»ö4¿É&«Æ·÷ö4¿AÉ¬½

 

the matrix                                                                      GHHHHHHHHHHHHHHHHHHHH defined by ÁÆ3ø¶ù+É-Æ¬´4¶¸-É ° ¿úû/ü¼ý Ã&þø¶Æÿ´4¶ûÉ³Æû¶ù+É4¶¸Ê ° Ã&þø¶Æ¬´4¶ýÉ³Æý¶ù+É4¶¸Ê ó        +ó Ã&þø8¶Æ¬´4¶¿oÉ³Æ¿A¶ù+É¶¸ÊÍ ! """$#%&' #% )(*+ """$#%&,(*'+ "+""-#%!+ .,/, ""+"-#!+103245'6 where         denotes the      th row and     th column entry of C. Here we use the ÁÆ-ø8¶ùÜÉ3Æ¬´4¶¸É ² Í ¹ ² Í ¹ ² Í ¹ e² ßÍ ß¹ ß Ò Õ ° ÕßÍÞ NÞßñ #%7(* ! """$#%(*&'+ #%(* )(*+ """$#%(*&,(*'+ "+""-#%!(1 .,/ ""+"-#!(11024'6 lexicographical order Thus, the matrix C

 

has the following form: #0846+ """9#07846' #07846&(*+ """9#07846,(*'+ "+"":#07846.,/, ""+":#07846;0324'6 #%(* ! """$#%,(*&'+ #%,(* )(*+ """$#%,(*&,(*'+ "+""-#%)(*+ .,/ ""+"-#)(*+1024'6 HHHHHHHHHHHHHHHHHHHH .                                  .                                                          .                                 .                                   . .                                  .                                                          .                                 .                                   . .                                  .                        .                                 .                                 .                                   . .                                  .                        .                                 .                                 .                                   . .                                  .                        .                                 .                                 .                                   .

 

 #%A &+ """B#%7A  '+ #%A &,(*+ """B#%7A  ,(*'+ "+""C#%A &.!/, ""+"B#%A 1024'6  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  #0A 8463+ """D#0A 8463'+ #0A 8463,(*+ """D#0A 8463,(*'+ "+""E#0A 846F.,/ ""+"E#0A 846;0324'6  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  JLKMNOLPK!Q7NR%P  #0(*846+ """9#0(*8463' #0(*8463&(*+ """9#0(*8463,(*'+ "+"":#0(*8463.,/, ""+":#0(*846;024'76 .                                  .                                                          .                                 .                                   . #%<= + """>#%%<= ' #%<= ,(*+ """>#%%<= ,(*' "+""?#%%<=+ .,/ ""+"?#%<=+10324@'6

.                        .                                  .                                 .                                   .              HHHI

.                                  .                        .                                  .                                 .                                   .

 

The entry          in the (s,j)-row and (i,t)-column is underlined for emphasis.
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1. 8 The p-Product 45  SUTEVXWZY[T]\W5^_TE`aWcbedafhgTji  t Tvuwx*xBwXxyCwXxz{wXx7|}wx~CwXx   Tx*x x+y xzyxy*yy+zzxzLyz1z|x|Ly|1z*U|eXz

To provide an example, suppose that . Then  YlkLmnT]iW5^okLmnT]VEbedaf]pqDrsqEV  wyxBwy*yBwyz{wy|{wy*~wy1�y�eU

for p = 2, one obtains                                      . Now let

 

and                                    Ly*x+yz1  Th¡ ¢y£,¤¥%¦,§5¥%¦¨T|e©

 

Then the (2,1)-row and (2,3)-column element           of the matrix LyxyLz+T yª«L¬xwy+®y«;¯L°®«x7%z T wyL+®yx¯L°®x*x%z wy+®yy+¯°®yx%z T wy+z¯xz wy|¯z*z is given by

 

Thus, in order to compute , the two underlined elements of A are combined with  yxyz1  

 

the two underlined elements of B as illustrated: uwx*x wx+y wxz wx| wx+~ wx+ wyx wy*y wyz wy+| wy*~ wy*�±  ¢yx*x x+y xz yx y*y yz zx zLy z*z |x |Ly |*z T uwx*®x1x wx*®x*y+ wx*®yLx wx*®yy wx*®zx wx*®zy wy®x1x wy®x*y+ wy®yLx wy®yy wy®zx wy®z²y±  ¢y L°®x*x³x L°®x*x%y L°®x*x%z    T x*xx*x x*xx*y ¯¯¯ x*x7yz1 ¯¯¯ x*xzz1 L°®x*y+³x L°®x*y+%y L°®x*y+%z L°®yx³x L°®yx%y L°®yx%z L°®yy+³x L°®yy+%y L°®yy+%z x*y+x*x x*y+x*y ¯¯¯ x*yyz1 ¯¯¯ x*yzz1 Lyxx*x yxx*yB¯¯¯ yx7yz1 ¯¯¯ Lyxzz1 Lyy+x*x yy+x*yB¯¯¯ yyyz1¯¯¯ Lyyzz1 Tx*x x+y ¯¯¯ x ¯¯¯ x©

 

In particular, yx y*y ¯¯¯ y1 ¯¯¯ y1© zx zLy ¯¯¯ z´ ¯¯¯ z´© |x |Ly ¯¯¯ |´ ¯¯¯ |´©* » i pµ p¶ µ V¹µ pi pV}V¸µ upCV µ}¶·` i V}i}` pCµ}\±  ¢yV \ pp{i}VVV}¶iµ·`T \ pµ p¸p}pµ pµ}V¹¶ p` i¸µ pº pµ pL¼ p» pµ}V¸\ º pV pV}i¸µ p¹p \ p\ » pV pV p¼ µ Ve`
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If        Ö½E×ØÚÙÉÛÜ¾ ÖÍÔÎÔÎÔÁÛÞÝ¾ÖÍÔÃÎÔÏÔÃÐÛ¾ÉÜ×Ø:Ù½Üß ×ØÜà ×Øà

 

then                            ½×ØÜàÉEáãâÉÜ×Øà½Ü,äÜß ½E×ØàÉ¾âÉÜ×ØÜà½Ü&äÜ This shows that the transpose property, which holds for the regular matrix product, is generally false for the p-product. The reason is that the p-product is not a dual operation in the transpose domain. In order to make the transpose property hold we define the dual

 

operation       of       by                  ×ØÜà â½E×ØàÉäÜ¾ ÉÜ×ØÜà½Ü ×ØÜà ½å¾ ÖæçèÛ ½ì¾ âæç*íîïðLñä

It follows that

 

and the p-product is the dual operation of . In particular, we now have the transpose  æç*íî,ï3íðLñ¾ æç´íèlò óàÖôÔ%õÛ¾9öÔ  éêÕë  ÷5øùLú+ù ÁÞûõûëcüLýÆeÇaÈ ÁÞûôûýß

property                        .

Since the operation is defined in terms of matrix transposition, labeling of

matrix indices are reversed. Specifically, if             is an         matrix, then A gets

 

reindexed as               , using the convention É ¾ ÖþLçèÛ ÿÕê                                 þî íïLñ%íè þî íïLñ%íè¾ þç*íèò àÖ ÔôÛ¾ Ô û ÿoüLýß

 

Similarly, if              is an         matrix, then the entries of B are relabeled as        , ÷5øXùLú+ù ÁÞû ôûý ÆeÇaÈ ÁÞû ½E×ØÜàÉ¾

 

using the convention                                    âæç*íî,ïeíðLñþî      × âæç´íîàíðLñþî íàñíèäß

 

The product               is then defined by the equation óî                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            íçñ³î,èíðLñ¾ à ï                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      íïLñ%íèä¾ âæç*íî *íðLñþî                                                  í ñ%íèä× é               à ê à ×ØÜà

 

Note that the dimension of C is              . ¾ ÊÌæ                   þ æ Ù æ æ æÙ BæÙ*Ù æÙ ÙþÙ >þ þÙ*Ùþ CæÙ >þÙþ æ Cæ Ù æ Bæ >þ ÑÓ ÆeÇaÈ]É¾ ÊËËËËËÌþÙþ Ñ*ÒÒÒÒÒÓß Ùþ

To provide a specific example of the dual operation     , suppose that                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 ! >þ Ù "!      "
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In this case we have . Thus, for p = 2 and using the  YFCDKEGDC YFJCDKEGDK  YFMK!DCGDC YFZK!DCGDK  > $ ?@BA5CEDFCDCGHAICDFJCDKGLAICDFMK!DCGNA5CDFOK!DKPG  YFMK!DKEGDC YFZK!DKEGDK  ARDFJCDCG ARDFJCDKEG ARDFMK!DCG ARDFOK!DKPGST 6U8/:4VW$

scheme described above, the reindexed matrices have form A)K!DFJCDCGHAQK!DFJCDKEGLAQK!DFMK!DCGNA)K!DFOK!DKPG      YFRDCGDC YFRDCGDK

 

According to the dual product definition, the matrix               is a       matrix given by cedf-?XXXXXXX@gCC gCEK gCR gCh b$    gK!C gKK gKR gKEh         gFCDKEGMFCDCG gFCDKPGMFCDKEG gFCDKPGMFMK!DCG gFCDKEGJFMK!DKEG g iC g iK g!iR g!ih S[[[[[[[T$ ?XXXXXXXX@gFCDCGMFCDCG gFCDCGMFCDKEG gFCDCGMFMK!DCG gFCDCGJFMK!DKEG S[[[[[[[[T\ >_^`2aKVW$_b   YFRDKEGDC YFRDKEGDK

 

g jC g jK g!jR g!jh ..                ..                ..                ..                                          ..                                  ..                                  .. . . . .                                  .. . . . . gFMK!DRGMFCDCG gFJK DRGMFCDKEG gFJK DRGMFMK!DCG gFMK!DRGJFMK!DKEG

 

..                ..                ..                ..                                          ..                                  ..                                  ..                                  .. . . . . . . . . gFRDRGMFCDCG gFRDRGMFCDKEG gFRDRGMFMK!DCG gFRDRGJFMK!DKEG giR

 

The underlined element     is obtained by using the formula: giR $ gFMK!DRGMFJK DCG$ Kkl mCARDFlDCGYFMK!DlGDK $ ARDFCDCGYFZK!DCGDK^ ARDFZK!DCGYFJK DKPGDK\

 

Thus, in order to compute , the two underlined elements of A are combined with the  giR  ?XXXXX@YCC YCEKYK!CYKKYRCYRKYhCYh KY nCY nK

two underlined elements of B as illustrated: ?@BACC ACEK ACR ACh AK!C AKK AKR AKPh ARC ARK ARR ARhST ^` aK            S[[[[[T\

 

YiC YiK

As a final observation, note that the matrices A, B, and C in this example have the form of the transposes of the matrices B, A, and C, respectively, of the previous example.

 

1.9.   Exercises                         oqp]r              sp7rt s%()uWpvrwt spxrwt 1.    a.    Show that the addition of a scalar        and a point          is a special case of rBt the addition of two points            .

b.    Show that scalar multiplication of a point          is a special case of Hadamard

 

multiplication of two points in    . o<yzs ^ uB{1$'o<ys ^ o<yuo|p}r zo ^}{eys2$'o<ys ^~ ys       s%(Iu~p}rBt o( p}r sp}rBt

2. Show that the operations of point addition and scalar multiplication satisfy:

 

a.                                      , where          and              ,

b.                                  , where            and          .
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3. Let   be a distance function on     and   a point in    . The neighborhood (or sphere 759 

or ball) of radius    of    is denoted by          and defined as

 

Give a graphical representation of the neighborhood of the origin of radius 1 if    

 

a.       is the Euclidean distance, %PW_B ~  ¡%¡E¢£¤

b.      is the chessboard distance,

c.       is the city block distance.

 

4. Let           . For       , show that: ¡%¡¢    I9 ¡¦¥]§¡P¢}¨¡!¦¥]%¡P¢ ©©©©ª«¬««©©©©®¡ %¡¢¡ e¡¢

a.                 ,

b.                if and only if             ,

 

c.                                 , ¡°¯2§¡¢ ¤¡%¡¢¡§¡¢ ± ² ³            B d.                                ,

 

e.                                  . ±µ´¶²¸·|³%¹ ±´q²]B·2±´|³w ±µ·¶²¸´|³%¹ ±4·º²]B´2²µ·|³% ±4´º²7< ±»· ²

5. Let   ,    , and    be any three sets in    . Show that

 

a.                                                   , ±4·º²7< ±»´ ² ±¤¼²'´|³w¹½± ¼°²]B´¶±,¼7³% ±¤¼²'·|³w¹½± ¼°²]B·¶±,¼7³% b.                                              , c.                             ,

 

d.                          , ¾]2B¿ ¾°À¾Á À ¾7W¾             ¾ÂÁ À¾ºÀ¾ÂÁ W¾Á  ¾ÃvB¿ Ä¦»¾Å¥2ÃBÇÆÈ

e.                                                    ,

f.                                                          .

 

6. Let         . Show that                and that                    . É%ÊË¾/%ÄÁ À ÄI ¾Ì_B¿ ¾/Í          ¾/Í< Î ¥¾Á À¾

 

7. Suppose           and                . Show that Ã'WB¿ É%ÏIÐ¾/<ÒÑÉ�Ê/Ð¾/ÓÍ É§Ô¬Ð¾/°ÒÑÉÐ¾ÓÍ

8. Define the Boolean complement of a real-valued image          by   , where

 

a.                               , Õ Ö¨                                ÕÂE9B×I×] ÕÙØe¾°Ì¾ÚÆ|P¥Û¾ b.                          ,

c.                  .

¾Í À)¾¨ . If           show that

 

9. Suppose           denotes the absolute value function                  . Show that ¾.B¿ ÜÝ¹.Þßàáßà

whenever         .

 

10. Suppose               are the following translation invariant templates:

 

1

 

-1íç

a.    Find           ,         , and          .

 

í<îã1ïð å âã%äåæèç     s  =     1    2    1       t  =     3    . y y âã1é å9æê âã%ëºåìæèç

b.    Let           . Give a graphical representation of    .
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11. Suppose              . The dual of   is denoted by    and is the template

 

where               .

ñ¶ò óô ùö÷ øõ defined by                  . Show that

12. Suppose

 

s  =         2             t  =    1    2    1 y y

 

are two translation invariant real-valued templates on . Provide a graphical representation  !"  #  $%&'%)(+*  ,%-.*  /102&3/40  56  5  587

of     where

                               3             1   1   1 

a.                 , and

 

 1                    1   1   1

 

b.                .       59:$!;6<(7=?>A@5=:$5B6!65(!65C7ED #F5A62G5G5C7

13. A real- dual-valued image    is an element of            or        . 5A6 5 587 HI#

Construct three real dual-valued         rectangular images    ,    ,    . Compute the image

 

14. Let    ,    ,     be as in Exercise 13. Find J 6 J         A S UT/WVX0ZYZ[ \ a.                            , and                                5                    KL&M NO ! 59 $J 6 J(PQ$R5' J6( JD b.         .

15. Let     and     be two neighborhoods defined on    ,    a rectangular         real-

 

valued image and        . Show that VZ\][ /]0Z^P_a`bdc e gfhiVZ^ //W\ZVVZVZY\Z0j[kmlnD 16. Let

 

Compute each of the following: $S  e(+o $eo So( eo oSo S

 

a.                 ,        e $S  e(vurIg,S wurx.y,e zurx. p2&qK     r        s&t S S u$e r|(x ,S ur. ,e ur.

 

b.                ,                            e e r         r sw&zt                       s{&vt S S u,e r. ,S ue.rD c.                .          pP&vK    t                    }                     p        K  }~&p K&zM 17. a.   Suppose    and    are        matrices and    is a        matrix. Show that .

b.    Suppose    is an        matrix and    and    are of dimension       . Show that

.

c.    Let the dimension of   ,   , and    be       ,       , and        , respectively.

Suppose   divides both   and          divides both   and , and   . Show that

 

This is the associative law for the generalized matrix product.
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CHAPTER 2

IMAGE ENHANCEMENT TECHNIQUES

 

2.1.   Introduction

 

The purpose of image enhancement is to improve the visual appearance of an

image, or to transform an image into a form that is better suited for human interpretation or machine analysis. Although there exists a multitude of image enhancement techniques, surprisingly, there does not exist a corresponding unifying theory of image enhancement. This is due to the absence of a general standard of image quality that could serve as a design criterion for image enhancement algorithms. In this chapter we consider several techniques that have proved useful in a wide variety of applications.

 

2.2.   Averaging of Multiple Images

 

The purpose of averaging multiple images is to obtain an enhanced image by

averaging the intensities of several images of the same scene. A detailed discussion

concerning rationale and methodology can be found in Gonzalez and Wintz [1].

 

Image Algebra Formulation �14m B3: OP

 

For           , let            be a family of images of the same scene. The '� m

enhanced image,         , is given by

 

For actual implementation the summation will probably involve the loop  �¡¢8£¤¦¥§4¨©|ª£E£¬« 3� ®¨8¯ª£°£¬« �
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Figure 2.2.1. Averaging of multiple images for different values

of k. Additional explanations are given in the comments section.

 

±A²1³´±dµ³¶1¶4¶m³·±d¸ Comments and Observations Averaging multiple images is applicable when several noise degraded images, , of the same scene exist. Each ±8¹ is assumed to have pixel values of the form ±8¹·º»½¼)¾¿±dÀºRÁ¼AÂqÃ¹ºRÁ¼4³ ±dÀ where is the true (uncorrupted by noise) image and ing the introduction of noise (see Figure 2.2.1 ). The averaging multiple images technique Ã¹·ºÁ¼ is a random variable represent-assumes that the noise is uncorrelated and has mean equal zero. Under these assumptions
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ÅdÐÑÆÇÈ the law of large numbers guarantees that as    increases,                      approaches Ä ÅBÆÇÈ|ÉËÊÌ ÌÍÎ?ÏÊÅÎÆÇÈ . Thus, by averaging multiple images, it may be possible to assuage degradation due

to noise. Clearly, it is necessary that the noisy images be registered so that corresponding pixels line up correctly.

 

2.3.   Local Averaging Å Õ·Ö×´ØÆ´ÒvÆRÓÔÈ·ÈÔÉ~ÙÛÚ9ÓwÜvÝÞ                                ÒvÆRÓÔÈ ßÆRÓÔÈPÉaàÙ áâ°ãEäåçæèÅAÆÇÈé Local averaging smooths an image by locally reducing the variation in intensities. Ó ß

This is done by replacing the intensity level at a point by the average of the intensities in a neighborhood of the point.

Specifically, if    denotes the source image and        a neighborhood of    with

, then the enhanced image    is given by

 

Additional details about the effects of this simple technique can be found in Gonzalez and

 

Image Algebra Formulation íîêPëPïðòñÛê ßÜzêPë          Å{ÜvêPë ßgîÉaÅQóôõ é Let         be the source image, and             a predefined neighborhood of ÓwÜvÝAÞ Wintz [1].    Å{ÜvêPë                              ÒvÆRÓÔÈ-ìGÝAÞ . Let denote the averaging function (see Section 1.7). The result

image        , derived by local averaging from         is given by:

 

Comments and Observations

Local averaging traditionally imparts an artifact to the boundary of its result

image. This is because the number of neighbors is smaller at the boundary of an image, so the average should be computed over fewer values. Simply dividing the sum of those neighbors by a fixed constant will not yield an accurate average. The image algebra

specification does not yield such an artifact because the average of pixels is computed from the set of neighbors of each image pixel. No fixed divisor is specified.

 

2.4.   Variable Local Averaging

 

Variable local averaging smooths an image by reducing the variation in intensities

locally. This is done by replacing the intensity level at a point by the average of the

 

allows the size of the neighborhood configuration to vary. This is desirable for images that Òîö÷ñùøë ÒûÆÓÔÈüìýö ß ßÆRÓÔÈ)É àÙæ áâ°ã¬äåþæEèÅAÆÇÈ1é exhibit higher noise degradation toward the edges of the image [2, 3]. úæ

ÅyÜòêë intensities in a neighborhood of the point. In contrast to local averaging, this technique The actual mathematical formulation of this method is as follows. Suppose

denotes the source image and              a neighborhood function.   If

denotes the number of points in            , then the enhanced image    is given by
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Image Algebra Formulation ÿ    aÿ Let         denote the source image and              the specific neighborhood configuration function. The enhanced image    is now given by

 

Comments and Observations                          Although this technique is computationally more intense than local averaging, it may be more desirable if variations in noise degradation in different image regions can be determined beforehand by statistical or other methods. Note that if is translation

invariant, then the technique reduces to local averaging.

 

2.5.   Iterative Conditional Local Averaging   ÿ               ÿ ÿ

The goal of iterative conditional local averaging is to reduce additive noise in

 

approximately piecewise constant images without blurring of edges. The method presented 

 

here is a simplified version of one of several methods proposed by Lev, Zucker, and ÿ Rosenfeld [4]. In this method, the value of the image   at location   ,      , is replaced by

 

the average of the pixel values in a neighborhood of whose values are approximately the    !   ÿ  ÿ

same as . The method is iterated (usually four to six times) until the image assumes   "$#"

the right visual fidelity as judged by a human observer.

 

For the precise formulation, let          and for        , let        denote the % '&)(*+,-/. 021 0(3).547698;:

desired neighborhood of                   is a . Usually,       Moore neighborhood. Define

 

where   denotes a user-defined threshold, and set                     . < =>?A@CBDFEGFHI0J ÿ ÿ

 

where       is the value at the   th iteration and        . K5[ \ ÿ /]^ ¿ÿ ÿ                                                                                                                                                                          The conditional local averaging operation has the form K5? L= MNPORQPSUT;V KXW3YX(3Z:

 

Image Algebra Formulation ÿ            `_  ab

 

Let          denote the source image and                the desired neighbor-< c% ÿ ÿ ÿ

 

hood function. Select an appropriate threshold and define the following parameterized  de0I&X(   _ .  021  (3X.54f<98  ÿ  aÿ  ÿ

neighborhood function:

 

where       . ] Gÿ

ÿ                                                                                                                                                      The iterative conditional local averaging algorithm can now be written as hg _ hgXW3Y+i % /jW3Ykl:
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2.6.   Gaussian Smoothing

 

Gaussian smoothing is employed in numerous image processing and computer

vision algorithms. As pointed out by Marr and Hildreth [5], there are two considerations in choosing a smoothing filter. First, it must reduce the range of scales over which intensity changes occur, thus it should be smooth and relatively band-limited in the frequency domain. Second, it should represent an averaging of nearby points, thus it should be smooth and localized in the spatial domain as well. Simple spatial domain smoothing filters such as local averaging address the second consideration but fail to satisfy the first. In fact, these

 

are in mutual conflict. Leipnik [6] has shown that the filter that provides localization best m$n[odpIq rs2tu5v^wx5ykzz0{z-| m$no |F}p~q F5zwxyzxhzz0{z in both the spatial and frequency domains is the Gaussian, namely and in two dimensions,                        .  m

The Gaussian smoothing    of an image   is achieved by convolving it with the

 

Gaussian   :  no |C}pIq �no|C}p^m$no|C}p?q   �n|pFmn[o$ |C} pJR

 

Image Algebra Formulation �                                          Let          for some 2–dimensional point set    be the source image. If we

 

were to imagine the set to have unbounded extent, then the Gaussian smoothing  of   q �   ^

image   would given by

 

where            is defined by lU; X¡n[¢|C£p?q ru;vswx¥¤yZx¥¦[§¨z©xP¤ªJxP«§¬zz0{z In practice, we must smooth bounded images with a bounded template. In such cases, truncating the extent of the template will lead to introduction of a bias by the smoothing even at those points where the template support is entirely contained within the image point

 

set. This is due to the integral of the truncated Gaussian being less than one. To achieve XU; Z¡n¢|C£pIq ru;hvswxP¤yZxP¦F§zxP¤¨JxR«;§zz0{z an unbiased result, the template must be constructed as follows:

 

where    is given by         q ®U5 Z¡0¯;°n[±¤²³²´§p ru5vswxyzxPzz0{z

© 2001 by CRC Press LLC

Comments and Observations                µ$¶[·2¸F¹Pºf»¼µ¶·/ºJµ$¶[¹5º

 

The Gaussian is a separable function, that is,                        .   This ½ ¶F·3¸C¹;º¾^µ¶[·2¸k¹5ºI» ½¶F·2¸k¹5º¾^µ$¶[·dº¾^µ$¶[¹5ºX¿

means that convolutions with the 2–dimensional Gaussian can be computed with iterated convolutions of 1–dimensional Gaussians, namely,

 

This can be computed with two image-template linear product operations: À »'¶½ÁÂÃÄº ÁÂÅÃXÆ¿ ÃÇFÈUÉÊË)Ì¶[Í2¸k¹5ºI» ÎÏÇCÐÑ Ò;Ó^Ô>ÕhÖ×lÕhØFÙªÚÚÛÚ¸

 

where                   ÃÆÈ¬É;ÊËZÌ¶F·2¸FÜ;ºI» ÎÏÆÐÑ Ò;Ó^Ô>ÕPÖUÝFÕPÞ[ÙÚÚÛÚ¸ ÏÇ » ßÈ¨É5ÊË)Ì0à;á¶âCãÖ¨äåä0Ùº ÎÐÑÒ5ÓÔÕ×ÚÚÛÚ¸

 

and                      ÏÆ » ßÈUÉ;ÊËZÌ0à;á¶âÚÖäåä0Ùº ÎÐÑÒ5Ó^ÔÕPÝÚÚÛÚ¿ Choice of the support of the template must be made wisely, balancing the  Ã

template’s size against the properties of the smoothing filter. Too small an extent will yield

 

a filter that no longer provides good locality in both space and frequency. Too large an Ð Ò;Ð

extent will require extra processing time for no measurable benefit.

 

Gaussian, . More than 95% of the energy in the Gaussian is contained within a radius

of units from the origin and more than 99% of the area is contained within a radius

of units. Either of these represent reasonable choices for template radius for a variety

of applications.

æÐ An appropriate choice of size should be driven by the standard deviation of the

 

2.7.   Max-Min Sharpening Transform

 

The max-min sharpening transform is an image enhancement technique which

sharpens fuzzy boundaries and brings fuzzy gray level objects into focus. It also smoothens isolated peaks or valleys. It is an iterative technique that compares maximum and minimum

 

values with respect to the central pixel value in a small neighborhood. The central pixel ½~çè3é ê¶ìëº ë çí

value is replaced by whichever of the extrema in its neighborhood is closest to its value.

 

The following specification of the max-min sharpening transform was formulated ½GîðïñòIóõô÷öXøùXúïû3òü9û,ý+þï0ñò©ÿ ú 9ïñòóô ùXúïû3òü9û,ý þïìñò©ÿ 

in Kramer and Bruchner [7]. Let         be the source image and       denote a symmetric neighborhood of        . Define

 

The sharpening transform   is defined as ú ,ïñò Iú ,ïñò*úïñò ú>ïñò ú9ïñò ïú>ïñòJòIó ú ïñò ! "#

 

The procedure can be iterated as   ïú>ïñòJòIó    ï    ï0úïñòJòFò) %$%&' ($
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Image Algebra Formulation *,+.-/         0214365                         37+98: ;

Let         be the source image, and        a desired neighborhood of        .

 

The max-min sharpened image   is given by the following algorithm: *< =>?*A@BDC *EF=G>H*IB C J =G>K*LNMO*P,QSR,TU*

;,=G>KVXWZY%1J 5TU* L MOVX[Y(1J 5T)* P]\

 

The algorithm is usually iterated until stabilizes or objects in the image have  ;

assumed desirable fidelity (as judged by a human observer).

 

Comments and Observations

 

Figure 2.7.1 is a blurred image of four Chinese characters. Figure 2.7.2 show ^_R` C

the results, after convergence, of applying the max-min sharpening algorithm to the blurred characters. Convergence required     iterations. The neighborhood    used in this example is the von Neumann neighborhood.

[image: ]

 

Figure 2.7.1. Blurred characters.
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[image: ]

Figure 2.7.2. Result of applying max-min sharpening to blurred characters.

 

2.8.   Smoothing Binary Images by Association

 

The purpose of this smoothing method is to reduce the effects of noise in binary

pictures. The basic idea is that the 1-elements due to noise are scattered uniformly while the 1-elements due to message information tend to be clustered together. The original image is partitioned into rectangular regions. If the number of 1’s in each region exceeds a given threshold, then the region is not changed; otherwise, the 1’s are set to zero. The regions are then treated as single cells, a cell being assigned a 1 if there is at least one 1 in the corresponding region and 0 otherwise. This new collection of cells can be viewed as a lower resolution image. The pixelwise minimum of the lower resolution image and the original image provides for the smoothed version of the original image. The smoothened version of the original image can again be partitioned by viewing the cells of the lower resolution image as pixels and partitioning these pixels into regions subject to the same threshold procedure. The precise specification of this algorithm is given by the image algebra formulation below.

 

Image Algebra Formulation     aNbdc(egf_h%i)j                         kmlonp qsrut vxwyqz|{gkm}Ktj ~vxwyqz4ywz�xbNk{�qX q Let T denote a given threshold and              be the source image with         . For a fixed integer       , define a neighborhood function                   by

 

Here     means that if           , then                   . ) �wfgz abdc(efh)ij ))gf(

 

The smoothed image             is computed by using the statement a {G]a¢¡s£X¤¥waN¦§ v¨wqz"z
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2. 8 Smoothing Binary Images by Association 63

 

If recursion is desired, define ©ª«¬©¢®°¯²±³´©ª4µ·¶¸¹º ´»¢¸¼½7¾_¿"¿

 

for        , where          . ¼ÁÀÃÂ ©Äd¬Å©

The recursion algorithm may reintroduce pixels with values 1 that had been

eliminated at a previous stage. The following alternative recursion formulation avoids

 

this phenomenon:      © ª «G¬]© ª4µ¶ ®s¯ ±³ ´y© ª4µ¶ ¸¹7º ´»,¸7¼½Æ¾)¿¿Ç

 

»x¬ÉÈ Comments and Observations Ê ¬ËÈ Ìº ´»¿Íy´Î6¿¬ Ìº ´»¿Í´4Ï¿xÐ Ñ)ÒÓÔS¬ÅÑ_ÕÓgÔ º ´»¿

 

Figures 2.8.1 through 2.8.5 provide an example of this smoothing algorithm for Ìº ´y»¿4Í4´Î¿ Ìº ´»,¸Æ¾¿4Íy´Î¿ Ìº ´y»¿4Í4´Î¿

and       . Note that       partitions the point set X into disjoint subsets since

. Obviously, the larger the number k, the larger the

size of the cells             . In the iteration, one views the cells             as pixels forming the next partition . The effects of the two different iteration algorithms can

be seen in Figures 2.8.4 and 2.8.5.

[image: ]

 

Figure 2.8.1. The binary source image a.

[image: ]
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[image: ]

 

Figure 2.8.2. The lower-resolution image                 is shown on the ÖX×Ø(Ù4ÚÜÛÝ7Þ Ùßàà ÚáNÖX×ØÙÚNÛÝÞ Ùßàà left and the smoothened version                     of a on the right.

[image: ]

 

Figure 2.8.3. The lower-resolution image of the first iteration.  â²ãZäå4æ·çèéê åë#ì"ì

[image: ]
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[image: ]

 

Figure 2.8.4. The smoothened version                           of a. íî,ïuíðsñXòZî%óíôöõ÷7ø óyù#ú"ú

[image: ]

 

Figure 2.8.5. The image                           . ûüýþûÿ Zü ûÿ

[image: ]

As can be ascertained from Figs. 2.8.1 through 2.8.5, several problems can arise

[image: ]

when using this smoothing method. The technique as stated will not fill in holes caused by noise. It could be modified so that it fills in the rectangular regions if the number of 1’s exceeds the threshold, but this would cause distortion of the objects in the scene. Objects that split across boundaries of adjacent regions may be eliminated by this algorithm. Also, if the image cannot be broken into rectangular regions of uniform size, other boundary-sensitive techniques may need to be employed to avoid inconsistent results near the image boundary.

[image: ]

Additionally, the neighborhood is a translation variant neighborhood func-

[image: ]

tion that needs to be computed at each pixel location y, resulting in possibly excessive computational overhead. For these reasons, morphological methods producing similar re-sults may be preferable for image smoothing.

[image: ]

 

2.9.   Median Filter

[image: ]

 

The median filter is a smoothing technique that causes minimal edge blurring.

[image: ]

However, it will remove isolated spikes and may destroy fine lines [1, 2, 8]. The technique

[image: ]
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involves replacing the pixel value at each point in an image by the median of the pixel values in a neighborhood about the point.

The choice of neighborhood and median selection method distinguish the various

median filter algorithms. Neighborhood selection is dependent on the source image.

The machine architecture will determine the best way to select the median from the neighborhood.

A sampling of two median filter algorithms is presented in this section. The first

 

is for an arbitrary neighborhood. It shows how an image-template operation can be defined that finds the median value by sorting lists. The second formulation shows how the familiar bubble sort can be used to select the median over a       neighborhood.

 

' (*)+,"-Image Algebra Formulation       !#"%$&

 

. Let          be the source image,               a neighborhood function. Let  . 0/132456

denote the median function described in Section 1.7. The median filtered

image    is given by

 

7 Alternate Image Algebra Formulation 8(             9 The alternate formulation uses a bubble sort to compute the median value over a

 

neighborhood. Let         be the source image. The images    are obtained by 9 0/:<; = 9?> @BADCADEF> = 9

 

where the functions    are defined as follows: =GIHJLK(/MJONHQP >R@ K =&STHJLK(/MJONHVU @>W@ K =RXHJLK(/MJONHVU @>PK =RYHJLK(/MJONHVU @> U @ K =&ZTHJLK(/MJONHQP > U @ K

 

The median image is calculated with the following image algebra pseudocode:  `_ 0/:  ab&c C(dIe P 6f6gih bjbTk  albcnm dReoC N @ 6p6E h bjbk q 0/3 9sr t

.                                                                                                                                                                                                                                                                                                                      =&[THJLK(/MJONH@\> U @ K =&]THJLK(/MJONH@\>P&K =R^HJLK(/MJONH@\>R@ K 6

 

v ew h bxbk v ew h bjbk t /: 9`u  t 9L0/ q .y/: Y 6
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Comments and Observations

 

The figures below offer a comparison between the results of applying averaging zn{7z

filter and a median filters. Figure 2.9.1 is the source image of a noisy jet. Figures 2.9.2

and 2.9.3 show the results of applying averaging and median filter, respectively, over neighborhoods of the noisy jet image.

[image: ]

 

Figure 2.9.1. Noisy jet image.

[image: ]

 

Figure 2.9.2. Noisy jet image smoothed with averaging filter over a neighborhood.  |7}|
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[image: ]

 

Figure 2.9.3. Result of applying median filter over ~3~

a       neighborhood to the noisy jet image.

 

Coffield [9] describes a stack comparator architecture which is particularly well

suited for image processing tasks that involve order statistic filtering. His methodology is similar to the alternative image algebra formulation given above.

 

2.10.   Unsharp Masking

 

Unsharp masking involves blending an image’s high-frequency components and

low-frequency components to produce an enhanced image [2, 10, 11, 12]. The blending may sharpen or blur the source image depending on the proportion of each component in the enhanced image. Enhancement takes place in the spatial domain. The precise formulation of this procedure is given in the image algebra formulation below.

 

Image Algebra Formulation �(                                         

Let          be the source image and let    be the image obtained from    by 3 

applying an averaging mask (Section 2.3). The image is the low-frequency component

of the source image and the high-frequency component is . The enhanced image

 

produced by unsharp masking is given by n03O

 

or, equivalently,                  n03D3`I

 

A     between   and   results in a smoothing of the source image. A   greater than     

 

emphasizes the high-frequency components of the source image, which sharpens detail.  ~8~ 

Figure 2.10.1 shows the result of applying the unsharp masking technique to a mammogram for several values of   . A        averaging neighborhood was used to produce the low-frequency component image   .
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A more general formulation for unsharp masking is given by n 0¡£¢¥¤&¦¨§©3ª(«L¬3¤Iª®

 

where         . Here   is the weighting of the high-frequency component and   is the ¢®¯° ¢  weighting of the low-frequency component.

[image: ]

 

Source                                        γ = 0.0

[image: ]

 

γ = 0.5                                                γ = 5

[image: ]

 

γ = 10                                              γ = 20      ±

[image: ]

Figure 2.10.1. Unsharp masking at various values of   .

[image: ]
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Comments and Observations

Unsharp masking can be accomplished by simply convolving the source image

 

with the appropriate template. For example, the unsharp masking can be done for the ²n³0´3µ¶·:¸x¹

mammogram in Figure 2.10.1 using

 

where   is the template defined in Figure 2.10.2. The values of    and    are      and ¸ À¾xÁÂ¼¿ º » ¼?½¾¿ , respectively.

 

 v      v      v Ã

t =       v    w     v

 

 v      v      v

 

Figure 2.10.2. The Moore configuration template

for unsharp masking using a simple convolution.

 

2.11.   Local Area Contrast Enhancement

 

In this section we present two methods of local contrast enhancement from Harris

[13] and Narendra and Fitch [14]. Each is a form of unsharp masking (Section 2.10) in which the weighting of the high-frequency component is a function of local standard deviation.

 

Image Algebra Formulation ÄÅÆÇ

 

Let , and N be a neighborhood selected for local averaging (Section 2.3).  Ä

The von Neumann or Moore neighborhoods are the most commonly used neighborhoods

 

for this unsharp masking technique.   The local mean image of    with respect to this ÈÊÉ0Ë ÄÍÌÎÐÏÑ neighborhood function is given by

 

The local standard deviation of    is given by the image Ä Ò É0Ë3ÓOÔMÕ&ÖÄØ× È£ÙÚ ÌÎÛÏÜnÝÞ Ñ

 

The image                   actually represents the local standard deviation while ÕRÖÄØ× È£ÙÚ ÌÎ-ÏÜnÝÞ Ò Óßáà is a lower bound applied to in order to avoid problems with division by zero in the next

 

step of this technique.                                              â The enhancement technique of [13] is a high-frequency emphasis scheme which

 

uses local standard deviation to control gain. The enhanced image    is given by â É0ËäãÒå ÖÄØ× È£Ù Ñ

 

As seen in Section 2.10,         represents a highpass filtering of    in the spatial domain. Ä× È ælç Ò Ä The local gain factor is inversely proportional to the local standard deviation. Thus,
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a larger gain will be applied to regions with low contrast. This enhancement technique is useful for images whose information of interest lies in the high-frequency component and whose contrast levels vary widely from region to region.

The local contrast enhancement technique of Narendra and Fitch [14] is similar

to the one above, except for a slightly different gain factor and the addition of a low-

 

frequency component. In this technique, let èêéë ìíîjïWðFñòsóô ò

 

denote the global mean of . The enhanced image    is given by ò õ õ éë÷öø èù ø ñò7ú3û£óü3ûþý        û

where           The addition of the low-frequency component    is used to restore the ÿ 

average intensity level within local regions. ö ì

We need to remark that in both techniques above it may be necessary to put limits

on the gain factor to prevent excessive gain variations.

 

2.12.   Histogram Equalization

 

values to produce an enhanced image whose pixel values are more uniformly distributed 

[15, 1, 16]. The enhanced image tends to have higher contrast. Fñ ò Oë ó                 ò ú ì

 Histogram equalization is a technique which rescales the range of an image’s pixel

 

that                          . The enhanced image    is given by õ !"#%$'& (*) +, ë The mathematical formulation is as follows. Let denote the source image,

ÿ ý ì ý øRøRøý , and    be the number of times the gray level   occurs in the image . Recall

 

õ ñ Lóë      ô

 

Image Algebra Formulation ò-             .

 

Let         be the source image and let    denote the normalized cumulative ò õ .0/ 

histogram of    as defined in Section 10.11.

 

The enhanced image    is given by       ò`ó õ é0ëñ Fú ìó øñ

 

Comments and Observations

 

Figure 2.12.1 is an illustration of the histogram equalization process. The original

image and its histograms are on the left side of the figure. The original image appears dark (or underexposed). This darkness manifests itself in a bias toward the lower end of the gray scale in the original image’s histogram. On the right side of Figure 2.12.1 is the equalized image and its histograms. The equalized histogram is distributed more uniformly. This more uniform distribution of pixel values has resulted in an image with better contrast.
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Figure 2.12.1. Left: Original image and

histograms. Right: Equalized image and histograms.

 

2.13.   Histogram Modification

 

The histogram equalization technique of Section 2.12 is a specific example of

image enhancement using histogram modification. The goal of the histogram modification technique is to adjust the distribution of an image’s pixel values so as to produce an enhanced image in which certain gray level ranges are highlighted. In the case of histogram equalization, the goal is to enhance the contrast of an image by producing an enhanced

 

image in which the pixel values are evenly distributed, i.e., the histogram of the enhanced 132546879;: image is flat.

Histogram modification is accomplished via a transfer function
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where the variable represents a gray level value of the source image and

is the variable that represents a gray level value of the enhanced image.
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The method of deriving a transfer function to produce an enhanced image with a prescribed JLKNMPO Q

distribution of pixel values can be found in either Gonzalez and Wintz [1] or Pratt [2].

Table 2.13.1 lists the transfer functions for several of the histogram modification

examples featured in Pratt [2]. In the table is the cumulative probability distribution of

the input image and is an empirically derived constant. The image algebra formulations

for histogram modification based on the transfer functions in Table 2.13.1 are presented next.

 

Table 2.13.1 Histogram Transfer Functions

 

Name of modification            Transfer function T(z) RTSVUWRXZY[R;\]^_`'ab[R;\ RTS[R\Y \c[dfe U%gHY^_`'ah] Uniform modification:

 

Exponential modification:    R3SiR\b,jWk'lnmd%epo \\qsrEtvu+wxy\zm

 

Rayleigh modification:     R3S oj{R\hzh|X Y}R\zN|\yUW^_`'a8]~b5R\zN|\x|

 

Hyperbolic cube root      R3SiR\jyr*t{u+w modification:

Hyperbolic logarithmic

modification:

 

Let         denote the source image and   the normalized cumulative histogram   

of    as defined in Section 10.11. Let     and     denote the grey value bounds for the

                                                                                                    Image Algebra Formulation �-             

enhanced image. Table 2.13.2 below describes the image algebra formulation for obtaining

the enhanced image   using the histogram transform functions defined in Table 2.13.1.

 

2.14.   Lowpass Filtering

 

frequency components of an image’s Fourier transform [1]. Since high-frequency com-ponents are associated with sharp edges, lowpass filtering has the effect of smoothing the image.

 

and   denote the lowpass filter transfer function. The enhanced image   is given by

 Lowpass filtering is an image enhancement process used to attenuate the high-�- i   

 

where   is the filter which attenuates high frequencies, and      denotes the inverse Fourier ¦ § transform. Sections 8.2 and 8.4 present image algebra implementations of the Fourier ¯ Suppose        where             . Let   denote the Fourier transform of ,  E¡¢*£+¤¥>¦¨§H©E¡ª£«'¥¬¡ª£;«¥;®n£

transform and its inverse.
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Table 2.13.2 Image Algebra Formulation of Histogram Transfer Functions

 

Name of modification              Image algebra formulation °²±´³¶µf·¸º¹}·»¼ ½¾A¿ÀÂÁÃ5·;»

 

Uniform modification:               °Ä±´³Å·»¹ »ÆÇ%È µfÉ¹}½¾0¿ÀÁ ¼

 

Exponential modification:           °Ä±³Ê·»ËÃÍÌ%Î'Ï*ÐÇ%ÈÑ »»ÒsÓÔÕNÖØ×ÙÂÚ»ÛÐ Rayleigh modification:

 

Hyperbolic cube root           °Ü±´³ ÑÌ·»ÛNÝ¸ ¹º·»ÛNÝ»Ú½¾0¿ÀÂÁ*ÃB·»ÛÝ»ÙÝ modification:

 

Hyperbolic logarithmic                   °²±³Ê·»ÌÞNßÞáàÚÓÔÕÖH×

 

modification: âã½ä*åæ'Á                                 ½ä*åæ'Á

 

Let         be the distance from the point        to the origin of the frequency âã½ä*åæ'Á³çäÐÃ}æÐáè»hÛÐHé

plane; that is,

 

The transfer function of the ideal lowpass filter is given by âê½ëå;ìÁ>³îí É²ïñð âã½+ëåì'Áòîó ô ïWðöõã½ëå;ìÁ÷øó å ù

 

where   is a specified nonnegative quantity, which represents the cutoff frequency. ú âê½ëåìÁË³ É

 

where   is a scaling constant. Typical values for   are    and        . ÿ É ÎA¹ É ÿ The transfer function of the Butterworth lowpass filter of order is given by  É>Ãüû*Ìâã½ëåìTÁNýÂóÚÐþå

 

The transfer function of the exponential lowpass filter is given by âê½ëå;ìÁ>³ ¹ é Ñâã½+ëå;ìÁýÂóÙþ 

Typical values for    are    and         . É ç Îè The images that follow illustrate some of the properties of lowpass filtering. When

filtering in the frequency domain, the origin of the image is assumed to be at the center of the display. The Fourier transform image has been shifted so that its origin appears at the center of the display (see Section 8.2).
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Figure 2.14.1 is the original image of a noisy angiogram. The noise is in the 

form of a sinusoidal wave. Figure 2.14.2 represents the power spectrum image of the noisy angiogram. The noise component of the original image shows up as isolated spikes above and below the center of the frequency image. The noise spikes in the frequency domain are easily filtered out by an ideal lowpass filter whose cutoff frequency falls within the

distance from the center of the image to the spikes.

Figure 2.14.3 shows the result of applying an ideal lowpass filter to 2.14.2 and

then mapping back to spatial coordinates via the inverse Fourier transform. Note how the washboard effect of the sinusoidal noise has been removed.

One artifact of lowpass filtering is the “ringing” which can be seen in Figure

2.14.2. Ringing is caused by the ideal filter’s sharp cutoff between the low frequencies it lets pass and the high frequencies it suppresses. The Butterworth filter offers a smooth discrimination between frequencies, which results in less severe ringing.

[image: ]

 

Figure 2.14.1. Noisy angiogram.

 

The lowpass filtering used above was successful in removing the noise from the

angiogram; however, the filtering blurred the true image. The image of the angiogram

 

before noise was added is seen in Figure 2.14.4. The blurring introduced by filtering is ! "$#&%('*),+.-0/13254$6+0/1798;:=<

seen by comparing this image with Figure 2.14.3.

Lowpass filtering blurs an image because edges and other sharp transitions are

associated with the high frequency content of an image’s Fourier spectrum. The degree of blurring is related to the proportion of the spectrum’s signal power that remains after

 

filtering. The signal power    of           is defined by >                    ?@A B DC?>FEG?@AHI,J>GELK,MNMO< The percentage of power that remains after filtering   using an ideal filter     with cutoff frequency    is
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[image: ]

 

Figure 2.14.2. Fourier transform of noisy angiogram.

[image: ]

 

P                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  Figure 2.14.3. Filtered angiogram using ideal filter.

 

makes up the support of    . Thus, as   increases, the signal power of the filtered image TNT=[

increases and blurring decreases. The top two images of Figure 2.14.5 are those of an original image (peppers) and its power spectrum. The lower four images show the blurring that results from filtering with ideal lowpass filters whose cutoff frequencies preserve

 

T=UWVXT=YWVXT=ZWV As increases, more and higher frequencies are encompassed by the circular region that  QRS  P

and      of the original image’s signal power.

The blurring caused by lowpass filtering is not always undesirable. In fact,

lowpass filtering may be used as a smoothing technique.

 

Image Algebra Formulation

The image algebra formulation of the lowpass filter is roughly that of the
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[image: ]

 

Figure 2.14.4. Angiogram before noise was introduced. \]^`_3a7b$cedgfihkjml5n_poeq&bLorLs7tovuw x jyl n_poeq&bLors7tovzw

mathematical formulation presented earlier. However, there are a few subtleties that a programmer needs to be aware of when implementing lowpass filters.

 

The transfer function                                 ^xaxc {}|5~e  dp�p {|D              { noaor

represents a disk of radius d of unit height centered at the origin . On the other hand,  {  {\]  {

the Fourier transform of an image         , where                , results in a complex-valued image        . In other words, the location of the origin with respect to    is not

 

the center of X, which is the point         , but the upper left-hand corner of   . Therefore, {

the product       is undefined. Simply shifting the image    so that the midpoint of X moves to the origin, or shifting the disk image so that the disk’s center will be located at the midpoint of X, will result in properly aligned images that can be multiplied, but will not result in a lowpass filter since the high frequencies, which are located at the corners of   , would be eliminated.

 

There are various options for the correct implementation of the lowpass filter. {|  d   d�fv^`3a7$c=, oq,eostouw* 

One such options is to center the spectrum of the Fourier transform at the midpoint of X (Section 8.3) and then multiplying the centered transform by the shifted disk image. The result of this process needs to be uncentered prior to applying the inverse Fourier transform. The exact specification of the ideal lowpass filter is given by the following algorithm.

Suppose         and              , where m and n are even integers. Define

the point set

 

and set                              ]5d¡^7¢1£¤vc,£¥G¦
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[image: ]

 

Original                                 Power spectrum
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Filtered at 90%                             Filtered at 93%
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Filtered at 97%                             Filtered at 99% §¨ª©« §¨¬®¯;°W±X¯=²´³`µ¶ · ©«¹¸º¼»1½¾§¨ ¿§À1Á¬®¯;°W±X¯,²N³9µÂ¶ÃOÄ
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Figure 2.14.5. Lowpass filtering with ideal filter at various power levels.

[image: ]

 

The algorithm now becomes

[image: ]

 

In this algorithm, 1 and 0 denote the complex-valued unit and zero image, Å «ÇÆ1³7È¼ÉËÊL¶©Ì9ÈOÍÎ&ÊNÍÏ»7ÐÍvÑÓÒ®Ô ÕÀ ÕÀ©«×ÖÙØÛÚÜÎ Ì,ÝÍÉ=ÞÍÏ,ßÚà ÕÀ Õ¨

respectively.

If U is defined as instead, then it becomes

 

X, prior to multiplying    by   . Figure 2.14.6 provides a graphical interpretation of this

 

Å « Æ³`È3ÉËÊL¶© ÌÈpÍeÎáÊNÍÏ»7ÐÍvÑÒÔ necessary to define    as                        , where the extension to 0 is on the array Ø1ÚÜ algorithm.

Another method, which avoids centering the Fourier transform, is to specify the set

and translate the image directly to the corners of
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a                               1
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U

v
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d
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d
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center                                        shift
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v                                           v
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u                        multiply      u
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v
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u           center
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v

[image: ]

 

u            inverse  F.T.
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Figure 2.14.6. Illustration of the basic steps involved in the ideal lowpass filter.  !"#$%!'&()* +  -,/.1032457618:9

[image: ]

X in order to obtain the desired multiplication result. Specifically, we obtain the following form of the lowpass filter algorithm:

[image: ]
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Here means restricting the image d to the point set X and then extending d on X  

to the zero image wherever it is not defined on X. The basic steps of this algorithm are

shown in Figure 2.14.7.

 

a                              1

[image: ]

U

v

[image: ]

 

@                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      v u

[image: ]

u

A                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  multiply                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                       shift and extend

[image: ]

 

v

[image: ]

 

u          Binverse  F.T.
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specified by the alternate version of the lowpass filter. RS:TUV%WXE YY:Z\[^]_%`baLcedfLg'hjiLklnm%oV RS:T#UV%WX

[image: ]

As for the ideal lowpass filter, there are several way for implementing the th-

[image: ]

order Butterworth lowpass filter. The transfer function for this filter is defined over the

[image: ]

 

DFEHGIKJLNMOGIQPL Figure 2.14.7. Illustration of the basic steps as C

[image: ]

 

point set                      , and is defined by                                   RS RSqE _RSZsrRSZ TtuV(vnXwZxrRSZ Tv VyXwZzr|{SZ T#t$V%yX#wl3}~ where   denotes the scaling constant and the value         needs to be converted to a [ Rp

[image: ]

 

complex value. For correct multiplication with the image   , the transfer function    needs qE-/1rRp]RSw:

[image: ]

to be shifted to the corners of X. The exact specification of the remainder of the algorithm is given by the following two lines of pseudocode:

[image: ]

 

The transfer function for exponential lowpass filtering is given by RS/TU1V(WXE�7%=UmZ WmoV

[image: ]
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where                    and        needs to be a complex valued. The remainder of the algorithm is identical to the Butterworth filter algorithm.

 

2.15.   Highpass Filtering                                         ¤§ § ¤¥     § ¤§ ¤¥    ¨ Highpass filtering enhances the edge elements of an image based on the fact that

edges and abrupt changes in gray levels are associated with the high-frequency components of an image’s Fourier transform (Sections 8.2 and 8.4). As before, suppose denotes the

 

Fourier transform of the source image   . If    denotes a transfer function which attenuates ¨©#ªf«:¬¯®°n±³²§(´µ/¶²¥%´fµf·© ®¹¸

low frequencies and lets high frequencies pass, then the filtered enhancement of is the

inverse Fourier transform of the product of    and   . That is, the enhanced image    is given by

 

where      denotes the inverse Fourier transform.

 

of the lowpass transfer function. Specifically, the transfer function of the ideal highpass filter is given by

 

where is a specified nonnegative quantity which represents the cutoff frequency and  ²¿1(È¬ÊÉeË:ÌÍËÏÎ°ÐË  Ñ  ²¥Ò´µ:¬ º °°Ó/Ô%Õ×ÖÀØÙÚÛ'ÜÝÞÒß×àâáäãæåÄç=è¦éê(ëìQíî è#ï4ê%ïnì

Ç The formulation of the highpass transfer function is basically the complement ²¥%´fµ:¬»ºN¼F½¾²¿À´µÁ»Â Ã ½Ä¾¤¿%´fµÅÆÂe

 

The transfer function of the Butterworth highpass filter of order is given by  ð  ÷  ñ   è%ùêfúì  åÄç¯è#éê%ëìKíî è#ï4ê%ïnì  òóõôöñ   ô  ÷øè%ùêfúìî»ûüýÿþ

 

where   is a scaling constant. Typical values for   are   and         . ï åÄç¯è#éê%ëìî è#ï4ê%ïnì ñ òó ð                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        .              ï åÄç=è¦é1ê%ënìî è#ï4ê%ïnìÀê The transfer function of the exponential highpass filter is given by

 

Typical values for    are    and         . î /&103246587:9<;4 .                   '&)(+*,&)-! #"$ î % =>@?BADC E>GFIH1JLKNMGO'PRQTSU'VH)WXYKNWZN[]\W_^a`

Image Algebra Formulation b ScU VH)WXYKNWZ[]\W_da`fe Let          denote the source image, where               . Specify the point set                      , and define            by

 

Once the transfer function is specified, the remainder of the algorithm is analogous E>hgO iE>jXlkE>jX6FImnJQMpoqX'kE>jXaFQJ]rsMpotXuk=>jXYFmvJLrsMoswyxz { gO}|~[kEqE>1oe

to the lowpass filter algorithm. Thus, one specification would be
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This pseudocode specification can also be used for the Butterworth and exponential highpass �:G  « £¬¥¡§1L¨G@«L« I§1¨©q@®¯±°1²3³6´°s²µ

 

filter transfer functions which are described next. ILLL)]I¡ c¢¤£¦¥¡§1]¨©3ª@«L« �s¶·¸¹<º»¼¾½¡¿tÀÂÁÃÄsÅ§yÆÇ#¨NÆ¶È]ÆLÉ:Ê¶Ë £¬¥I§1L¨N3ªÌ]«f«¶ The Butterworth highpass filter transfer function of order with scaling constant
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where                         . «                    £¬¥I§1L¨NGÌ]«f«¶¶Í The transfer function for exponential highpass filtering is given by

2.16.   Exercises

 

1. Construct a synthetic image and add random perturbations to each pixel value. In

your construction, choose a representation that clarifies the effects of local averaging when using the neighborhoods described below.

a.    Implement the local averaging algorithm using the Moore neighborhood.

b.    Repeat 1.a using the skew neighborhood

 

N =

 

2.    Construct a synthetic image consisting of vertical stripes of different widths.

a.    Implement the local averaging algorithms using the Moore neighborhood.

b.    Repeat 2.a using the template

 

1   2   1

 

t   =    2   4   2 y

 

and multiply the resulting image by 1/16.

 

c.    Explain the different effects of these two smoothing operations. Î Ï

3. Consider the following algorithm. At each pixel location, calculate the difference

between the pixel values of the two vertical neighbors above and below the pixel. Calculate the difference between the pixel values of the two horizontal neighbors to the left and

right of the pixel. If    exceeds    , then the value of the pixel is replaced by the weighted

Ï 1   2   1                           Î

 

average of the pixel and its two horizontal neighbors. Otherwise, it is replaced by the ÐÒÑ ÓÔÑ average of the pixel and its two vertical neighbors.

a.    Write an image algebra formulation of this algorithm.

b.    Implement the algorithm.

c.    The algorithm can be implemented in terms of templates with weights     and    .

Investigate the effects of this algorithm for different combinations of weights and also for repeated application.
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4. Prove that the Max-Min Sharpening Transform stabilizes, i.e., show that there exists

a positive integer    such that                  for all integers        .

 

5.    Show that while                                    , it is not true in general that

. This shows that local averaging is a linear operation

while median filtering is not.

 

6. A generalization of unsharp masking that is often used for object enhancement and  ãØIîpïÚðÛÜêñññññòóôÙsØIõïLßÛ1öòóø÷ÙsØIõ¡ïßÛñññññ  Ù  çÒù  ÕäúûÕ  çâü

background suppressions is given by the operation

 

where   denotes the input image,     is an        rectangular neighborhood centered at Øî]ï¡ðÛ ý±úvý ØIîpï¡ðÛ Õ,þBý çù

 

,        is an             rectangular neighborhood centered at       , and         . çù çü a.    Provide an image algebra formulation of this algorithm. b. Implement this algorithm on a synthetic image where the object intensity is greater

than the background and the object size can be covered by    .

c.    Repeat 6.b except that the object intensity is less than the background.

d.    Repeat 6.b except that the object size is greater than      but less than    .

 

7. Implement the Gaussian smoothing algorithm on at least two different images using

different template support. Analyze your results.

 

8.* Implement the five histogram modifications described in Table 2.13.2 and describe

 

9.* Develop a program to display histogram plots of digital images similar to those shown ÛGÜ Û ÕnúvÕ ÿ Ø :ÛÜ NÕü ç Ø DØÿ Ù áæ ÿ Ù@åæ}ç DØÿ Û ÿ ù×÷

in Figure 2.12.1. Test your program on suitable images and provide an image algebra ù ù p× Ý × 

formulation of your program.

 

10.* It follows from Section 1.7 that if     denotes an        rectangular neighborhood and ü "! #%$ ü +!#-, Ý &(' *) &(' Ø 1ï Û Ü ù p× ××

ÿtheir effects and differences when applied to an image. ç

 

a template with                 for each   , then the image       is equivalent to Ý 

as long as one ignores boundary effects and                whenever           .

 

a.    Show   that   the   Fourier   transform   of        is   given   by

.

 

b. Using 10.a, establish a relationship between smoothing by averaging and lowpass  ã  ÿ  /.  Ü_Ù áæ ÿ   ÿ  ù  Ø     :ÛÜö ù×  0  ÿ  ÛGÜ  ÕÔú3Õ  Ø  Ü  DØÿ  Û  ÿ

filtering.                                                                             21 34 

11.* Implement the three highpass filters described in Section 2.15.

 

12.* Consider the unsharp masking algorithm given by          , where   denotes an rectangular template with            and                                          . whenever

a.                                              . Find the Fourier transform of

b. Using 12.a, establish a relationship between unsharp masking and highpass

filtering.
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CHAPTER 3

EDGE DETECTION AND

BOUNDARY FINDING TECHNIQUES

 

3.1.   Introduction

 

Edge detection is an important operation in a large number of image processing

applications such as image segmentation, character recognition, and scene analysis. An edge in an image is a contour across which the brightness of the image changes abruptly in magnitude or in the rate of change of magnitude.

Generally, it is difficult to specify a priori which edges correspond to relevant

boundaries in an image. Image transforms which enhance and/or detect edges are usually task domain dependent. We, therefore, present a wide variety of commonly used transforms. Most of these transforms can be categorized as belonging to one of the following four classes: (1) simple windowing techniques to find the boundaries of Boolean objects, (2) transforms that approximate the gradient, (3) transforms that use multiple templates at different orientations, and (4) transforms that fit local intensity values with parametric edge models.

The goal of boundary finding is somewhat different from that of edge detection

methods which are generally based on intensity information methods classified in the preceding paragraph. Gradient methods for edge detection, followed by thresholding,

typically produce a number of undesired artifacts such as missing edge pixels and parallel edge pixels, resulting in thick edges. Edge thinning processes and thresholding may result in disconnected edge elements. Additional processing is usually required in order to group edge pixels into coherent boundary structures. The goal of boundary finding is to provide coherent one-dimensional boundary features from the individual local edge pixels.

 

3.2.   Binary Image Boundaries

 

A boundary point of an object in a binary image is a point whose 4-neighborhood

(or 8-neighborhood, depending on the boundary classification) intersects the object and its complement. Boundaries for binary images are classified by their connectivity and whether they lie within the object or its complement. The four classifications will be expanded upon in the discussion involving the mathematical formulation.

Binary image boundary transforms are thinning methods. They do not preserve

 

the homotopy of the original image. Boundary transforms can be especially useful when 56 76 used inside of other algorithms that require location of the boundary to perform their tasks. Many of the other thinning transforms in this chapter fall into this category. The techniques outlined below work by using the appropriate neighborhood to

either enlarge or reduce the region with the     or      operation, respectively. After the object has been enlarged or reduced, it is intersected with its original complement to produce the boundary image.
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For             let   denote the support of . The boundary image C F F BMJ     FLG2BKJ B

of    is classified by its connectivity and whether          or          , where    denotes the support of   .

 

(a) The image   is an exterior 8-boundary image if    is 8-connected,         , CONPRQTSVU >XW%Y*Z[NPRQR\]BH^S3_a`cbedfP9EBMJ C F FrGsB and    is the set of points in     whose 4-neighborhoods intersect    . That is, <hgji"k0lmn/Wpoljq

 

(b) The image   is an interior 8-boundary image if    is 8-connected,        , F B BKJ C

 

and   is the set of points in    whose 4-neighborhoods intersect    . The interior CtN(PRQTS U >XW-Y/ZNPRQ\]BKJT^S3_u` bedfP49B <hgjiklmn/Wpolq C F FLG2BKJ 8-boundary    can be expressed as

 

(c) The image   is an exterior 4-boundary image if    is 4-connected,         , C F BMJ B

 

and                          whose 8-neighborhoods intersect is the set of points in   . That is, CONPRQTSLU >vW%Y/w3NPRQ\]Bu^S3_a`cbedxPE9BKJ <ygzik0l{mn/Wpolq C F F|GsB the image    is defined by

 

(d) The image   is an interior 4-boundary image if    is 4-connected,        , F B CtNPRQ}SLU >XW%Y*w3NPRQ~\*BMJT^S3_a`cbedfP9B BKJ and    is the set of points in    whose 8-neighborhoods intersect    . Thus, <hgji"k0lmn/Wpo"lq

Figure 3.2.1 below illustrates the boundaries just described. The center image is

the original image. The 8-boundaries are to the left, and the 4-boundaries are to the right. Exterior boundaries are black. Interior boundaries are gray.

[image: ]

 

Figure 3.2.1. Interior and exterior 8-boundaries (left), original

image (center), and interior and exterior 4-boundaries (right).

 

© 2001 by CRC Press LLC

3. 3 Edge Enhancement by Discrete Differencing 87    

Image Algebra Formulation

 

The von Neumann neighborhood function is used in the image algebra formu- ]4�   O  E"4eT 

lation for detecting 8-boundaries, while the Moore neighborhood function is used for

detection of 4-boundaries.

Let be the source image. The boundary image will be denoted by

 

(1) Exterior 8-boundary — E"K "

 

(2) Interior 8-boundary — 4x K 3 4x V"T+ (3) Exterior 4-boundary —

(4) Interior 4-boundary —

 

Comments and Observations

These transforms are designed for binary images only. More sophisticated

algorithms must be used for gray level images.

Noise around the boundary may adversely affect results of the algorithm. An

algorithm such as the salt and pepper noise removal transform may be useful in cleaning up the boundary before the boundary transform is applied.

 

3.3.   Edge Enhancement by Discrete Differencing

 

Discrete differencing is a local edge enhancement technique. It is used to sharpen E  E 

edge elements in an image by discrete differencing in either the vertical or horizontal direction, or in a combined fashion [1, 2, 3, 4].

Let          be the source image. The edge enhanced image         can be

 

obtained by one of the following difference methods: O¢¡¤£jT2¥¡"¢£j4¡"¢£§¦2 t¡"¤£cT©¨ ¡"¢£j~¡"¢£ª«~¡"¢£/¦s (1) Horizontal differencing

 

or                    O¢¡¤£jT2¥¡"¢£j4¡¦2z¢£j t¡"¤£cT©¨ ¡"¢£j~¡¥z¢£j~¡¦2z¢£j (2) Vertical differencing

 

or       t¡"¢£jT¬¢¡¤£c®E¡0¦3z¢£ ¬+¦V¬¥¤¡"¤£c~¢¡¤£¯¦©¬ t¡¤£I¬¢¡¤£jE¥¡¦2j¤£°¦3¬¦3¬¥¡"¢£j4¡¥z¢£°¦3¬ (3) Gradient approximation

or
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Given the source image         , the edge enhanced image          is obtained µ·¶¸2±]¹º»0¼ »

by the appropriate image-template convolution below.

(1) Horizontal differencing

 

where the invariant enhancement template   is defined by » ½p¾¿ÀÁ"ÂÃRÄ¸ÅÆ Ç%ÈÃ ¸ ÂÉ"¼¢ÊjÄ Ë ÆXÇ%ÈÃ ¸ ÂÉ"¼¢Ê¹ ÆÄ Ì ÍjÎ"Ï0ÐÑ"ÒÇ-ÓÐ

 

or                            µÔ¶¸±]¹ºÕj¼ Õ½-¾¿ÀÁÂ¢ÃRÄ¸IÅ[Ö Ç%ÈÃ ¸ Â¢É¼¤ÊjÄ Ë Æ×Ç%ÈÃ ²EØÂÉ"¼¢ÊË ÆÄ¼{ÂÉ¼¤Ê¹ ÆÄÚÙ Ì ÍzÎÏ0Ð{ÑÒÇpÓÐÛ where

 

(2) Vertical differencing     µÜ¶¸©±:¹ºÝ Ý

 

where the template    is defined by Ý½p¾¿ÀÁÂÃRÄ¸Å Æ Ç%ÈÃ ¸ Â¢É¼¤ÊÄ Ë ÆvÇ%ÈÃ ¸ Â¢É¹ Æ¼¤ÊcÄ Ì ÍjÎ"Ï0ÐÑÒÇpÓÐ

 

or                            µÔ¶¸±*¹ºÞ/¼ Þ½%¾¿ÀÁÂÃRÄ¸Å Ö Ç%ÈÃ ¸ Â¤É"¼¤ÊcÄ Ë ÆvÇ%ÈÃ ²4ØÂ¢ÉË Æ¼¤ÊÄ¼ÂÉ¹ Æ¼¢ÊjÄ+Ù Ì ÍjÎ"Ï0ÐÑ"ÒÇßÓÐÛ where

 

(3) Gradient approximation µà¶¸Ká±:¹ºÝá¹Iá±]¹ºD» á µ·¶¸á±:¹ºâá+¹Vá±*¹ºDã á¼

 

or                    Ý       »                               â â½ä¾¿ÀÁÂÃRÄ¸LÅÆ Ç-ÈÃ ¸ ÂÉ"¼¢ÊjÄ Ë ÆXÇ-ÈÃ ¸ ÂÉ¹ Æ¼¤Ê¹ ÆÄ

 

where the templates   and   are defined as above and   ,    are defined by Ì ÍjÎÏÐÑÒÇpÓÐ ã ½ä¾¿ÀÁÂÃRÄ¸ Å4Æ Ç-ÈÃ ¸ ÂÉ"¼¢ÊjÄ Ë ÆåÇ-ÈÃ ¸ ÂÉË Æ¼¤Ê¹ ÆÄ ã

and                      Ì ÍjÎÏÐÑÒÇpÓÐÛ
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The templates can be described pictorially as            æ

r =     1     -1             s                                        1 =      -1      2     -1            t =

-1

 

ç                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            -1                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    1                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      -1 u = 2 v = w =-1 1

-1

 

Comments and Observations

 

Figures 3.3.2 through 3.3.4 below are the edge enhanced images of the motorcycle

image in Figure 3.3.1.

[image: ]

 

Figure 3.3.1. Original image.

[image: ]

 

Figure 3.3.2. Horizontal differencing: left        , right        . èé]êëìè èé*êëíè

[image: ]
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[image: ]

 

Figure 3.3.3. Vertical differencing: left        , right         . îï]ðñDòî îï*ðñó î

[image: ]

 

Figure 3.3.4. Gradient approximation: left                   , right                     . ôõ:ö÷øôtöùôõ]ö÷·úô ôõ:ö÷ûô/öùôõ*ö÷ü ô

[image: ]

 

3.4.   Roberts Edge Detector       õýEþ~ÿ ýþÿ õ õ            !"# The Roberts edge detector is another example of an edge enhancement technique ö /ö }ö õ §ö 4õ ö

[image: ]

that uses discrete differencing [5, 1]. Let be the source image. The edge enhanced

image        that the Roberts technique produces is defined by

 

Image Algebra Formulation õ]ýþÿ                        ýþÿ %$& õ*ö÷ (' ö ( õ*ö÷ø ) *!" '

 

Given the source image         , the edge enhanced image         is given by ø ',+.-/012* 354678 9;:32<= >?9;:32<= A BCDFE,GH9JIEK @ , 

 

where the templates   and   are defined by        ö     °ö ø +.-/012* 3ML  9N:32O=@P >Q9N:32O= öRS A BCDTE)GH9.IE#

 

The templates         can be represented pictorially as and ø ' U 1                                  1

s =                       t =

-1                  -1
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Comments and Observations

 

Figure 3.4.1 shows the result of applying the Roberts edge detector to the image

of a motorcycle.

[image: ]

 

Figure 3.4.1. Motorcycle and its Roberts edge enhanced image.

[image: ]

 

3.5.   Prewitt Edge Detector

 

The Prewitt edge detector calculates an edge gradient vector at each point of the

 

source image. An edge enhanced image is produced from the magnitude of the gradient V W XZY<[\ ]_^`]Fa,`b,bb`c]_d ef`@gh

vector. An edge angle, which is equal to the angle the gradient makes to the horizontal axis, can also be assigned to each point of the source image [6, 7, 1, 8, 4].

Two masks are convolved with the source image to approximate the gradient

vector. One mask represents the partial derivative with respect to and the other the

 

partial derivative with respect to   . n        n j n         i o Let         be the source image, and               denote the pixel values of

the eight neighbors of enumerated in the counterclockwise direction as follows:

 

rs3u(s�us_tx p q rs_t3u(sv3u(s_wxzy{rsF|}u(s_~u(sx a     a 32     a1 k Let                       a 5      < a 6 a7      and . The edge enhanced image is given by q rs_3usT|us_w,xzy a 4    (    ) i,j       0 a l n m

 

and the edge direction image          is given by < r@Pxqp~u(~)|@~

 

r@xqs_cs_Rp3
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92 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES Z<  ¡ ¡£.¤¥¦§¨©*ª«5¬®R¯>°Q±&²©O«=¨c³¯´°µ·¶8¯°ªµ¨c³¯(°µ¶ªµ*¸¹¨c³¯°µ¶º»°ª ° ±N²©O«=¨c³º¼°µ¶R¯´°ªµ¨c³º¼°µ¶ªµ¸¹¨³º½°µ¶º¾°ª ¿ ¸ÀÁTÂ¹ÃÄ±JÅÂÆ Image Algebra Formulation               ¢ Let         be the source image and let   and   be defined as follows:

 

Pictorially we have: ¢£;¤¥¦§¨©*ª3«MÇ ¯>°Q±N²©<«È¨³¯(°µ¶É¯°ªµ¨c³µ¶R¯S°ªµ¸¹¨³º¼°µ¶R¯´°ª ° ±N²©<«È¨³¯(°µ¶º»°ªµ¨³µ¶º¾°ªµ¸¹¨Ê³º»°µ¶_º>°ª ¿ ¸ÀÁTÂ)¹ÃÄ±.ÅÂ_Ë

 

-1    -1    -1                      -1           1

 

s =                                   t =      -1            1 ÌÍ<ÎÏ ÌÐÑÓÒÕÔ×ÖØ>Ù(ÚÛÜÝ¾ÖØ>ÙÞÛÜ)ßàáÜâäã 1      1      1                        -1            1

 

The edge enhanced image         is given by åæÍçÎÏ                ã åèÐ&ÑêéëìcícéîïñðÖØòÝó Þ,Ûôõö÷Äøù.úûNüTýþÿ )Ö·ØOÝó ÚÛ,ôõö÷Äøù.úû.üFýþÿ 

 

The edge direction image          is given by é_ëìícé_îïÖ _Û éëìcícéîð 

Here we use the common programming language convention for the arctangent of two variables which defines                              .

 

Comments and Observations

 

A variety of masks may be used to approximate the partial derivatives.

[image: ]

 

Figure 3.5.1. Motorcycle and the image that represents

[image: ]

the magnitude component of the Prewitt edge detector.
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3.6.   Sobel Edge Detector               ! "$#&%(' 0 0 The Sobel edge detector is a nonlinear edge enhancement technique. It is another

 

simple variation of the discrete differencing scheme for enhancing edges [9, 10, 1, 8, 4]. + * 0 ) , 1 Let         be the source image, and               denote the pixel values of

the eight neighbors of enumerated in the counterclockwise direction as follows:

 

a 3      2      1 a a-. / 24356 a4                0 (    ) i,j a

The Sobel edge magnitude image          is given by

 

where                GZ>[7$R(P\?EXPLE8PT=]WX7PYE8RIP^_E8PQ=K` a

 

and                          aF7b9:&<U=>cPde;f PgihBGkj` BN>O7PQ?E8R(PIS?E8PUTV=WX7$PLE8R(PCEHPIY= 2879;:$<(=?>A@BDCFEHGICKJILMC: a     a      a 5 67

The gradient direction image    is given by

 

Image Algebra Formulation lm3n56 2o3n5]6  2 p>rqs7blut8v=CEw7blutyx=CzLMC:

Let          be the source image. The gradient magnitude image          is

 

given by           v       x      � ?>O7 $Ew�(:DWu�K=I7 $Ew�(:UEw�K=

 

where the templates   and   are defined as follows: v{|}~K;7k=?> Wu�?>O7 ;Wu�(:DWu�K=I7 ;Wu�(:UEw�K= WR?>O7 W�I:b(= R ?>O7 $Ew�(:(=  (K;(` x{s|}~ 7k=?> Wu�?>O7 ;Wu�(:DWu�K=I_7K$Ew�(:DWu�K= � ?>O7 ;Wu�(:UEw�K=I_7K$Ew�(:UEw�K= WR?>O7 :bWu�K= R ?>O7 :bEw�K=  (K`
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-1    -2    -1                  -1           1 æ

s =                                 t =

-2           2

 

The gradient direction image is given by

 

where                         .

 ¡;¢ £¤¥bµ² ¶I¬N· U ¡ ¢ U£¹¸º»¼ 1      2      1                    -1            1 8 ¡;¢ (£¤¦¥¥§©¨ªy«¬®u¯±°²¥§³¨ªy´¬®Z¯±°¬K²

 

Comments and Observations

The Sobel edge detection emphasizes horizontal and vertical edges over skewed

edges; it is relatively insensitive to off-axis edges. Figure 3.6.1 shows the Sobel edge image of the motorcycle test image.

[image: ]

 

Figure 3.6.1. Motorcycle and its Sobel edge enhanced image.

[image: ]

 

ÆIÇ(ÈÆÉÈ ÆIÊ(ÈÆË 3.7.   Wallis Logarithmic Edge Detection ½¾À¿ÁFÂÄÃ&Å      ¿ÌÈ&ÍÃ Under the Wallis edge detection scheme a pixel is an edge element if the logarithm

of its value exceeds the average of the logarithms of its 4-neighbors by a fixed threshold

 

[2, 1]. Suppose denotes a source image containing only positive values, and  Ñ  Î  Ï

denote the values of the 4-neighbors of       enumerated as follows: Ð a 1 a 3

 

Ò¹¿ÌÈ$ÍÃÔcÕsÖ×ØK¿½¿ÌÈ&ÍÃÃ ÙÛÚÜ¿$ÕÝÖ×(Ø¿ÆÇÃkÞyÕÝÖ×(ØV¿ÆÉÃÞXÕÝÖ×(ØV¿ÆÊÃÞ8ÕÝÖ×(ØV¿ÆIËÃÃ ÒÓ¾ÁÅ a     (   )     a i,j 20 The edge enhanced image         is given by
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or            î³øÓà$ùú?ä$û                                                         ßXøùû ßXü(åýæè¹þÿ 

 

Image Algebra Formulation     ü å[à  â (ä à ä?å      ùû mè ø Ià UäVâà â      !   "   ! "   # $ % &!')(+*!,.-( Let            be the source image. The edge enhanced image         is given àî±ä â by                      æ              æâ         æäKâVà      (äâVà â æâ    æä ÷ where the invariant enhancement template             is defined as follows: Pictorially,    is given by

-1

 

t =     -1     4     -1

 

Comments and Observations /               021+/ 8:9;=<>@?A+BDCFE/HGJIKML          043576 The Wallis edge detector is insensitive to a global multiplicative change in image

 

values. The edge image of   will be the same as that of       for any         . N 9; /OIKPLRQ 8TSUWVX; NSUCZY\[^] the logarithm of   . That is, if

/                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          -1

Note that if the edge image is to be thresholded, it is not necessary to compute

 

and                                                    _;a` then

Figure 3.7.1 shows the result of applying the Wallis edge detector to the motor-

cycle image. The logarithm used for the edge image is base 2 (      ).

[image: ]

 

Figure 3.7.1. Motorcycle and its Wallis edge enhancement.

[image: ]
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96 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES bdcPb e f eikjllm non+p rsstvu 3.8.   Frei-Chen Edge and Line Detection                           g7h A     subimage   of an image   may be thought of as a vector in    . For

 

The mathematical structure of the vector space     carries over to the vector space of bxcdb nq gwh y y y | {

example, the subimage shown in Figure 3.8.1 has vector representation

 

subimages in the obvious way.            } y     y ~  yy      y z O                                                           b      b 6 denote the vector space of P .. .

b       b        b = 5 b 01

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      �:                                                                                                                                                                                                                                                                                                                                                                b 78 Figure 3.8.1. A subimage. Let subimages. An orthogonal basis for , that is used for the Frei-Chen method is the one shown in                    @ !!R   b    b     b 42 3 y 

 

of the angle between the subimage . The Frei-Chen edge detection method bases its determination of edge points on the size of +                                                                                                                                                                                           , Figure 3.8.2 . The subspace  that is spanned by the subimages  and  is called the edge subspace of  and its projection on the edge subspace [11, 12, 13].  The angle  between  and its projection on the edge subspace is given by

 

The operator in the formula above is the familiar dot (or scalar) product defined for vector    ¡£¢¥¤¡H¦§¨ ¡¢¤¡H¦§)©ªª«¬®H¯ ¦

 

spaces. The dot product of           is given by °!±4²³ ¦± ´µ¡¢¶·¡¡¯

 

Small values of     imply a better fit between    and the edge subspace. F  ¤¹¸!ºR§ »  ¼ ¤¹¸ ºR§   ¤!¸ºD§

 

detection calculates the angle     between the projection of the        subimage centered ¿¾ ½ À F at         and the edge subspace of   . The smaller the value of     at        is, the better is applied to select points for which         .

edge point       is deemed to be. After     is calculated for each image point, a threshold

 

Figure 3.8.3 shows the results of applying the Frei-Chen edge detection algorithm

½ For each point        in the source image   , the Frei-Chen algorithm for edge ¤¹¸ º§ 

to a source image of variety of peppers. Thresholds were applied for angles of 18, 19,

20, 21, and 22 .
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 Edge                   v 1                                            2 v Ã-    2   1      0                               0      1 0       |                                                                                                                                                                                                                                                                                                                                                                                  2                               2-1                                     -1                                           0 1 0-1-1 0 1 Ã Â                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              1       2     1                               1      0      -1 Ã 0      0      0                                2     0    -    2-1              -1-2                                    1       0       -1

subspace

basis

 

-   2

 

v 3                                                   v4

 

0      1      0                               -1     0      1 } ~-1      0      -1                                    0       0       0 0      1      0                               1      0      -1

 

Line                   v 5                                             v6 Ä Ä 

subspace

basis

1     -2      1                                -2      1      -2

 

-2      4      -2                                    1       4       1

 

1      -2      1                                -2      1      -2

 

 v7                                                v8

 

1      1      1

 

ÅÇÆ        1      1      1 Á ÈÉÊ.Ë@Ì)ÍÎ7ÍZÏZÐÑJÒÓÐÕÔÒOÑJÒÖ 1      1      1 v 9

Figure 3.8.2. The basis      used for Frei-Chen feature detection.

 

which is easier to compute. In this case, a larger value indicates a stronger edge point. Û Î×ÖÎØÖÎÙÖ ÎÚ

The Frei-Chen method can also be used to detect lines. Subimages Equivalent results can be obtained by thresholding based on the statistic

and . The Frei-Chen edge detection method  form the basis of the line subspace of

 

© 2001 by CRC Press LLC

98 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES

[image: ]

 

18o

[image: ]

Original

[image: ]
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19                           20
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o                                     o             Ü ÝÞß.àá¥âã7âZäZåæÜåÕçÜæÜè
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21                            22

 

Figure 3.8.3. Edge detection using the Frei-Chen method.

 

bases its determination of lines on the size of the angle between the subimage and its

projection on the line subspace. Thresholding for line detection is done using the statistic

 

ãß     Image Algebra Formulation Let éê:ë@ì Larger values indicate stronger line points.      ãwâ¹äåZí ãß î                              ï be the source image and let denote the parameterized template

whose values are defined by the image    of Figure 3.8.2. The center cell of the image

is taken to be the location of    for the template. For a given threshold level   , the
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Frei-Chen edge image   is given by

 

The Frei-Chen line image   is given by ýþÿ ñóMôõö÷ùùú 

 

3.9.   Kirsch Edge Detector                               "!# $&%' $&%' (*)$( $,+-+-+.$(*/

 

The Kirsch edge detector [14] applies eight masks at each point of an image in 7 7 0

order to determine an edge gradient direction and magnitude. Let be the source  1  2  7  3

image. For each       we denote              as pixel values of the eight neighbors of

enumerated in the counterclockwise direction as follows:

 

7a     a 3 2     a1 4 6

 

ST DfHThg HT,ikjlg HT-im 8?>@A&B'CEDGFIHKJMLONAFIH*JPLOQRS-TVUXW-Y.TKQ[Z]\^D`_KA-aba-aAc[dedA a a a 5 6 7 8:9<;=         a    (    ) i,j      a 40 5

 

The image that represents the magnitude of the edge gradient is given by  Fwux*yKz{w|  }~9~L_pAbNAba-aa-A.cd=  YTDnHTbipohg HT-irqsg`t-tbtug HTbiv

 

where                      and                            . The subscripts are }E>@A&B'CZDxrAK�QRS,U W-Y.KQuD FIH*J_G\cLKQRS-TUW-Y.TKQdO }tRu

evaluated . Further details about this method of directional edge detection are

given in [11, 8, 1, 14, 4].

The image that represents the gradient direction is defined by

 

The image can be used if it is desirable to express gradient angle in degree measure.

Figure 3.9.1 shows the magnitude image that results from applying the Kirsch edge detector to the motorcycle image.

[image: ]

 

Figure 3.9.1. Kirsch edge detector applied to the motorcycle image.

[image: ]
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Let denote the Moore neighborhood about the origin,  ©l¬©~G ª«O¡  `  ®

and                  denote the deleted Moore neighborhood.

Let    be the function that specifies the counterclockwise enumeration of     as

 

shown below. Note that         and for each 8-neighbor   of a point      , the point  ¯ ° ± ² defined by                 is a member of    . 3      2     1

 

For each                 , we define      as follows: ½ ½¾¿OÀÁÂÃÄ,Å¾ÆÇÀeÈfÉÊ ËÍÌÆÎ´ ÏÎrÐuÑÓÒVÔk¾ÆÎ{ÀÕ¶¿IÖ×-Ø^Ù]ÚGÛ · âãäKå,æçËéèåOê ³"´¶µ·K¸-¹¸º-ºbº¸»*¼ f =     4               0 ½¾¿*À ÜÞÝ ËÍÌÆÎ´ Ï ÎÐuÑÓÒßÔP¾ÆÎÀÇÕà¿IÖ×-Ø^Ù^áÛ 5      6     7

 

Thus,   can be pictorially represented as follows: ë         ë-3     5     5             -3    -3     5             -3    -3    -3             -3    -3    -3

t(0) =    -3           5    t(1) =    -3           5    t(2) =    -3           5    t(3) =    -3          -3

 

-3    -3    -3             -3    -3     5             -3     5     5              5     5     5

 

-3    -3    -3              5    -3    -3              5     5    -3              5     5     5 ë ë

 

t(4) =     5          -3    t(5) =     5          -3    t(6) =     5          -3    t(7) =    -3          -3 ñóòßôõ÷öøìùúüûýþKÿö ìíïîð ôõ ñ 5     5    -3               5    -3    -3              -3    -3    -3              -3    -3    -3

 

For the source image         let                  . The Kirsch edge magnitude "ôõ ýþù ÿ

image    is given by

 

The gradient direction image    is given by ! #"%$'&)(* ò 

 

In actual implementation, the algorithm for computing the image m will probably involve ,+-(.0/13246587*9*:<;//6= >+?-@ #A)B6CEDF@G2"HB the loop

A similar loop argument can be used to construct the direction image d. I5J ;//=*

 

© 2001 by CRC Press LLC

3. 10 Directional Edge Detection 101

 

3.10.   Directional Edge Detection

 

directional derivatives [15, 16]. It identifies pixels as possible edge elements and assigns LM N

 

one of directions to them. This is accomplished by convolving the image with a set  OQP  OPSRUTVW  XYZW  [\^]`_  [Pba [3ced P  d#f  d)g

K The directional edge detector is an edge detection technique based on the use of

of edge masks. Each mask has two directions associated with it. A pixel is assigned

the direction associated with the largest magnitude obtained by the convolutions. Suppose

 

that the convolution with the th mask yielded the largest magnitude. If the result of the h6hihkjd#lLZmMonqpg c convolution is positive, then the direction    is assigned; otherwise, the direction

 

(modulo     ) is assigned. dr\s]_   d)t!uva wyx6z {| N|~}[P�t!uv For a given source image        , let               , where     ,     ,

image         is given by

denote the edge masks and denotes convolution. The edge magnitude

 

Let    be the direction associated with the mask    . Suppose that                 . The OP d P d)t!uva [Zt!uv \^]_

 

direction image          is given by tuva tO R@ftq[tuvvZTiVWv wyi XZYW

 

As an illustration, the directional edge technique is applied to the infrared image WZjXWZjYZWj6hih6hojZXXZW

of a causeway across a bay as shown in Figure 3.10.1. The six masks of Figure 3.10.2 are

 

point of the source image. The result of applying the directional edge detection algorithm used to determine one of twelve directions, , to be assigned to each

is seen in Figure 3.10.3. In the figure, directions are presented as tangent vectors to the edge rather than gradient vectors (the tangent to the edge is orthogonal to the gradient). With this representation, the bridge and causeway can be characterized by two bands of vectors. The vectors in one band run along a line in one direction, while those in the other band run along a line in the opposite direction.

The edge image representation is different from the source image representation

in that it is a plot of a vector field. The edge magnitude image was thresholded (see Section 4.2), and vectors were attached to the points that survived the thresholding process. The vector at each point has length proportional to the edge magnitude at the point, and points in the direction of the edge.

[image: ]

 

Figure 3.10.1. Source image of causeway with bridge.
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1.0    1.0    1.0               1.0    1.0   0.7               1.0   0.8  - 0.7    

m =              m =   0.8      - 0.8    m =   1.0      -1.0

0                            1                            2
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3                            4                            5
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o            o                                               o            o                                    o             o

90 / 270                   120 / 300                  150 / 330

 

Figure 3.10.2. Edge mask with their associated directions.

 

Image Algebra Formulation s¡          ¢#£Z¤¦¥i§¥¨6¨i¨o¥¦©ª¬«§® `¯^°?±U²³¤¦¥�´9µ¶¸·²q¶¹»º ¯!µ¥

 

where      is defined as      ¼²%½µk±~¾0¿½À¿?¥ÁÂ¨oÃkÄÆÅQ²³½µÇÈ É É#°?±Ê²³ËH¿ÌÍµÎÏÐÌ¯ÒÑÅ¯È                                        ¤ ¼²�½µ Let         be the source image. For                      , let

 

Á «Ó§     Note that the result    contains at each point both the maximal edge magnitude and the direction associated with that magnitude. As formulated above, integers É The result image    is given by Á

through

to represent the    directions.

 

Comments and Observations

 

Trying to include the edge direction information in Figure 3.10.3 on one page

has resulted in a rather “busy” display. However, edge direction information is often very

useful. For example, the adjacent parallel edges in Figure 3.10.3 that run in opposite directions are characteristic of bridge-like structures.

The major problem with the display of Figure 3.10.3 is that, even after threshold-

ing, thick (more than one pixel wide) edges remain. The thinning edge direction technique of Section 5.7 is one remedy to this problem. It uses edge magnitude and edge direction information to reduce edges to one pixel wide thickness.

One other comment on directional edge detection technique concerns the size of

the edge masks. Selecting an appropriate size for the edge mask is important. The use of larger masks allows a larger range of edge directions. Also, larger masks are less sensitive to noise than smaller masks. The disadvantage of larger masks is that they are less sensitive to detail. The choice of mask size is application dependent.
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Figure 3.10.3. Edge points with their associated directions.

 

3.11.   Product of the Difference of Averages

 

If the neighborhoods over which differencing takes place are small, edge detectors

based on discrete differencing will be sensitive to noise. However, the ability to precisely locate an edge suffers as the size of the neighborhood used for differencing increases in size. The product of the differences of averages technique [17] integrates both large and small differencing neighborhoods into its scheme to produce an edge detector that is insensitive to noise and that allows precise location of edges.

 

© 2001 by CRC Press LLC

104 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES ÔÕ×Ö`Ø ÙÛÚÝÜßÞáà×Üßâ ãÕ^äæåÜç èéê³ëÆìîíoëÀï6ðÚòñãHóÔêëìõô ã÷ö ñíÍëßïoðô Ôê�ëìô ã÷öùøíoëßïðôUúiú6úÍô ÔêëìíoëSïoð We first restrict our attention to the detection of horizontal edges. Let ,  èé

 

where             , be the source image. For              define the image    by öûÔê³ëìö ñíoëSïðö@Ôêëìöùøíoëßïðö úiú6úö@ÔêëìöùãíoëSïüðóþý 

 

The product èêëìíoëïðÚèìê³ëìíoëïðkúèïêëìíoëïðúèÿê�ëìíÍëïðúiú6úè   êëìíÍëïð ã

 

large neighborhoods makes the factors with large less likely to pick up false edges due  ã  êëìiíoëßïð

to noise. The factors from large neighborhoods contribute to the product by cancelling out false edge readings that may be picked up by the factors with small . As moves

 

will be large only if each of its factors is large. The averaging that takes place over the ã farther from an edge point, the factors with small get smaller. Thus, the factors in the

 

product for small neighborhoods serve to pinpoint the edge point’s location. ê!ëìîíoëSïüðÚ ìê³ëìíÍëßïoðú ï6êëì6íÍëßïðú ÿêëìíoëSïðú6úiú Àêëìiíoëßïðí 

The above scheme can be extended to two dimensions by defining another image

to be

 

where    éê³ëìíÍëïðÚ ñãóÔê�ëìíÍëïô ã ö ñðô ÔêëìíÍëïô ã÷ö#øðô úiú6úô Ôê³ëìíoëïð öûÔêëìíÍëïö ñðö@Ôê³ëìíoëïö#øðö úiú6úö@Ôê³ëìíoëïö#ãðóþý 

 

The image is sensitive to vertical edges. To produce an edge detector that is sensitive  è  Ù  

 

to both vertical and horizontal edges, one can simply take the maximum of and  at   ñ  

each point in   .

Figure 3.11.1 compares the results of applying discrete differencing and the

product of the difference of averages techniques. The source image (labeled 90/10) in the top left corner of the figure is of a circular region whose pixel values have a

 

probability of being white against a background whose pixel values have a probability          

of being white. The corresponding regions of the image in the upper right corner have probabilities of white pixels equal to       and      . The center images show the result of taking the maximum from discrete differencing along horizontal and vertical directions.

 

of average algorithm. Specifically, the figure’s edge enhanced image produced by using

the product of the difference of averages is given by

 

èê0ð Image Algebra Formulation Let ÔÕ^ÖØ be the source image. Define the parameterized templates to be The images at the bottom of the figure show the results of the product of the difference ê³ëìiíoëSïüðÚ ë ìêëìíÍëßïoðú ïîê³ëìiíÍëßïðú ê³ëìîíoëSïüðú ê³ëìiíoëSïüðú ì Qê³ëìiíoëSïðüí èìê³ëìíoëïðkúèïêëìíoëïðúè ê³ëìíÍëïðúè ê³ëìíoëïðúèì ê³ëìíÍëïð ý %$ ê0ð

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      &$     (' *)+,-' .       /0/&/ % ê ñ 0ð !#" ßê Ú ê %$ ìí &$ ïô ð ' *)+,-' Ú íñíøí % üí                                            ö ñ ðÚ ö ñ 1!2" 3456%78!296 Ú ê 6ìií ï ö ð &/0// Ú ñíøí üí                                                                                                                                                       and
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90/10 Source image                       70/30 Source image

[image: ]

 

Discrete differencing                        Discrete differencing applied to 90/10 source                     applied to 70/30 source image                                image

[image: ]

 

Product of the difference                    Product of the difference of averages applied to                        of averages applied to 

[image: ]

 

and        :*;<=?>;A@=*BDCEFHG IKJ@LBM;ON0PQSROT0N%U0=VXWZYRB[TGT?\T0]0]&]T^<`_ G 90/10 source image 70/30 source image Figure 3.11.1. The product of the difference of averages edge detection method vs. discrete differencing. _GaIKJ@LBM;ONP_bROT0NU=VXWZYRB GT\T0]&]]&T^< ;?kPTkU=*Bbl where . The edge enhanced image [ cdegf&hiIKjfT m produced by the product of the difference of averages algorithm is given by the image algebra statement monBqpsrt0uv Gwyx{z;|-Q}~;w==z portXuv Gwyx{z;A|-Q}:*;w==z The templates used in the formulation above are designed to be sensitive to vertical and horizontal edges.

[image: ]

 

3.12.   Canny Edge Detection

[image: ]

 

The method of edge detection described by John Canny in 1986 [18] has been

[image: ]

extremely influential. Numerous implementations of edge detectors based on Canny’s ideas have been developed. Some written works give the misimpression that Canny developed a single optimal edge detector. In fact, Canny described a method of generating edge
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detectors using an optimization approach and showed how to use the technique to generate a robust detector for step edges. This section presents the method of Canny and discusses some issues associated with its implementation.

Canny’s starting point is to note that the three most important performance criteria

for an edge detector are that it should i) provide good detection with high probability of reporting an edge where there is an edge and low probability of report where there is no edge; ii) provide good localization, that is, the points marked as edge points should be close to the actual location of the edge; and iii) respond only once to a single edge (in a one-dimensional signal).

In looking at criteria i) and ii), Canny notes that an uncertainty principle relates

them. Improving the detection of a filter—as measured by signal-to-noise ratio (SNR)—will reduce its localization. Conversely, improving the localization of a detector will hurt its detection probability. Canny shows how to develop a linear filter that will optimize the product of SNR and localization in response to a step edge in an image with Gaussian additive noise. The filter that optimizes this product is the edge itself (unsurprisingly). This filter does not, however, perform well with respect to the third criterion (which was to have only a single response to a single edge) in the presence of noise. Canny used constrained optimization to solve the problem of finding a detector for step edges that satisfies criteria i) and ii) under the constraint of yielding a single response. After solving the constrained optimization problem, Canny notes that the optimal filter can be approximated by the first derivative of the Gaussian with only a 20% reduction in performance on criteria i) and ii), and a 10% performance reduction in the single response measure. He further notes that the derivative of the Gaussian is identical to a one-dimensional Marr-Hildreth edge detector described in Section 3.14.

When finding edges in a two or higher dimensional image, one must employ

some mechanism to find directional edges. Canny rejects the technique of sampling edges in orthogonal directions and using gradient to determine the correct orientation on the grounds that the uncertainty in the edge direction and the response of the filter will degrade the result. He notes that by using six different operator directions, the error in orientation of the best matching directional filter will be 15 degrees and that the operator output will fall to about 85% of its maximum value. Canny finds this magnitude of error acceptable.

After filtering edges, Canny applies a thresholding operation with hysteresis. This

technique is employed to attempt to reduce the impact of noise in the edge image on the final result. Any point above a high threshold (a primary point) is marked in the result image, as is any group of points connected to a primary point, lying on the same contour,

 

and having values above a lower threshold. L�               0  &%&0?%g Image Algebra Formulation

 

Let          be the source image whose edges are to be mapped. (q  00&g Select separated Gaussian filtering templates    and    using an appropriate choice

for   . These will be used to generate a smoothed version of the source image.

Find a sequence of directional derivative templates using the method

 

described in Section 11.5. (Canny chose .) These will be used to calculate edge  ZA&?Z% o¡1¢?£¤¦¥{§©¨ ¤  ¤«ª0¬O®&¯°¢±®

magnitude.

Using a method similar to that for constructing directional derivative templates,

construct     radial spoke templates               . Let
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11.5. Templates   and    are oriented normal to the edge responding with greatest intensity ¹´ ·´ Ç¼È%É0É&É%ÈÇHÊÌËÍ to template   . Then let each template                . These will be used to find the local maxima in the edge magnitude image.

Let represent the cumulative histogram template defined in Section 10.11.

 

Æand let    be the rotation function for   corresponding to direction , as defined in Section ¹Å Using a method similar to that used to construct templates    and   , construct

 

connector neighborhoods each containing those points lying along the  ÎÐÏÀÒÑÁÓÔbÕÍOÖÓÔ×Õ¸  Ø ÏÀÒÙÚÛÏÀÝÜHÞßàá¶ãâåäçæéèêèÆ ëàÌàì  Ø´ÏÀîíÎ ÓÔ ¹´í ÚïÏÀ ÚLð ¶*ñòóZôÑØ´Ö Ø ÏÀ Øð Ø´                               õä÷öëàÌàìßàá¶ãâåäçæéèêèÆÜÝøëà{àì ù ÏÀ ù ð òú´Ú û ò*üÑôÓÔþý%ÿÖØ û ò*üÑôÓÔþý õäZöëàÌàì ÖØ ÅÀ Ã ¹ÅÑØÖ ÏÀ ÂÅÑægè Ö ´ ÏÀ ÂÅÑægè Ö ùÃ ÏÀ ùû òüô

edge direction at the target point. These will be used to find low-threshold edge points connected to identified edge points.

The Canny edge detection algorithm is described in image algebra as follows:

 

ùÊ                                                                                         Ã ÏÀ ùû òüô     ´ ëàÌàìùÏÀ ùÊ ßàá¶ãâåäçæéèêèÆÜÝøëàÌàì ùÊ õ ÏÀ ùÊ â ð ùÃ       û Ñùûòú´ÚÖðÔÇ´ õäZöëàÌàìõäZöëàÌàìè ! #"$ õäùÀ ù

 

Comments and Observations % ÀÐøè &

Figures 3.12.1 through 3.12.4 show the results of applying the Canny edge

 

thresholding (Figure 3.12.3). Production of these extra edge points is a relatively time-detector with to the motorcycle image. Note the edge points added by hysteresis

consuming process but important in preserving contours.
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[image: ]

 

Figure 3.12.1. Source Image (left) with Gaussian smoothing applied (right).

[image: ]

 

Figure 3.12.2. Edge maxima (left) and high threshold edge points (right).

[image: ]

 

Figure 3.12.3. Low threshold points (left) and

[image: ]

points added by hysteresis thresholding (right).

[image: ]

 

Figure 3.12.4. Canny edge image.

[image: ]

 

Although Canny’s detector calculates first derivative edge magnitudes, its attenu-

[image: ]

ation of locally non-maximal edge points makes it essentially a second derivative technique.
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Thus, it bears closer resemblance to the Marr-Hildreth detector (Section 3.14) than any of the first derivative techniques presented here. In comparing the final result to the Marr-Hildreth edge detector, we see that Canny’s detector yields what seem to be the most intuitively important edges. But this is provided at the expense of using arbitrary threshold settings and a rather time-consuming hysteresis thresholding operation.

 

3.13.   Crack Edge Detection

 

Crack edge detection techniques comprise the family of algorithms that associate

edge values with the points lying between neighboring image pixels [19]. More precisely, if one considers a 2-dimensional image with 4-neighbor connectivity, each spatial location lying exactly between two horizontally or vertically neighboring pixels corresponds to a crack. Each such point is assigned an edge value. The name crack edge stems from the

 

view of pixels as square regions with cracks in between them. ')(+*-, ./(0*-, .2135476829:'135468<;+'1=3546?>A@B8 1=35468C()D 1=35468 1=3546E>F@8 Any of the edge detection methods presented in this chapter can be converted

 

into a crack edge detector. Below, we consider the particular case of discrete differencing. 1346G8 ')(H*I, ./(+*-J K 9MLN1=354O!8PQ34O;SRTVU4VQW354XOC>YRTVU (+D[Z . For a given source image , pixel edge horizontal differencing will yield

an image         such that                             for all           . Thus, if there

 

is a change in value from point       to point          , the difference in those values is D .

associated with point      .

The horizontal crack edge differencing technique, given , will yield a

 

result image           where                                          , that is,   ’s point .C1W34O!829:'1354\]O^8-;_'134`7Oa8#b set corresponds to the cracks that lie between horizontally neighboring points in . The

values of    are given by

 

One can compute the vertical differences as well, and store both horizontal and vertical 'c(0*I, .d(e*gf h 9Sij1kR4XkT8)P+lmkR4XkT; RTVn4olmkR4XkT> RT!n4olpkR; RT4kTn4qrslpkR> RT4kTn (+D_t differences in a single image with scalar edge values. (This cannot be done using pixel edges since each pixel is associated with both a horizontal and vertical edge.) That is, given         , we can compute          where

 

and                     .C1W34O!829u'1v\]3^w4\]O^8-;_'1`x3aw4`xOa8b

 

Image Algebra Formulation 'y(H*-,                       zR4{zT42z!|4CzB}      *T zR1~R4~T829lm~R4X~T> RTGn

 

Given source image        , define spatial functions                on     as zT1~R4~T829lm~R4X~T; RTGn zR1~R4~T829 l~R> RT4~Tn

follows:

 

Next construct the point set   zR1~R4~T829 l~R; RT4~Tnb h 9d1zR17D8)zT1WD881=z|1WD)8jyz}1D8584
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110 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES �M-B mB5!2Y_  BXw2FxV w!5  ¡ ¢£BXw2F¤xV¥w¤!5¥ ¦ §¨5©ª«¬ ª® and define              by               For a point with integral first coordinate,    can be pictured as follows:

 

1     -1 ¯

and for a point with integral second coordinate,   can be pictured as

 

1

 

The crack edge image °d±³²I´ °0µ¶·¸¹º»-1 is given by

 

¼½V¾v¿½!ÀÁ Alternate Image Algebra Formulation ¼Ã½V¾!¿XÃV½!ÀÁ Â ÄÀ Some implementations of image algebra will not permit one to specify points with

non-integral coordinates as are required above. In those cases, several different techniques can be used to represent the crack edges as images. One may want to map each point

 

in     to the point            .   In such a case, the domain of the crack edge ÄÀ ÅÆGÇ ÈAµwÉËÊÍÌ

image does not cover a rectangular subset of , all points involving two odd or two even

coordinates are missing.

Another technique that can be used to transform the set of crack edges onto a

 

less sparse subset of is to employ a spatial transformation that will rotate the crack edge  È¼½¾¿½ÀÁ¶Î½¾2Ï ¾À¸ ½À¿½ÀÐÏ ½¾¸ ¾À!ÑÓÒ¼½¾¿½ÀÁ±)Â  ÈgÔ¾¼=Õ¾¿ÕÀÁ¶×ÖÕ¾Ï ÕÀ¸uØÃ¿Õ¾¸ ÕÀÃÙ Ò¼Õ¾¿XÕÀÁ±_Ì

points by angle and shift and scale appropriately to map them onto points with integral

coordinates. The transformation             defined by

 

is just such a function. The effect of applying    to a set of edge points is shown in Figure È á Û                                                                                Ú                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  Horizontal Neighborhood f à

3.13.1 below.

 

a       f                                  b e    a Û    à Ý Ü Ý Ú Þ Ü ß

 

b         g                           c c h    e    f à Þ f-1

Figure 3.13.1. The effect of applying    to a set of edge points.

â                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            h    g

© 2001 by CRC Press LLC

3. 14 Marr-Hildreth Edge Detection 111

 

Comments and Observations

 

Crack edge finding can be used to find edges using a variety of underlying

techniques. The primary benefit it provides is the ability to detect edges of features of single pixel width.

Representation of crack edges requires one to construct images over pointsets that

are either sparse, rotated, or contain fractional coordinates. Such images may be difficult to represent efficiently.

 

3.14.   Marr-Hildreth Edge Detection

 

The Marr-Hildreth edge detection approach [20] is motivated by biological studies

of mammalian vision systems. Marr and Hildreth proposed a method that deals with an image separately at different resolutions, each resolution’s edge map being generated by finding the zero crossings in a second derivative operator. The method for each resolution can be described succinctly as follows:

 

(a) Convolve the source image with a two-dimensional Gaussian.

 

(b) Calculate the Laplacian of the resulting image.

 

(c) Find the zero-crossings of that image.

 

Marr notes that the zero-crossings may be detected economically at each given scale by searching for the zero values in the resulting image, however, searching for zero values will not generally yield connected contours. We discuss several alternate and more robust methods by which zero-crossings can be found.

 

Image Algebra Formulation ãåäçægè             évê_äSë=æ-èCìè íî

 

ing template with variance    , constructed as described in Section 2.6.   We can con-ðvñ]òVó=ô7õwðvñòVóõ÷Còmô÷Cò ðvñ]òVó=ù÷Cò!ô7õöð!ñòVó=ô÷Còú ð!ñ]òóô7õöð!ñòVóõø÷CòBô÷Cò û ðvñòVó=ù÷Cò!ô7õîð!ñòVó=ôxùwð!ñ]òó5õø÷Còmô ÷Cò ü)ï ûþý struct a template to calculate the Laplacian by adding together two orthogonal one-dimensional second derivative templates. A discrete, partial second derivative template can be constructed by calculating the first differences to the left and right of a point ,

namely               and              , then taking the first difference of these two,

 

us to a template of the following form:

ðvñòVó=ô=õöð!ñòó5õø÷Cò!ô÷Cò Let          be the source image, and let               be a Gaussian smooth-ï . Letting leads

 

1   -2    1                               ÿ

 

The Laplacian is formed by adding the partial derivatives with respect to both 

and . Using the fact that , we note that the Laplacian

of an image    is given by
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where   has the form:

 

1

 

1   -4    1

 

1

 

The finding of zero-crossings is a matter that is rarely discussed in any detail in

connection with Laplacian of Gaussian techniques such as the Marr-Hildreth edge detector, however, it is not a trivial task. Huertas and Medioni [21] present a relatively complicated method of deriving zero-crossings accurate to the subpixel level. The marching cubes algorithm of Lorensen [22], which was developed to find surfaces of constant density in three-dimensional medical data, has been recast as the marching squares algorithm for application to two-dimensional images. Any technique that can be used to find isoelevation lines in digital elevation maps can be employed to find zero-crossings.

We present a morphological technique for identifying zero-crossings. While not as

 

accurate as the other methods discussed, this technique is perfectly reasonable for generating an edge map for shape-based recognition tasks.

Note that to identify zero-crossings, we must distinguish the boundaries between

 

regions of negative values and those of positive values. Let be the Moore neighborhood.  ! #"$

We can find the positive region image

 

then calculate its outer boundary %  &(')  * ,+-

 

We can also find the negative regions ./ !0 "$

 

and calculate its inner boundary % ./&1 * +. ')  -

 

The conjunction of these two boundary images, %  %  ' % .

is an image that has a nonzero pixel neighboring every crossing from positive-to-negative, positive-to-zero, or negative-to-zero.

 

Comments and Observations

 

Figures 3.14.1 through 3.14.2 show the application of the Marr-Hildreth edge

detector to the motorcycle image at several scales.
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[image: ]

 

Figure 3.14.1. Laplacian of Gaussian with 2 (left) and zero-crossings (right).  243

[image: ]

 

Figure 3.14.2. Laplacian of Gaussian with 4 (left) and zero-crossings (right).  546

[image: ]

 

Figure 3.14.3. Laplacian of Gaussian with 8 (left) and zero-crossings (right).  546

[image: ]

 

The complexity of the images constructed with smaller values of is striking.  5

[image: ]

Like the local maximum image of the Canny detector, there are numerous edges that are not readily apparent to the human observer.

[image: ]

One can use a first-derivative edge detector to condition the results of the Marr-

Hildreth algorithm, providing a more Canny-like edge image without the carrying out the hysteresis thresholding technique. If we perform Sobel edge detection (Section 3.6) on the Gaussian smoothed image and remove any zero-crossings with less than median

edge strength then we get the results shown in Figure 3.14.4. This simple technique is significantly less complex than Canny’s hysteresis thresholding yet yields similar, if not superior, qualitative results.
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[image: ]

 

Figure 3.14.4. Zero-crossing images with low Sobel edge 798 7:8 strength points removed for      2 (left) and      4 (right).

[image: ]

 

3.15.   Local Edge Detection in Three-Dimensional Images

 

This technique detects surface elements in three-dimensional data. It consists of

 

normal vector. In three-dimensional data, boundaries of objects are surfaces and the image S]\=;F8WEX^G;4G GH;4G(8JI =LKDM!NPO,MQN RMF _ STU=;FV8W?YXDGH;4G gradient is the local surface normal [11, 23, 24].

For              , let                         , and define                  ,

 

SM=Z;F[8WBXDGH;4G approximating the surface normal vector at a point and thresholding the magnitude of the ;<8>=@?#ACBDACEF Suppose   denotes the source image and

 

` =a;cbUFQ8edf=@?Yb!gihLACBbQg:jACE]bkg9lDFmonpqhrAajAClVptsvuiwx y , and                   .

 

denotes a three-dimensional              neighborhood about the point                  . z|{}z|{}z ;Vb~8=a?bACBbAEUbF ; b

 

The components of the surface normal vector of the point     are given by  8 �,[�C_#=a;FQ=a; u ; bFHA8 wAxAaD

 

Thus, the surface normal vector of     is ;Vb  =;Vb]FQ8=@ TAMAC\FH

 

The edge image   for a given threshold     is given by   b Y=;FQ8 G =;F]G ~G =;FG¢¡¤£#b n ¥¦L§D¨©rª/¬«L¨

 

Image Algebra Formulation _¯®±°                   

 

Let         be the source image. The edge image   is defined as [8 ²!³!´±µ#¶ =_N·9¸ TFM N =_N·:¸ MFM Ni=Z_N·:¸\FMC¹ A
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domain. The figure below (Figure 3.15.1) shows the domain of the   ’s. Ó

 

Ó                                                                                                                                                                                                                                                                                                                                                    z Ó

 

Óz +1 0
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y 0          y
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Figure 3.15.1. Illustration of a three-dimensional            neighborhood. Ö Ö]×
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Fixing    to have value        , we obtain â ä ã
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g                    _ 1 _ 3 w 0 2   _   2 (             ) = x,y,z-1 2 2 0 á á á à á 3       2       3
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Comments and Observations
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The derivation uses a continuous model and the method minimizes the mean-
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square error with an ideal step edge.
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3.16.   Hierarchical Edge Detection

 

In this edge detection scheme, a pyramid structure is developed and used to

detect edges. The idea is to consolidate neighborhoods of certain pixels into one pixel with a value obtained by measuring some local features, thus forming a new image. The new image will have lower resolution and fewer pixels. This procedure is iterated to obtain a pyramid of images. To detect an edge, one applies a local edge operator to an intermediate resolution image. If the magnitude of the response exceeds a given threshold at a pixel

 

the corresponding pixels in that level. The procedure is repeated until the source image rî rî "!$#&%'%'%(#  *) õ ê4÷ ø õ resolution level is reached [25, 11].

For                    , let           denote the images in a pyramid, where

 

ú ö[ûýüÿþ then one proceeds to the next higher resolution level and applies the edge operator to all éëêqìíDîïî]ðUðUðîrñYòqïôó oí /ò&ï õ#öoê¯÷Qøù . The source image is             . Given      , one

 

 *+,-.#/$0214352687 "9;: ,<-=#><'/$0*?@ A9&: ,<-A? 3#><'/B0*?@ A9&: ,<-=#><'/C? 30*?@ A9&: ,<$-A? 3#><'/? 30DE can construct              in the following manner: F

 

The algorithm starts at some intermediate level, , in the pyramid. This level is typically  FG1IH)>JKML  NO+QPSRTVU  F

 

chosen to be           . N +,=-=#/$021XW  + ,-=#/QY 30YZ  +,-.#/[? 30\W]?^W  +,-_? 3#/0YZ  +,-`Y 3#/$0\W The image          containing boundary pixels at level   is formed by

 

for all               . ,-=#/$0aPcba+                       d     N +,-=#/0fegd ,<$-.#(<B/0]#&,h<-_? 3#><'/$0&#],h<$-.#(<B/i? 30]#&,h<-_? 3#><'/i? 30 FO? 3 If, for some given threshold   ,               , then apply the boundary pixel

. All other points at level        are assigned value   . Boundary formation is repeated until level         is reached.

 

pyramid of images m ,-.#/$0nQj o-.#/ o<pCY 3q Image Algebra Formulation For any *+uPaR T U non-negative FvPw\jx#3#\%'%'%=#>kAYy<z integer source F ,    let image    b +     denote    the    set . Given a for as follows: 'PaR Trst construct a  + n{1 35   +;:  ?|y} # }&~(,0M1X� 3 PSw,<A>=]]>x(]$&]x>(] >\]hA $>& &> formation technique at points in level  j  FC? 3  klY 3

 

where              =A'=C=  ¡£¢¥¤&¦>§¨M©           ªV«'¬\¬'¬>=ªO®¯

 

For         , construct the boundary images              using the statement: ª «u°¢²±³>´µ¶ « ·@¸ ¯y±³&´h¶ « ·¹¸¦& where

 

ºt                                                t 1-1 1 =2 =        1

 

-1
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To construct the boundary images at level    where                , first define

 

Next let                       be defined by Ù ÆÃÚ Ð[ÑÓÜÛÝµÞCß

 

ÙAÎ=Ì.àá× È²â ÎÝ Ì.àÝá$×&à]ÎÝ Ìxã^ÂàÝáB×&à]ÎÝ Ì=àÝáCãÃÂ\×]à&ÎÝ ÌAãGÂ$àÝáiã²Â&×]ä

 

and                    be defined by åÙ Æ ÝÞCßæçÜÛèÝÞCß åÙ_Îég× È êëìîíï&ðñµò ÙAÎ&ó>àõô×&à÷öõø$ù2é ú Ú ïÑÓØ

The effect of this mapping is shown in Figure 3.16.1.

 

(i,j) W

 

üg(    ) i,j                                                                                                                                                        g(    ) û W

 

Figure 3.16.1. Illustration of the effect of the pyramidal map .  ýþ^ÿ  

 

The boundary image     is computed by ÿ ! #"%$  & (')$*$,+.-/01 3254+687 9;: where 0 denotes the zero image on the point set     .

 

Alternate Image Algebra Formulation <>=? @BA,CD*EGFHJILKMC*DNEF#HE)CODQPSRBEFMHE)CDUTVR#EGF#HE)COD*EGFWPXR,H)ECD*EGFYTVR,H[Z CDNEF#H \@A^]`_Mabdce_ab The above image algebra formulation gives rise to a massively parallel process operating at each point in the pyramid. One can restrict the operator to only those points in levels          where the boundary threshold is satisfied as described below.

 

Let                                                         .   This maps a \@ AfCOghHiI jk5l5mnpo5qBr @ AC%spE5t#H)EvuOw#xyg z _a b{

point       into its von Neumann neighborhood. Let                   be defined by

 

Note that in contrast to the functions   and   ,    and    are functions defined on the same @ \@ @A \@A |}

 

pyramid level. We now compute     by | } ]I~[B%8O}�Nkk#oo T&A*T&MUB}�[kk#ooT&,f�kMo5�{
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Comments and Observations

 

This technique ignores edges that appear at high-resolution levels which do not

appear at lower resolutions.

 

The method of obtaining intermediate-resolution images could easily blur, or

wipe out edges at high resolutions.

 

3.17.   Edge Detection Using K-Forms

 

The K-forms technique encodes the local intensity difference information of an  f  

image. The codes are numbers expressed either in ternary or decimal form. Local intensity

 

differences are calculated and are labeled     , or   depending on the value of the difference.   ( f f p¡ 

The K-form is a linear function of these labels, where denotes the neighborhood size.

The specific formulation, first described in Kaced [26], is as follows.

 

Let    be a pixel value and let            be the pixel values of the 8-neighbors

of     represented pictorially as

 

¢a         ¢ ¢a 4         ¢ ¢ 3 ¢a 2 ¢ a a 5 a 0 1 a 6 a ¢ a 7 ¢ 8

 

Set                          £f¤¦¥V§ ¤U¨©§ ª

 

for all                and for some positive threshold number    define                     as «v¬J¯®B°±±.°N² ³ ´ µ·¶¹¸©º»,¼U°f®#°%½B³

 

µ¿¾%À(Á ¥ÃÂ ¼ÅÄÆ¹À¹Ç ¨;È ®ÉÄÊÆWËÀUËBÌ È ½ÅÄÊÆÀ¹Í È ±

 

Some common K-form neighborhoods are pictured in Figure 3.17.1. We use the notation
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1-forms                                   2-forms

 

vertical               horizontal                 horizontal              vertical Î Î

 

4-forms Ñ                              Òreference pixel

 

normal             oblique Ð

Ï                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  neighboring pixel

 

×Ø¯ÙÚ Ü                                         Figure 3.17.1. Common K-forms in a       window. ÓÕÔÖÓ

to denote the K-form with representation in base , having a neighborhood containing Û Ý ×¦Þ)ßà*á

 

base 10, 2 neighbors, and horizontal shape. Its value is given by âÞ%ãà*á3äåá,æ3ç Óèäé,êæë èäéàæì pixel neighbors of the reference pixel, and having orientation characterized by the roman

letter . Thus the horizontal decimal 2-form shown in Figure 3.17.1 is denoted , having

 

The value of is a single-digit decimal number encoding the topographical characteristics  â¦Þ%ãà*á

of the point in question. Figure 3.17.2 graphically represents each of the possible values for the horizontal 2-form showing a pixel and the orientation of the surface to left and right of that pixel. (The pixel is represented by a large dot, and the surface orientation on either side is shown by the orientation of the line segments to the left and right of the dot.)
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horizontal                          topographical f        f 3 î î

2-form               10            analogy

00          0          north-south ridge

 

01          1          west plateau edge

 

02          2          western slope

 

10          3          east plateau edge

 

11          4          plain or plateau

 

12          5          foot of western slope ï

20          6          eastern slope

 

21          7          foot of eastern slope

 

22          8          north-south valley 

 

Figure 3.17.2. The nine horizontal 2-forms and their meaning. ôõö÷GøQùúøfû3üý)þùÿ û ^þùÿ û 

The vertical decimal 2-form is defined to be

 

The ternary K-forms assign a ternary number to each topographical configuration. The ôõ ùúøûyü þùOÿ û þùÿ÷û ternary horizontal 2-form is given by

and the ternary normal 4-form is ô                                ôõNö     ôõ ü þùOÿ û þùOÿ û þùÿ û þùÿ÷ûyü

 

Note that the multiplicative constants are represented base 3, thus these expressions form þ the ternary number yielded by concatenating the results of application of   .

The values of other forms are calculated in a similar manner.

Three different ways of using the decimal 2-forms to construct a binary edge

image are the following:

 

(a) An edge in relief is associated with any pixel whose K-form value is 0, 1, or 3.

 

(b) An edge in depth is associated with any pixel whose K-form value is 5, 7, or 8.

 

(c) An edge by gradient threshold is associated with a pixel whose K-form is not 0, 4, or 8.
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Image Algebra Formulation

 

Let          be the source image.   We can compute images             for 79'=;?>/&A@

, representing the fundamental edge images from which the K-forms are

computed, as follows:

 

Bwhere the               are defined as shown in Figure 3.17.3. 1               1 t (1) =-1 1 B 1 t (2) =-1 B t (3) =-1 t B (4) =       -1

 

B                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      B                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      B                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            B t (5) = 1-1 t (6) =-1 t (7) =-1t(8) =                                                                                                              -1 decimal horizontal 2-form is defined by Thus, for example, Figure 3.17.3. K-form fundamental edge templates. CDEF 1                            1                            1 CDEFHGJIK3LMND/ONPRQFTS U$VEXW3YZDN[\P]FTS^D/ONP_Q:F is defined by E W`YaDRbPNcdFeSDHOHP_QafEF Let the function g hiNj#klmWonkdp q be defined as in the mathematical formulation above. The r:sutvHwSxzy{ D}|#~Ff{ D}|vFp

 

Other K-forms are computed in a similar manner. S?�wKvKrdstvHwp S~KKurstv_wp Edge in relief is computed as

 

Edge in depth is computed as SvKsKK~KKHrstv_wp Edge in threshold is computed as

Comments and Observations

The K-forms technique captures the qualitative notion of topographical changes

in an image surface.

The use of K-forms requires more computation than gradient formation to yield

the same information as multiple forms must be computed to extract edge directions.
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The Hueckel edge detection method is based on fitting image data to an ideal

two-dimensional edge model [1, 27, 28]. In the one-dimensional case, the image is fitted

to a step function

 

If the fit is sufficiently accurate at a given location, an edge is assumed to exist with the ¦

same parameters as the ideal edge model. (See Figure 3.18.1.) An edge is assumed if

 

y                                         a

 

¥ s  ¥

b

 


x

x  -l 0                 x0               x  +l 0

¥ h ¥

Figure 3.18.1. One-dimensional edge fitting.

 

the mean-square error         §¨ª©«H¬®©«¯±°²³H´µ ¶¸·:³/´µ<¹}º»¼´

 

is below some threshold value.    ÀÈÎ ÂoÃ´ÄÅÆÇZÈ8¾ÆÉ<ÊÇÐÏÍÌ½ In the two-dimensional formulation the ideal step edge is defined as ·³R´½N¾dµ¨¿ÁÀ ÂoÃ´ÄÅÆÇAÈ8¾ÆÉRÊÇ¢ËÍÌ
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where   represents the distance from the center of a test disk    of radius    to the ideal step Ù Ú

edge        , and   denotes the angle of the normal to the edge as shown in Figure 3.18.2.

[image: ]

 

ρ   θ

[image: ]

 

Ù                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            b+h b

[image: ]

 

The edge fitting error is

[image: ]

 

pressed as vectors in the vector space of continuous functions over the unit disk ð In Hueckel’s method, both image data and the ideal edge model are ex-  . A basis for this vector space — also known as a Hilbert space —  is any complete sequence of orthonormalized continuous functions  ð Ü  ñã/ò æHó¼èAôòì&õóìzöø÷ù Figure 3.18.2. Two-dimensional edge fitting. ÛÜÞÝßÝàªáâäãHåæç¼è é8êãNå\æçè<ë}ìíîå:í:çï

[image: ]

domain . For such a basis,         have vector form and                 and                , â ê âÜ ã æ ìæÿÿÿè æ ìæÿÿÿè êÜ ã Ü Ý Ý ãHåæçè_âãå\æçèíåäíçæ &ÜÞþæ÷æÿÿÿ

[image: ]

 

where             Ü Ý Ý                      ãåæçèHê:ãHåæç¼èíåíçæ&Üþæ÷æÿÿHÿÁï úû#üô×ýÜþæ÷æÿÿÿ (3.18.1) with

[image: ]

 

and                                              û           æû æÿÿÿæû

[image: ]

 

For application purposes, only a finite number of basis functions can be used. Hueckel â é èì ê ã

[image: ]

truncates the infinite Hilbert basis to only eight functions, . This provides for

[image: ]

increased computational efficiency. Furthermore, his sub-basis was chosen so as to have a lowpass filtering effect for inherent noise smoothing. Although Hueckel provides an explicit

[image: ]

 

to minimization of . Hueckel has performed this minimization by using some  ê:ã/ò æóè  â  æÿÿÿæ    ã  æûæ  æ  è

[image: ]

simplifying approximations. Also, although is expressed in terms of vector components

[image: ]

minimization of the mean-square error of Equation 3.18.1 can be shown to be equivalent

[image: ]

 

 formulation for his eight basis functions, their actual derivation has never been published!  Having expressed the signal    and edge model   in terms of Hilbert vectors, ,              is defined parametrically in terms of the parameters            . The exact discrete formulation is given below.

[image: ]
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Definition of the eight basis functions.   Let           be a disk with center          and >.#/@?15.7A*BC7 D=EF$GH#/JIKMLONQP"#SR?18:TP7A radius   . For each                   , define

 

Then       ]lkE[$G^#/ U`LZBC7RNP#&Gh5mG#c?`5dP7A Don=EF$GH#/VUa`T`LZBC7RNP"#)pUE,5<E#cZ75UQG;5qG#cZ7sr Dot=EF$GH#/ U`T`LZBC7RNP"#9R&TE,5<E&$#cQGu5mG&$#cv w/ UTdHLTIZB(C7D wB/UyxTZBC7DB w7/D78Djwf/Dgf8Dkwj/`TDnwk/` and         DB=EF$GH#/VUXWT YL[ZBC7RNP"#?IP75\TA ]7E[$G^#/_Ua`LZBC7RNP#Eb5:E#c?edP751A Dgf=EF$GH#/ U`LZBC7RNQP"#QGh5:G#c?idP751A Dgj=EF$GH#/ U`LZBC7RNQP"#Eb5:E#c?`5dP7&A

 

Note that when                            , then          . Thus, on the boundary of 3 4,5<%&#78-z!h56!"{#7/ ' wt/ UIdZBC7Dgf5Dk#v TDotwn/UIdZBC7D75Dgj#

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            |                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      >QP"#/}| ~ each of the functions is . In fact, the functions ~ intersect the disk                                                                                                           as shown
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in the following figure:

 

R

 

h              h              h              h 0 1 2 3

 

stead of l4 ,¡< ¢$£y¤¥z¦h¡\¦"¢$£   §  4 ¨¡\ %¢{=£y¤:z¦h¡<¦"¢{=£  in-  X}$*$$&"  h              h              h              h 4 5 6 7 S*�"[={           Figure 3.18.3. The intersection               . In his algorithm, however, Hueckel uses the functions aQSH$*&$$Q*

 

since the ’s are also linearly independent and span the same eight-dimensional subspace.  4 ¢¦¢    ª©«6©¬    

z ¢Q¦¢ in order to increase computation efficiency. This is allowable

As a final remark, we note that the reason for normalizing    — i.e.,

 

— is to scale the disk            back to the size of the unit disk, so that    restricted to ® ¯°±;²*´³{³$³&µ ¯h"¶H(·^¸¶¹ *¶ {&º ¸*¶ ½ ¾¿ ÀÁÂ*ÃÄ&ÅeÆ*ÇOÁÈÂÉsÃÄ&ÉÅ[z M¦*=z4 )Q¦  »¼{ {³$³$³

can be expressed as a vector in the Hilbert space of continuous functions on .

 

Hueckel’s algorithm. The algorithm proceeds as follows: Choose a digital disk of radius

 

®                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              instead of                                forcing

 

( is usually 4, 5, 6, 7, or 8, depending on the application) and a finite number of  Êl-{ {${={Ë  Êl-{ {${={Ë  Ì¢(¯=Í"ÎÐÏ£*ÑÒ"Ó¯=ÍÎ¤ÏÔÓÈÕF¯=Í  Ì£4¯ÍØ ½¤«½HÙÚ4Û&Ü"Ý£¯Í¡\Ý$»zÞ£¯Í$ß¤  Ì(¯ÍÎÐÏsÖÑÒ$Ó¯Í¤Ï&×ÓÕ¯Í

directions                     — usually                       .

 

Step 1. For               , compute                                  ;

 

Step 2. For                , compute                            ; ½*à$áÓÕ¯ÍÑÒ$Ó¯Í Êb{ {$${Ë Êl-{ {$$$Ë âãi¯Í*OåäÉÁçæçè4ÅéäÉÁçæèÅé$êÌ£4¯=Í"M¤ªÌ££4¯=Í*zëzì£ Step 3. For                , compute                            ;

 

Step 4. For                 , compute Êb}$*${=&{Ë í04¯ÍÎîÌ$¢4¯Í)¤-âã4¯Í ï

;

 

Step 5. For                , compute                                   ; ðíaz¯ ñ$ð%òóðí04¯Í{ðô:Êb{ {$${Ë Step 6. For                , compute                        ; Step 7. Find   such that                                    ;
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Step 8. Calculate                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     !    " "                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 #$

 

Step 9. Set                           aùzúûü ö                   ø ø ø ø ø ø Hù øø ø ü Hù ü %                                                                                                                                                                          '&&&&&      &&&&&

 

and define     -                                                            (                    " ) * + , õ úûü ù üSö 21 ù 4365 %87:9 .  0/           ; <>="?A@!BC 3D@FE-              ù       õ    ú   ü

 

Remarks.   The edge image   has either pixel value zero or the parameter            . HG "IJ K ù üyö

 

Thus, with each edge pixel we obtain parameters describing the nature of the edge. These-M1  365%N7O9 .L  / ;P<>="?A@QB"C 3D@FE parameters could be useful in further analysis of the edges. If only the existence of an edge

 

pixel is desired, then the algorithm can be shortened by dropping STEP 8 and defining ö ù R STSS R, R U ü ö ù ü ö

 

Note that in this case we also need only compute            since    is only used in the V V Q   TSSTS , Y"  Y SSTS Y, W X W V[Z ;AE\ calculation of   .

 

It can be shown that the constant in STEP 9 is the cosine of the angle between  ;^E_\a` 9 Z  ]  ]  I

the vectors                       and                    . Thus, if the two vectors match exactly, then the angle is zero and         ; i.e.,    is already an ideal edge. If           ,

 

then the fit is not a good fit in the mean-square sense. For this reason the threshold is  V  bdc  Ic  R>c  ú  ú  ú

usually chosen in the range              . In addition to thresholding with   , a further test is often made to determine if the edge constant factor is greater than a threshold factor.

As a final observation we note that would have remained the same whether

the basis     or     had been used to compute the components   .

 

In the algorithm, the user specifies the radius of the disk over which the ideal  !fTff  ù  0o  zü  g  ]  ö  zü  ù

and a threshold   .     ;  STSvST "w r jmsQt                                                       n u 0o

ø                                                                                                                                                                                                                  Image Algebra Formulation              e

qstep edge is to be fitted to the image data, a finite number of directions ,  p  Wihkjml

, where               , by

 

Here            corresponds to the center of the disk       of radius    and             . ªQ«!¬¬T¬i® ¢ y£| ¤ {¥~¦yH§¨§L | © ¯°±²´³µ²¶ ·Q¸y¹¡|~'yH¹ºT»¹A»6"¼¸| ~y>¡ !| Let          denote the source image. Define a parameterized template n xzy{}|~2y�{}|46!{  >"A" 6F

For                                    by in , define                  .
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3. 18 Hueckel Edge Operator 127  ½A¾º¿ÁÀmÂ!ÃÅÄFÆÇÆÈaÉF¾F¾Ê  ËÍÌÎÏË¥ÐÑÓÒÔÕÖ  ×ÃFØÁÉF¾F¾ºÊ  ½A¾>¿ÚÙÂTÃÛÄAÆÆÜÝÉF¾F¾ºÊ ÞàßâáãäÎ_ÏåËzæèçêéëìTívãèÐËzîçìÕðïívã ÞLñáã Î_ÏåË^òçêéëìTíã ÐËÍóèçìÕðïíã  ×ÃAØäÉF¾F¾ºÊ ÞæQáã Î_ÏåË¨ñ£ÐôËLõèçFö!é0ëìæíãø÷ ìÕùïæíãú ÐôËLûèç!üÚçºìÕðïíã çêéëìTíã ýã ÎÏ ÞßQáã þÞAßQáãþçFö�ÞæñáãÐÓÞææ!áãúJÿ ã Î_ÏåÞß!áã Ðôýã Î_Ï Ô þæÖ ã ãÖ Íß ãÔ Ö"Ö ÛÎ_Ï éëìÔ îÔ Ö"Ö aÎ_Ï ìÕðï¨Ô îÔ Þß Î_Ï Ëæ ç >ÐËî ç Þñ Î_Ï Ëò ç

The algorithm now proceeds as follows:

 

Remarks.    ÞAæÚÎ_Ï ËñÐËõ çö >ÐËó ç æ÷ æúÐËûçüÚçèç ý Î_Ï ÞAßþÞßþçöÞæñÐÚÞææúJÿ ÛÎ_Ï ÞAæ üÔýÐÞñÖ Ö Î_Ï aç ñÔ ç çAö ÷ æúæö Ð üÚç æú ÖvÖ %$Öæ Î_Ï Ëßº÷ ç ! èÐ " çÔ Ð # ÚçÔüèÐ " çÔ ÷ !& ' Ö Î_Ï æÔ (*) ÚçQËæñÐÚüÚçöËææÐËæîÐËæòÐËæóú Ð çöËæõÐËæûú+zÿ Ô ' ÞiÎÏ ,.-0/ ÖçÔ 21 211 îÔ Ö0ÖÆ Þ Note that is a vector valued image of four values. If we only seek a Boolean edge image, then the formulation can be greatly simplified. The first two loops remain the same and after the second loop the algorithm is modified as follows: þ Î_Ï 6 4356 Íßþ ' ÎÏ () ÚçËæñÐ üÚç^ö�ËææÐËæîÐËæòÐËæóú Ð çAöËæõÐËæûú + zÿ Ô ' ÞÅÎ_Ï ,7-0/ ÖÆ Furthermore, one convolution can be saved as Ëß need not be computed.

 

Comments and Observations

Experimental results indicate that the Hueckel operator performs well in noisy

and highly textured environments. The operator not only provides edge strength, but also information as to the height of the step edge, orientation, and distance from the edge pixel.

The Hueckel operator is highly complex and computationally very intensive. The

complexity renders it difficult to analyze the results theoretically.
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3.19.   Divide-and-Conquer Boundary Detection

 

Divide-and-conquer boundary detection is used to find a boundary between two

known edge points. If two edge points are known to be on a boundary, then one searches

 

point. The method is recursively applied to the resulting 2 pairs of points. The result is an

 

ordered list of points approximating the boundary between the two given points. NPOQ= ZR The following method was described in [11]. Suppose is an edge

image defined on a point set   ,    and    denote two edge points, and          denotes

 

SNUTWVFYX#GV along the perpendiculars of the line segment joining the two points, looking for an edge 8:9<;>=@?ACBD E F G HJI%FK?GML the line segment joining them. Given        , define a rectangular point set    of size

as shown in Figure 3.19.1.

 

x              S ^ _ [   \ [                                                                                                                                  y

p

 

L p (   ,   ) q                 \ ]q

D

 

Let     be the set of all the edge points in the rectangular point set   . Next, a b ` b cKde2fhgMi de2f b>i d%bjfhgMi `                                                                                                                                                                                                                                                                              Figure 3.19.1. Divide-and-conquer region of search. choose point   from    such that the distance from   to          is maximal. Apply the above procedure to the pairs        and       .

 

Let             be an edge image, and                               be the c a ! vx� {x sxj>

etwo edge points of . Let          denote the line segment connecting points   and   , and g !ff2f

let            denote the distance between point    and line   .

@d7fc7i Image Algebra Formulation kml<n>ojfpqr            etsudwvyxfvjzifg#sud{Cxf{zi|l~} k cJd7f i     Find a rectangular point set    with width     about the line segment connecting

 

and . Assume without loss of generality that         . Let                     . Let s e¢¡£¤¥§¦¡¨f% 2¡©¨: ªsWem¡£«¤¬¥¦¬2¡©®¯¨m° f%±¬j2¡®!¨Y°2° ²stg¡"¤¥¦2¡©¨f 2¡«¨M ³s´gµ¡W©¤¬¥¦¬2¡ ®!¨° fh ¬2¡ ®¯¨°¶°¸·

points           be defined as follows:
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Figure 3.19.2 shows the relationships of          , and    to    and   .

 

Let          , where              and             , denote the first coordinate ÁyÂÃ!º Å7ºÆÇÈ.ÉÒÑmÓÔÖÕ!× ØÙ×ÏÚÄÛMÙ×ÆÔÜÕCÝØMÙÞÝ Ú%ØÙÝ ÔÜÕ!× ØÙ×ÏÚ ÊË ÕÝØÙÝ ßáà ÊÌµâÉãÎÌ ßáà ÊÌ ÉãÎÌ!ä Á ÐJÂ%Å7ºÆÇÈ

of the closest point to    on          having second coordinate , that is,

 

Note that     is partial in that it is defined only if there is a point on Ã Ã ÐJÂæYºÆÅÈ åµÂÄÃ!ºæYº Å7º ÇºçÈ èÂéÆºÃÈ¢êé0ëíìºÁyÂÃ!º æYºÆÅ:ÈJî£é0îïÁyÂ%Ã!ºÆçMºÆÇÈÞð ÐJÂ%Çº çÈ

 

with second   coordinate                        let                   denote . Furthermore,   the   set Z ò

; that is, the set of points with second

coordinate    bounded by          and        .

 

ñx          [                              ^ ó
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θ          S              ô \
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õ                                                                                                                                                                                                                                                                                                                                                                                                                          u q

D

v

 

Figure 3.19.2. Variables characterizing the region of search. ö ÷!ø ùøÆú û ö üý þ

We can then compute the set containing all integral points in the rectangle  ÿ

described by corner points       , and    as follows:

 

if                then ÿ ö üý ö        !ø úKø÷¯øÆúøÆû ;

 

for    in             loop        ! ö üý ö !ø úKø÷¯øÆûJøÄù if             then if             then

 

else       "       #! ÿ

 

end if; ö üý ö ö üý ö       !ø÷!ø ùø ú2øÄû !ø÷!ø ùø ùøÄû

else--"    ! if             then

 

else       $"       %& end if;

end if;

 

© 2001 by CRC Press LLC

130 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES

 

end loop; '#($)*+( ,-.(/1002'(3

else-–

 

for    in              loop ,)54 ( 687:9 6$;"<>=,@?AB?CD?EAB?FG!H if             then ,)*+(

 

if              then 687:9 6;"<=,B?EAB?C@?FI?JG!H else

 

end if; ,KL4( ,)* ( 687:9 6;"<=,B?C@?JM?EAB?NFOG!H

else--

 

if              then 687:9 6;<=,B?C@?JM?JM?NFPG&H else

end if;

 

end if;

 

end loop;

 

defines the boundary between Let Q 9SRDT#UWV@XZY[=\=Z]%^_G!`ab G end if. . If cVDd#Re=Q$G 9gf h , the line segment joining and h i and  , and our work is finished.  i  If  cV@d#Re=QjGk) f  , define image  lmn[o  r =hI? i+G  by  l =p G 9qRe=p ?Er =hI?EisG\G  . Let  t 9  cEu T#Xcv=RDT#UwVDXY[=lI`a+xDy GG  . Thus, as shown in Figure 3.19.3,  t  6  t  t  i  will be an edge point in set  farthest from line segment  . The algorithm can be repeated with points  and  .  h  and  , and with points  Z  y  [  x  p  z  r  \  q

 

Figure 3.19.3. Choice of edge point   . {
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Comments and Observations

This technique is useful in the case that a low curvature boundary is known to

exist between edge elements and the noise levels in the image are low. It could be used for filling in gaps left by an edge detecting-thresholding-thinning operation.

Difficulties arise in the use of this technique when there is more than one candidate

point for the new edge point, or when these points do not lie on the boundary of the object being segmented. In our presentation of the algorithm, we make a non-deterministic choice of the new edge point if there are several candidates. We assume that the edge point selection method — which is used as a preprocessing step to boundary detection — is robust and accurate, and that all edge points fall on the boundary of the object of interest. In practice, this does not usually occur, thus the sequence of boundary points detected by this technique will often be inaccurate.

 

3.20.   Edge Following as Dynamic Programming

 

The purpose of this particular technique is to extract one high-intensity line or

curve of fixed length and locally low-curvature from an image using dynamic programming. Dynamic programming in this particular case involves the definition and evaluation of a figure-of-merit (FOM) function that embodies a notion of “best curvature.” The evaluation of

 

the FOM function is accomplished by using the multistage optimization process described |~}Ls   | below (see also Ballard and Brown [11]).

 

Let          be a finite point set and suppose    is a real-valued function of w|w� #E �O \�&

discrete variables with each variable a point of   . That is,

 

It can be shown that if    � wD Z E �    E\ �  |w�s  The objective of the optimization process is to find an   -tuple                      such that   E � | �

 

  E � Z  s   \+¡s ¢¢¢!  �D£  �e£  � ! can be expressed as a sum of functions

 

then a multistage optimization procedure using the following recursion process can be ¤#¥¦|§~ applied:

 

1.    Define a sequence of functions              recursively by setting ¤ ¨g©«ª1$ | ¤#¥!¬ #Z%wDsB¥ O%s  ¤#¥ %  $ | ª1 | 

 

for                     . ® ¯¦EW° ¯  |                        ¥¬ Z%O ¥  |

 

2.    For each        , determine the point                       such that ¤¥¬ %  ¥ Z ¥ ¨s  ¤¥  ¥±
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132 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES ²³ ´[µD¶·¦¸²%¹ºS»·¦¸²M¼½¹s¾À¿·D¸²¨¹ that is, find the point     for which the maximum of the function

 

is achieved. Á ¸!Â²Ã¼!ÄÄÄ ¼Â²sÅ1¹ Â²ÅÆkÇ

 

The-tuple can now be computed by using the recursion formula:  ¿Å ¸Â² Å ¹IºÉÈWÊDË+Ì¿Å ¸½%¹WÍÎ½ ÆWÇ$Ï  Ò$ºÐÁWÓgÔ¦¼ÄÄÄE¼Ô

3.    Find           such that                                    . Â²· ºÐÈ ·Ñ Ã¸Â²·Ñ Ã¹

 

²                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              4.    Set                       for                    . Õ¸²¨¹>ÖØ× Ù ¸²¨¹ ÆÀÚsÛ ×¼ÔB¼ÄÄÄ\¼Ü

The input to this algorithm is an edge enhanced image with each pixel location

 

having edge magnitude           and edge direction           . Thus, only the eight Á

octagonal edge directions            are allowed (see Figure 3.20.2).

 

In addition, an a priori determined integer , which represents the (desired) length  ²O¼½  Ý ¸²O¼\½¹

of the curve, must be supplied by the user as input.

For two pixel locations       of the image, the directional difference          is

 

defined by         Ý ¸²O¼\½¹OºßÞwàÙ ¸²¨¹ÓÙ ¸½%¹àâáãäàÙ ¸²¨¹[ÓåÙ ¸½%¹à+æºgÜ Ô çBèéê!ëEì áîíê@ï Ý »

 

The directional difference   is a parameter of the FOM function   which is defined as » ¸² Ã¼ÄÄÄ\¼² Å ¹º Åð·!ñ ÃÕ¸² ·¹PÓ Åeò¨Ãð·ñÃÝ¸² ·¼² ·Ñ Ã¹

 

subject to the constraints Õ¸² · ¹ÎóÉ× öE² · Ó² ·Ñ Ãö÷ø ù Õ ¸² · ¹ôóÉÒBõ                        ÒDõ (i)                   (or                  for some threshold    ),

 

(ii)                               , and Ý ¸² · ¼² ·Ñ ÃE¹ú÷ûÔ ¸Â²Ã¼ÄÄÄ¼Â²Å ¹

(iii)                           .                                         » The solution obtained through the multistage optimization process

 

will be the optimal curve with respect to the FOM function   . ² ·                     ² ·Ñ Ã Note that constraint (i) restricts the search to actual edge pixels. Constraint (ii)

further restricts the search by requiring the point     to be an 8-neighbor of the point       .

 

Constraint (iii), the low-curvature constraint, narrows the search for adjacent points even ² ·Ñ Ã Ù ¸² ·Ñ Ã¹Oºg× ² · ² ·Ñ Ã ×¼Ô Ü ² · ² ·Ñ Ã further by restricting the search to three points for each point on the curve. For example, given       with             , then the point    preceding       can only have directional values     , or   . Thus,     can only be one of the following 8-neighbors of       shown

 

in Figure 3.20.1.                                                           ü

 

x k    x                                                    x k +1 xk +1 +1 k ü ü ü þ ü                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    xk ýx k ü

Figure 3.20.1. The three possible predecessors of       . ÿ

 

© 2001 by CRC Press LLC

3. 20 Edge Following as Dynamic Programming 133    

In this example, the octagonal directions are assumed to be oriented as shown

in Figure 3.20.2.

 

3     2     1

 

4           0              5     6     7

 

Figure 3.20.2. The eight possible directions      .  ! #"%$ $ & #'%$

In the multistage optimization process discussed earlier, the FOM function had

 

define two step functions     and     by no constraints. In order to incorporate the constraints (i), (ii), and (iii) into the process, we

 

and       1233342657)%8269:;2=<869?>>>@9A5CB;65B265D2 $ , -"/.0 

Redefining    by       ()+* , -'/.

 

where   ECE2E@FGIHEJKLHEJM(NDK%GOE2EF69P(O;E2EFQN RS.233342MTKU.

 

for , results in a function which has constraints (i), (ii), and (iii) incorporated   V2333W2V5  T

into its definition and has the required format for the optimization process. The algorithm

 

reduces now to applying steps 1 through 4 of the optimization process to the function .  X  Y  T  X2Y

The output             of this process represents the optimal curve of length   .

 

Image Algebra Formulation

 

image   , and a positive integer    representing the desired curve length.   The edge magnitude/direction image could be provided by the directional edge detection

 

algorithm of Section 3.10. b;X2Yj=;) *X=kKlO2Mm , onpK mn"%qr2X=e's$2tvuDwO;2Qme"x. K yJzM{|}Q~Q| ce]` f�

Suppose                 . Define a parameterized template

 

h]`ei` The input consists of an edge magnitude image , the corresponding direction  ;X2Y[Z\(]2M^6_a`  bdce]2W^=_`gf

by

 

and a function                by ;=D@HvaCpT;nQ@
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The multistage edge following process can then be expressed as

 

search area for the optimal curve Ê¥1ËU¬C  v ÌÍ®I » ®¯¶ÌÍ®¯º Note that by restricting    to Ñ gÒCÓÔÖÕ×ª¶;·6ØvÙ¿Úº   one may further reduce the ¶ÌÍ¸ÛÛÛ4¸ÌÍÎº . ª Comments and Observations The algorithm provides the optimal curve of length that satisfies the FOM function. The method is very flexible and general. For example, the length ª of the curve could be incorporated as an additional constraint in the FOM function or other desirable ÔÜ®¯ 134 CHAPTER 3. EDGE DETECTION AND BOUNDARY FINDING TECHNIQUES 4o? @do  ¡£¢£¤¥§¦¨©¨ª[«s¦¬C C  J®@¯I°W®²±³µ´J¶·6¸M¹kº Ê¥Ë£¬C  vÌÍ6ÎÏ¼¶Îº1 ¡U¢£¤¥Ðª[«%¦J¨©¨©¦¬C C v » ®¯ I½¼¾¶´J¶·¿¸4¹º6À W®º Á1ÂJÃQÄÃMÅDÆvÃ ¼Ç¾¶;´¶;·6¸W¹º6À W®ºÉÈ constraints could be added. ª

The method has several deficiencies. Computation time is much greater than

many other local boundary following techniques. Storage requirements (tables for )

are high. The length must somehow be predetermined. Including the length as an

additional constraint into the FOM function drastically increases storage and computation requirements.

 

3.21.   Exercises

 

1. Note the dates on the references to papers by Roberts [5], Prewitt [7], Sobel [9], Marr

and Hildreth [20], and Canny [18]. Consider the use of multiple edge directions, smoothing, calculation of the first derivative, and calculation of the second derivative. Describe the trends that you see in edge detection over the period of 21 years covered by those papers.

 

2. Consider the Frei-Chen orthogonal basis templates shown in Section 3.8. Verify that

the basis is orthogonal. How easy would it be to define a new basis with different weights

 

for the edge subspace? Design such a basis with templates that more closely approximate Ý

those of the Sobel edge detector.

 

3.* Use the technique described in Section 11.5 to create a program written using the image algebra C++ library to implement Canny edge detection using just four directional derivatives (at 45 increments) rather than six as shown in Section 3.12. Compare the

results with the six direction version of the algorithm. Discuss whether or not using more directions provided better results.

 

4. Consider the image algebra formulation for the Laplacian shown in Section 3.14.

Reformulate this as the difference between an image and a smoothing of that image with a von Neumann neighborhood.
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5.    Suppose you want to find edges at subpixel resolution.   Which of the detectors presented in this book are amenable to such a modification? Using the image algebra C++ library, implement a modification of the Marr-Hildreth edge detector using bilinear interpolation to report edges at points in an image having four times the resolution of the

 

original image. Test your algorithm using synthetic images containing step edges. Down-ÞpßÉàâáäãåæDáã;åçÞ6èêé6ëçé1ìíkîðïpñ òóé6ëôPõ é6ëöLõ òóõÇ÷Lé6ë÷%øù úû òóé6ëüPøù ý sample your images by a factor of 16 (four times both horizontally and vertically) before testing.

6. Investigate the behavior of the Sobel, Canny, and Marr-Hildreth edge detectors to the

following image:

 

Discuss where you believe edges should appear in this image and where they do appear

 

in the different algorithms. Discuss which of these edge algorithms represents a first-þ þ

derivative and which is a second-derivative operator.

 

7. Both the Canny and Marr-Hildreth detectors can be used at a sequence of scales to

provide better locality for edges found at a lower scale. Design an algorithm to track edge points from a low resolution image (large ) through a sequence of higher resolution images

(with successively smaller values) to improve its location. What problems must you face

in designing any such algorithm?
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CHAPTER 4

THRESHOLDING TECHNIQUES

 

4.1.   Introduction

 

This chapter describes several standard thresholding techniques. Thresholding is

one of the simplest and most widely used image segmentation techniques. The goal of thresholding is to segment an image into regions of interest and to remove all other regions deemed inessential. The simplest thresholding methods use a single threshold in order to isolate objects of interest. In many cases, however, no single threshold provides a good segmentation result over an entire image. In such cases variable and multilevel threshold techniques based on various statistical measures are used. The material presented in this chapter provides some insight into different strategies of threshold selection.

 

4.2.   Global Thresholding

 

The global thresholding technique is used to isolate objects of interest having

 

values different from the background. Each pixel is classified as either belonging to an ÿ ()&*  "!$#%'& µÿ ,+-./1023!$4/ object of interest or to the background. This is accomplished by assigning to a pixel the value 1 if the source image value is within a given threshold range and 0 otherwise [1]. A sampling of algorithms used to determine threshold levels can be found in Sections 4.6, 4.7, and 4.8.

image and      be a given threshold range. The thresholded image              is given by

 

for all         .                                                                              ,+-./0923!:4/ ()8* 7 "!$# 556 The global thresholding procedure is straightforward. Let be the source

 

Two special cases of this methodology are concerned with the isolation of ÿ (&? 

uniformly high values or uniformly low values. In the first the thresholded image will

 

while in the second case                    ÿ ;=<>!$# @+A-9./0923!B49/A be given by

 

where   denotes the suitable threshold value. ÿ '5;    C DE11 DFGHJIKLM9NO (ÿ PQ Image Algebra Formulation

Let          be the source image and       be a given threshold range. The

thresholded result image can be computed using the characteristic function
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and

 

can be used to isolate object of high values and low values, respectively.

 

Comments and Observations RDST]UJ_`aXcbYOZ\[TdYUW`YeZ\[9[;fYOU^XYZ\[9[g Global thresholding is effective in isolating objects of uniform value placed against a background of different values. Practical problems occur when the background is non-uniform or when the object and background assume a broad range of values. Note also that

 

4.3.   Semithresholding                                  Z'h5i;j RYr[T sZtYr[vu$wl'xZtYyr[x*n values lie within a given threshold range retain their original values. Pixels with values klmCno Rhpiqj lying outside of the threshold range are set to 0. For a source image and a threshold

 

r5h5 Semithresholding is a useful variation of global thresholding [1]. Pixels whose z {|}~1u$~ RYr[;SGT sZ(Yr[vu$wZ(Yer[ n

range      , the semithresholded image          is given by

 

for all         .                              z {|}~u:~ RYr[;SGT sZ(Yr[vu$wZ(Yer[x�n Regions of high values can be isolated using

 

and regions of low values can be isolated using z {|}~u:~g              Rhi;j

 

Image Algebra Formulation klmno                         YmCno RY7r[SGT]ZfUW(XYyZP[ The image algebra formulation for the semithresholded image over the  kGn(m9 [  R5SGTZfCU_G`aXbYOZ\[g

range of values       is

 

The images semithresholded over the unbounded sets        and          are given by RYr[;SGTZfCU^XYZ\[m and

respectively.
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Alternate Image Algebra Formulation

 

The semithresholded image can also be derived by restricting the source image

 

to those points whose values lie in the threshold range, and then extending the restriction    Gcy to    with value   . The image algebra formulation for this method of semithresholding is If appropriate, instead of constructing a result over , one can construct the subimage

of    containing only those pixels lying in the threshold range, that is,

 

Comments and Observations

 

Figures 4.3.2 and 4.3.3 below show the thresholded and semithresholded images

of the original image of the Thunderbirds in Figure 4.3.1.

[image: ]

 

Figure 4.3.1. Image of Thunderbirds   . 

[image: ]

 

Figure 4.3.2. Thresholded image of Thunderbirds               .  D¡¢]£¤¥y¦C§¨O©\ª
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[image: ]

 

Figure 4.3.3. Semithresholded image of Thunderbirds                  . «¬V®¯1°±²e³C´1µe®\¶

4.4.   Multilevel Thresholding

 

Global thresholding and semithresholding techniques (Sections 4.2 and 4.3) seg-

ment an image based on the assumption that the image contains only two types of regions. Certainly, an image may contain more than two types of regions. Multilevel thresholding is an extension of the two earlier thresholding techniques that allows for segmentation of pixels into multiple classes [1].

 

segment the image using two thresholds. These thresholds divide the value set into three º²E»¯¯1¯»º¼ Ã²»¯1¯¯»Ã¼AÄ² «]·p¸;¹ ¸ ÀÁ5Â Â»¼ÆÅ²¼»¯1¯¯»²¼»Ç

nonoverlapping ranges, each of which can be associated with a unique value in the resulting image. Methods for determining such threshold values are discussed in Sections 4.6, 4.7, and 4.8.

Let         be the source image, and let            be threshold values satisfying

 

º²½ º¿¾½ ¯¯1¯½ º¼ For example, if the image histogram contains three peaks, then it is possible to ®'·5¸;¹

 

values in the thresholded result image. A typical sequence of result values  «µ7È¶ÊÉËÌÃ² Í$Î]ºÆ²Ï�®(µOÈ¶  Ã1Ð Í$ÎpºÐ;Ï�®tµÈ¶Ñ?ºÐÅ²  Ã¼¿Ä² Í$ÎÒ®(µÔÓ\¶Ñ?º¼(Õ

. These values partition    into       intervals which are associated with

 

might be                . The thresholded image         is defined by

 

Image Algebra Formulation Ö¬J¸ ×Ê¸ Ö(µØ¶;ÚÙÃ² Í$ÎJºÆ²%Ï?Ø Ã1Ð Í$ÎJºÐ;Ï�ØÛÑ*ºÐÅ²

 

Define the function              by Ã¼Ä²ÜÍ$ÎJØÝÑ?º¼Õ «]·¸¹           Ö        ®

 

The thresholded image         can be computed by composing   with , i.e., «¬GÞÖàß®Õ
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4.5.   Variable Thresholding

 

No single threshold level may produce good segmentation results over an entire

image. Variable thresholding allows different threshold levels to be applied to different regions of a image.

 

due to uneven illumination, objects and background may have lower values on one side of

 

the image than on the other. In such instances, the image may be subdivided into smaller é ëâDìEíîïðä ë%è7éêCñóòï ôGõá(èéêö�å÷èéê regions. Thresholds are then established for each region and global (or other) thresholding is applied to each subimage corresponding to a region [1].

The exact methodology is as follows. Let be the source image, and

 

let image denote the region threshold value associated with each point in  ,  í ô$õá(èéêø�å÷èéêù

that is,        is the threshold value associated with the region in which point    lies. The

 

å;èé;ê For example, objects may contrast with the background throughout an image, but á'â5ã;ä åæâÚãä ç

thresholded image              is defined by

 

Image Algebra Formulation ë ëDúGñûüPý(èáPêù The thresholded image    can be computed as follows:

Comments and Observations

Variable thresholding is effective for images with locally bimodal histograms.

This method will produce the desired results if the objects are relatively small and are not

 

clustered too close together. The subimages should be large enough to ensure that they å contain both background and object pixels.

The same problems encountered in global thresholding can occur on a local level

in variable thresholding. Thus, if an image has locally nonuniform background, or large ranges of values in some regions, or if the multimodal histogram does not distinguish object from background, the technique will fail. Also, it is difficult to define the image without

 

some a priori information.                                 þ¿ÿVþ     þÆÿ      þ 4.6.   Threshold Selection Using Mean and Standard Deviation

 

In this section we present the first of three automatic thresholding techniques. á'âpãä ç á

The particular threshold derived here is a linear combination, , of the mean and

 

standard deviation of the source image and was proposed by Hamadani [2]. The mean and 5ñ ï ÿ standard deviation are intrinsic properties of the source image. The weights     and    are 9î Aê ÿá(è pre-selected, based on image type information, in order to optimize performance. For a given image         , where    is an        grid, the mean   and standard 

deviation    of    are given by
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respectively. The threshold level    is set at ? @(                        ? +@(:BA @=2 where the constants     and    are image type dependent. @=

 

Image Algebra Formulation /DCFE9G H JI"LK I* /

 

Let         , where               . The mean and standard deviation of    are :NM  O! $ /

given by the image algebra statements

 

and                         MQP  ! $ -R/S8D:<6>=UT

 

The threshold level is given by     ? MF@(:A @=T

 

Comments and Observations       @( V@=  @(     @(  TW     @= YX For typical low-resolution IR images seems to work fairly well for

 

extracting “warm” objects. For higher resolution          or           and          may @( @=

yield better results.

Figure 4.6.1 shows an original IR image of a jeep (top) and three binary images

that resulted from thresholding the original based on its mean and standard deviation for various     and    .
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Between-Class Variance
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bottom of the figure is the histogram of the original image. The threshold Z[J\]^_Q\7`ba 0 \c]k[e7g\`k[mlngZ[Lepoqi 0 50 \c] 100       150    \c]d[fe7g\`h[fe7gZ[feij 200 250 Figure 4.6.1. Thresholding an image based on threshold level for various and , (c) \` \c]k[Lesrtjng\`h[fe7gZ[ulsv7w : (a) , (b) . At the

levels corresponding to images (a), (b), and (c) have been marked with arrows.

 

4.7.   Threshold Selection by Maximizing Between-Class Variance

 

In this section we present the method of Otsu [3, 4] for finding threshold \ vyxzZ]B{ Z`O{Y|b|p|){ Zb}b~]B{L e +�50

parameters to be used in multithresholding schemes. For a given the method finds

thresholds                                        for partitioning the pixels of
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into the classes        £¢¤+s>0<7¢>¥<£Q¢'¦ ¡

 

§U¨) ©UR30R<©ª§q¨< ª¥<R<«¬¯®U¡ .. . .. .

 

by maximizing the separability between classes. Between-class variance is used as the y°D±0²'5³   U¶h bª·p·b·ª§U¨)  ´ µ ¢ measure of separability between classes. Its definition, which follows below, uses histogram information derived from the source image. After threshold values have been determined, they can be used as parameters in the multithresholding algorithm of Section 4.4.

 

Let            and let   be the normalized histogram of   (Section 10.10). The ¸º¹¢ ¸»¹ 9½¼ ¿¾>ÀÁÂpÃ´'Ä7©¼3 

stipulated below.

pixels of    are to be partitioned into    classes                    by selecting the   ’s as

 

The probabilities of class occurrence          are given by

 

¸»¹¢9½¼¢ ¾>ÅtÆÀÁÂpÃ¾>Å¦ ´'Ä7¯¼3¢'¦ ª)¬;¼¢ .. . .. .

 

where is the 0th-order cumulative moment of the histogram evaluated up  ¼¢ ¾>ÅÊÂpÃ´'Ä7 ¸»¹§U¨) ¶¼§U¨) © ²¨< ÁÂpÃ¾>ÇÈÀ¦ ´'Ä7u®¬É¼§U¨) ¶ª

 

to the   th level. The class mean levels are given by ¢ Ë¿¾ÀÁÂpÃÄÍÌ´Äq¼Î  Ëb ¼3b Ï

 

where is the 1st-order cumulative moment of the histogram up to the  Ë¢ ¾ÅÊÂpÃÄÍÌ´Äq Ë¢< ¾ÅÆÀÁÂbÃ¾Å¦ ÄÍÌ´'Ä7¼¢ Ë¢'¦ 9¬ Ë3¢R .. . ¼¢'¦ ª9¬N¼3¢ .. . ®¬;¼§U¨)   Ë§U¨) Î ²¨< ÁÂpÃ¾ÇÏÈÀ¦ ÄkÌ´Äq¼§q¨<  Ë¾¬ Ëª§q¨< ¶

 

¢ th level and Ë  ²¨) ÊÂbÃÄSÌ´'Ä7   is the total mean level of  .
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, the between-class variance is used as discriminant criterion measure of class ÞÕßhà¯áâbãä<âÜ ä<åÕæ áÓãRäÓÜ ä<åÕÖbÖpÖæ áØqÙÓãRäØUÙÓÜ ä<åÕ

separability. This between-class variance     is defined as

 

or, equivalently,       ÞÕß à¯áâäÕâæ áÓäÕÓæ ÖpÖbÖæ áØUÙÓäÕØUÙÓÜ äÕsç

 

Note that     is a function of                  (if we substitute the corresponding ÞÕß ÒÚÓÚèÒªÕUèªébébéªè¶ÒØUÙÓ ÒÏê Òê ÞÕß ÞÕßãÒÓè¶ÒÕèbépébé3èÒªØqÙÓå

 

expressions involving the ’s). The problem of determining the goodness of the  ’s  ëìíBîáâäÕâæ áÓäÕÓæ ÖbÖpÖæ áØqÙÓäÕØqÙÓÜ äÕðïÐÑÒÓÔ½ÒÕÔÖbÖpÖsÔQÒØUÙÓÔQÛcÜQÝñç

reduces to optimizing    , i.e., to finding the maximum of                      or

 

levels,      and     , that result from maximizing the variance between three classes. The ò7Ð Ýbó7Ð ôqõÐ Ý7Ýbò Ýbö7÷

To the left in Figure 4.7.1 is the blurred image of three nested squares with pixel

values    ,     , and     . Its histogram below in Figure 4.7.2 shows the two threshold

 

result of thresholding the blurred image at the levels above is seen in the image to the right of Figure 4.7.1.

[image: ]

 

Figure 4.7.1. Blurred image (left) and the result of thresholding it (right).

[image: ]
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Figure 4.7.2. Histogram of blurred image with threshold levels marked.

 

Image Algebra Formulation                              øù+ú ø ûOüýøÉþýÿ +û

We will illustrate the image algebra formulation of the algorithm for classes.    

 

It is easily generalized for other    with                 . Let            be the source image. Let    and   be the normalized histogram

and normalized cumulative histogram of , respectively (Sections 10.10 and 10.11). The

 

1st order cumulative moment image    of    is given by tù 

 

where   is the parameterized template defined by  "! ù $#&%('%*),+ % ü- .0/1325476 )9820: !

 

The image algebra pseudocode for the threshold finding algorithm for is  øyùýú

given by the following formulation:
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Between-Class Variance

 

When the algorithm terminates, the desired thresholds are ;=<?>A@BDCE<>F@BHGI<>F@ J <?>KEL"M3NOHP QSRUTWVYX[Z @]\^\?M3N`_baR]RDc QSR0TedfXDZgVh O0\^\?M3NiOjaR]RUc kmln<> opLVP kqC&rs otLdPN o]LVP k G <?>OEN o]LdP J l <> KELVPkl J C <> KELdPYNuKELVPkEC JvG <?> J NKELdPkG w Gx <?>yk lJ Gl h kECJ GC h kzGJ GG N J G XUQ w Gxe{ ;}|0~Z BC <?> VBG<?>d;=<?>FwGx ZSWXUQ Zt aR]Rc ZS aR]RUc \        BC   and BG .

 

Comments and Observations

 

This algorithm is an unsupervised algorithm. That is, it has the advantageous 

property of not requiring human intervention. For large the method may fail unless the

classes are extremely well separated.

 

In the figures below, the directional edge detection algorithm (Section 3.10) has

 

been applied to the source image in Figure 4.7.3. The magnitude image produced by the BC

directional edge detection algorithm is represented by Figure 4.7.4. The directional edge

magnitude image has 256 gray levels. Its histogram can be seen in Figure 4.7.6.

 

Otsu’s algorithm has been applied to find a bi-level threshold that can be used

to clean up Figure 4.7.4. The threshold level is determined to be 105, which lies in the valley between the broad peak to the left of the histogram and the spiked peak at 255.
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The threshold is marked by an arrow in Figure 4.7.6. The thresholded image can be seen

in Figure 4.7.5.

[image: ]

 

Figure 4.7.3. Source image of a causeway with bridge.

[image: ]

 

Figure 4.7.4. Magnitude image after applying directional edge detection to Figure 4.7.3.

[image: ]

 

Figure 4.7.5. Result of thresholding Figure 4.7.4 at

level specified by maximizing between-class variance.
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Figure 4.7.6. Histogram of edge magnitude image (Figure 4.7.4).

 

4.8.   Threshold Selection Using a Simple Image Statistic

 

threshold selection technique. The method is based on simple image statistics that do   

not require computing a histogram for the image. Let be the source image over

 

an        array   . The SIS algorithm assumes that   is an imperfect representation of an ""    The simple image statistic (SIS) algorithm [5, 4, 6] is an automatic bi-level �Y 

object and its background. The ideal object is composed of pixels with gray level and    70A

the ideal background has gray level .

Let        be the maximum in the absolute sense of the gradient masks   and

(below) applied to    and centered at            .

 

 1

 

s =                 t =      -1          1

 

-1

 

In [5], it is shown that zg ¡5v¢£¤¥¦§¨Y©Hª¤¥¦§¨D¢   ¡D¢ª¤"¥7¦§0¨5¢ « ¬®A¯°²±

The fraction on the right-hand side of the equality is the midpoint between the gray level of the object and background. Intuitively, this midpoint is an appealing level for
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thresholding. Experimentation has shown that reasonably good performance has been  ³  µ¶·¸Y¹Wº¶»5¸¹v¼½¾¿ÀÁÂYÃHÄ¾"¿7ÀÁÂD¼

achieved by thresholding at this midpoint level [6]. Thus, the SIS algorithm sets its

threshold    equal to

 

ÆHÇ È                                                              ³W´            µ¶·¸¹ º¶»D¸¹¼Ä¾¿ÀÁ0Â5¼ Å

 

The image to the left in Figure 4.8.1 is that of a square region with pixel value ÉÊ ÆHË Ì

 

set against a background of pixel value that has been blurred with a smoothing filter.  Æ5Ë0Ì

Its histogram (seen in Figure 4.8.2) is bimodal. The threshold value selected based

on the SIS method divides the two modes of the histogram. The result of thresholding the blurred image at level      is seen in the image to the right of Figure 4.8.1.

[image: ]

 

Figure 4.8.1. Blurred image (left) and the result of thresholding

[image: ]

(right) using the threshold level determined by the SIS method.

 

Image Algebra Formulation ÍÎÐÏYÑ            ÒÔÓÕÖØ×`ÕÙ       Ú      Û Let          be the source image, where                . Let   and   be the templates pictured below.

 

s =              t =      -1          1 Ü                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   1         Ý

 

Let                      . The SIS threshold is given by the image algebra é ßà$êìëÞfíáâmáîêÞï

statement

Þfß?àÐáâäãåæá]çÐáâäãåFè á-1
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Figure 4.8.2. Histogram of blurred image.

 

Comments and Observations

 

Figures 4.8.4 and 4.8.5 are the results of applying Otsu’s (Section 4.7) and the

 

SIS algorithms, respectively, to the source image in Figure 4.8.3. The histogram of the ðHñ ò ðDó0ô

source image with the threshold levels marked by arrows is shown in Figure 4.8.6. Note that the maximum between class variance for Otsu’s threshold occurred at gray level values

through . Thus, the smallest gray level value at which the maximum between-class

variance occurred was chosen as the Otsu threshold level for our illustration.

[image: ]

 

Figure 4.8.3. Original image.
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[image: ]

 

Figure 4.8.4. Bi-level threshold image using Otsu’s algorithm.

[image: ]

 

Figure 4.8.5. Bi-level threshold image using the SIS algorithm.
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Figure 4.8.6. Histogram of original image with threshold levels marked by arrows.
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4.9.   Exercises

 

1.* Write a program that will compute the histogram of an image, automatically locate a major dip in the histogram for threshold selection, and threshold the image to produce a binary image. Express your program in image algebra pseudocode and test it on suitable images.

 

2. Develop a program in image algebra pseudocode that will generate a digital image

containing several 80 to 240 gray-level-tall bell-shaped towers on a background of specified gray level. Implement the threshold selection techniques described in this chapter and test them on your artificial images.

 

3. Develop your own adaptive threshold program that can set the threshold for each tower

of the image generated in Exercise 2. Your program should be capable of isolating any one (and only one) of the gray-level towers.

 

4. Threshold levels can be varied to suit local or neighborhood input image gray-level

variations. The intuitive result is the preservation of local contrast, thus yielding an output image with less loss of information and a subjectively more pleasing appearance. Tech-niques implementing such local thresholds are commonly known as locally adaptive thresh-olding. Locally adaptive image thresholding techniques include line- or edge-sensitive

 

thresholding and average gray-level based thresholding. An example of edge-sensitive õöõ ÷øö÷

thresholding was given in Section 4.5. In average gray-level based thresholding, the thresh-old is determined as a function of the average input image gray-value in a local region (usually a        or         neighborhood). Pixel intensities that differ significantly from this average are assumed to contain local contrast information and are thus distinguished in an output image. Develop an algorithm that implements locally adaptive image thresh-olding based on average gray-level thresholding. Write your algorithm in image algebra pseudocode. Implement your algorithm on suitable images.
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CHAPTER 5

THINNING AND SKELETONIZING

 

5.1.   Introduction

 

Thick objects in a discrete binary image are often reduced to thinner represen-

tations called skeletons, which are similar to stick figures. Most skeletonizing algorithms iteratively erode the contours in a binary image until thin skeletons or single pixels remain. These algorithms typically examine the neighborhood of each contour pixel and identify those pixels that can be deleted and those that can be classified as skeletal pixels.

Thinning and skeletonizing algorithms have been used extensively for processing

thresholded images, data reduction, pattern recognition, and counting and labeling of connected regions. Another thinning application is edge thinning which is an essential step in the description of objects where boundary information is vital. Algorithms given in Chapter 3 describe how various transforms and operations applied to digital images yield primitive edge elements. These edge detection operations typically produce a number of undesired artifacts including parallel edge pixels which result in thick edges. The aim of edge thinning is to remove the inherent edge broadening in the gradient image without destroying the edge continuity of the image.

 

5.2.   Pavlidis Thinning Algorithm

 

excellent illustration for translating set theoretic notation into image algebra formulation. ú jù þÿ ù û 

 

Let             denote the source image and let    denote the support of   ; i.e., þ

 The Pavlidis thinning transform is a simple thinning transform [1]. It provides an ùúuûUüSýHþÿ 

 

. The inside boundary of    is denoted by        . The set 

consists of those points of         whose only neighbors are in         or    .

 

The algorithm proceeds by starting with        , setting      equal to    , and "!$#&% '!( ) !*#+#

iterating the statement

 

until                 .

  , '! (5.2.1)

It is important to note that the algorithm described may result in the thinned

 

region having disconnected components. This situation can be remedied by replacing Eq. !# %  !(  '!#+# % .-    "!##&/  "!# ý 5.2.1 with

 

where         is the outside boundary of region   . The trade-off for connectivity is- 01 0 higher computational cost and the possibility that the thinned image may not be reduced as much. Definitions for the various boundaries of a Boolean image and boundary detection algorithms can be found in Section 3.2.

Figure 5.2.1 below shows the disconnected and connected skeletons of the SR71

superimposed over the original image.
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[image: ]

 

Figure 5.2.1. Disconnected and connected Pavlidis skeletons of the SR71.

 

Image Algebra Formulation 2            243 Let     be the Moore neighborhood and     be the Moore neighborhood with

its center pixel deleted as shown in Figure 5.2.2. The image algebra formulation of the

[image: ]

 

  M  = 0 5

[image: ]

 

Figure 5.2.2. The deleted Moore neighborhood     . 647

[image: ]

 

Pavlidis thinning algorithm is now as follows: 89;:=<>@?BADC'E 8GF:IH CKJKJ+L 8M9;:4HN9;:4HOP 6

[image: ]

 

Ea`cbCKJKJXLd Q 9;: N R O H S 9;:4TVU 7XWYWH O QR[Z]\^ 6 7Z O Q H19;: S_N

[image: ]
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When the loop terminates the thinned image will be contained in the image variable . The fgih+jk lKhl e"m f n]gporq4f m s gItvu'wtxlKhyzkD{ u|l'}Xj~kXgI.�m sn gporq sm }Xuzl correspondences between the images in the code above and the mathematical formulation are

)g1�[

If connected components are desired then the last statement in the loop should

 

be changed to             e1 f nV .  �  e �+

 

Comments and Observations e

There are two approaches to this thinning algorithm. Note that the mathematical

formulation of the algorithm is in terms of the underlying set (or domain) of the image ,

 

algebra also includes the set theoretic operations of union and intersection, the image algebra  ; lKkD1}@tu'e� .� �

formulation could just as well have been expressed in terms of set theoretic notation; i.e.,

 

 ; lckD1}Xtuze"X� while the image algebra formulation is written in terms of image operations. Since image ,                                 , and so on. However, deriving the sets

and would involve neighborhood or template operations, thus making the algorithm

less translucent and more cumbersome. The image-based algorithm is far simpler and more translucent.

 

«*¬                           Let   pV 5.3.   Medial Axis Transform (MAT) e¡ i¢¤£'m[¥X¦[§                                  e ¨ ©  ª     ,                     , and let      denote the support of   . The medial axis 

is the set,           , consisting of those points    for which there exists a ball of radius ª

, centered at   , that is contained in     and intersects the boundary of     in at least two

distinct points. The dotted line (center dot for the circle) of Figure 5.3.1 represents the medial axis of some simple regions.

 

.

 

Figure 5.3.1. Medial axes.                  ® ¼ ½D¾Y¿ À[Á*Â ·ÃÀDÄ

The medial axis transform     is a gray level image defined over    by i¯°±]²´³rµa¶ ·¹¸ °¡º»

The medial axis transform is unique. The original image can be reconstructed from its medial axis transform.
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The medial axis transform evolved through Blum’s work on animal vision systems

[1–10]. His interest involved how animal vision systems extract geometric shape informa-tion. There exists a wide range of applications that finds a minimal representation of an

 

image useful [7]. The medial axis transform is especially useful for image compression Å)ÆXÇÉÈÊ Ë È Ì

since reconstruction of an image from its medial axis transform is possible.

 

of region     is the set

 

ÍÏÎÑÐÈ¡ÒÓÌÕÔrÖË[×ÒÓØÚÙ4ÛÅ ÆÜ ÇÉÈÊ&ÝGÌÞàßXá|âäã*åXæ$ç'ÇÅéèÜ ÇÉÈÊ"êäë|ÌÊ&ìîíàïKð Let        denote the closed ball of radius   and centered at   . The medial axis

 

The medial axis transform is the function                defined by ñÏÔzÌóòôØ Ù

 

ñiÇÈÊ Î´õ Ë× ö¹÷ È¡Ò Í ø ùDúYû üýYþ övÿüð

 

The reconstruction of the domain of the original image in terms of the medial  ñ    

axis transform     is given by    Ì Î        Å     ×   ÇÈÊ+ð ×

 

The original image    is then          ö¹÷ È¡ÒÓÌ ÇÉÈÊ Î ø ö¹÷ È¡Ò Ìð

 

Image Algebra Formulation GÒ Ð ø Þ ï                                      

Let              denote the source image. Usually, the neighborhood    is a

digital disk of a specified radius. The shape of the digital disk will depend on the distance

 

function used. In our example    is the von Neumann neighborhood.  "!$# of . When the loop terminates the medial axis transform will be stored in the image

 

variable    .                     ÔÎ øñÔÎ      Î%  &&(' ) ÔÎ        +*-,/.10 +ÇÇ 24357698;:<=698 >1?@A>CB7D ñ The following image algebra pseudocode will generate the medial axis transform

 

OQP"RNSTTVUXW E ?@ E B=F2>HGJI 8 K ?L@ KNM< 6

The result of applying the medial axis transform to the SR71 can be seen in

Figure 5.3.2. The medial axis transformation is superimposed over the original image of the SR71 which is represented by dots. Hexadecimal numbering is used for the display of the medial axis transform.
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[image: ]

 

Figure 5.3.2. MAT superimposed over the SR71. Y           Z

 

The original image   can be recovered from the medial axis transform    using Y+[L\ ]^_-`ba;ced`H_"fZhgbij%k _Vl;anmo

the image algebra expression

 

Because each medial axis value is one greater than the associated neighborhood radius, the transform encodes isolated points (with value 1) and yields exact reconstruction.

 

Comments and Observations

 

The medial axis transform of a connected region may not be connected. Preserv-

ing connectivity is a desirable property for skeletonizing transforms.

The application of the medial axis on a discretized region may not represent a

good approximation of the medial axis on the continuous region.

Different distance functions may be used for the medial axis transform. The

choice of distance function is reflected by the template or neighborhood employed in this algorithm.

 

5.4.   Distance Transforms

 

A distance transform assigns to each feature pixel of a binary image a value equal

to its distance to the nearest non-feature pixels. The algorithm may be performed in parallel or sequentially [11]. In either the parallel or sequential case, global distances are propagated using templates that reflect local distances to the target point of the template [9, 11, 12, 13].
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A thinned subset of the original image can be derived from the distance transform

by extracting the image that consists of the local maxima of the distance transform. This

 

derived subset is called the distance skeleton. The original distance transform, and thus p qrts1u v v the original binary image, can be reconstructed from the distance skeleton. The distance skeleton can be used as a method of image compression.

Let    be a binary image defined on           with     for feature pixels and

0 for non-feature pixels. The SR71 of Figure 5.4.1 will serve as our source image for illustrations purposes. An asterisk represents a pixel value of . Non-feature pixel values

are not displayed.

[image: ]

 

x~}2       The distance transform of w Figure 5.4.1. Source binary image. xhy{zb| }2 is a gray level image such that pixel value

is the distance between the pixel location and the nearest non-feature pixels.

The distance can be measured in terms of Euclidean distance, city block, or chess board,

 

etc., subject to the application’s requirements. The result of applying the city block distance x x

transform to the image of Figure 5.4.1 can be seen in Figure 5.4.2. Note that hexadecimal numbering is used in the figure.

 

The distance skeleton   of the distance transform    is the image whose nonzero x

pixel values consist of local maxima of   . Figure 5.4.3 represents the distance skeleton extracted from Figure 5.4.2 and superimposed over the original SR71 image.

The restoration transform is used to reconstruct the distance transform from

the distance skeleton   .
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[image: ]

 

Figure 5.4.2. Distance transform image.

 

                                                                                                                                                                          +2-n/ Image Algebra Formulation Let H , and , may be defined according to the specific distance measure being %VJQ be the source image. Note that the templates , and used. The templates used for our city block distance example are defined pictorially below

in Figure 5.4.4.

 

Distance transform ¡ ¡9¢LA24£¤ V1£¤¦¥Q§¨  The distance transform    of   , computed recursively, is given by

 

where   is the forward scanning order defined on    and    is the backward scanning order ©  ª  ¡9¢L«¬(H®(¯° ²±=¡ ¯³³Q´ defined on . The parallel image algebra formulation for the distance transform is given by

 

°-·C¸+¯³³(´¹ ¡9¢+¢Lµ¨¶£¤  /
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Figure 5.4.3. Distance skeleton.

 

 1

 

 t    =         0             t   =       1

<                 <

 

 0                          1

 

 s   =      0     0     0     u =      1     0     1

 

 0                          1

 

Figure 5.4.4. Templates used for city block distance image algebra formulation.

 

Distance skeleton transform º»¼½9¾J¿bÀ;ÁQÂÂ2½ÃÄÆÅQÇbÈ ½ ÇJÉ The distance skeleton transform is formulated nonrecursively as

 

Restoration transform ½ º ½9»L¼AÂnºÊÃÄÌË ÂÈÎÍÇnÇ ÃÄ¦Ï1ÍÐÉ The restoration of    from    can be done recursively by
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5.5.   Zhang-Suen Skeletonizing

 

The Zhang-Suen transform is one of many derivatives of Rutovitz’ thinning

algorithm [6, 7, 14, 15, 16]. This class of thinning algorithms repeatedly removes boundary points from a region in a binary image until an irreducible skeleton remains. Deleting or removing a point in this context means to change its pixel value from 1 to 0. Not every boundary point qualifies for deletion. The 8-neighborhood of the boundary point is examined first. Only if the configuration of the 8-neighborhood satisfies certain criteria will the boundary point be removed.

It is the requirements placed on its 8-neighborhood that qualify a point for

deletion together with the order of deletion that distinguish the various modifications of Rutovitz’ original algorithm. Some of the derivations of the original algorithm are applied sequentially, and some are parallel algorithms. One iteration of a parallel algorithm may consist of several subiterations, targeting different boundary points on each subiteration. It is the order of removal and the configuration of the 8-neighborhood that qualify a boundary point for deletion that ultimately determine the topological properties of the skeleton that

 

The Zhang-Suen skeletonizing transform is a parallel algorithm that reduces

 

regions of a Boolean image to an 8-connected skeletons of unit thickness. Each iteration ÑÓÒÔÑ

of the algorithm consists of two subiterations. The first subiteration examines a

 

Ñis produced. Ñ$Ò

neighborhood of every southeast boundary point and northwest corner point. The

configuration of its neighborhood will determine whether the point can be deleted

without corrupting the ideal skeleton. On the second subiteration a similar process is carried out to select northwest boundary points and southeast corner points that can be removed

 

without corrupting the ideal skeleton. What is meant by corrupting the ideal skeleton and Õ×ÖÙØVÚÛQÜÝJÞ Õ

a discussion of the neighborhood configurations that make a contour point eligible for deletion follows next.

Let                be the source image.   Select contour points are removed

iteratively from until a skeleton of unit thickness remains. A contour (boundary) point

is a point that has pixel value 1 and has at least one 8-neighbor whose pixel value is 0. In order to preserve 8-connectivity, only contour points that will not disconnect the skeleton are removed.

Each iteration consists of two subiterations. The first subiteration removes

 

southeast boundary points and northwest corner points. The second iteration removes ßáàQÛnßbâÛJãäãäãäÛnßHå ß æçèéÕHê2ßbç¨ëJÛNìíÖ¦ØÜÛJîQîîïÛïðÝ northwest boundary points and southeast corner points. The conditions that qualify a

contour point for deletion are discussed next.

Let              be the 8-neighbors of   . (See Figure 5.5.1 below.) Recalling

our convention that boldface characters are used to represent points and italics are used for

 

pixel values, let                               . ñ         ò

 

 p         p         p õ ó 8            1             2

 

 p         p         p ô ö 7                    3

 

 p         p         p         ÷ 6          5          4

Figure 5.5.1. The 8-neighbors of   .
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the number of zero-to-one transitions in the ordered sequence                  . If    is a û contour point and its 8-neighbors satisfy the following four conditions listed below, then û Let       denote the number of nonzero 8-neighbors of    and let       denote

 

will be removed on the first subiteration. That is, the new value associated with will    øúùeûü  þíùeûýü

be 0. The conditions for boundary pixel removal are

 

(a)        Hÿ 

(b)

 

(c)

 

(d)                                         û øúù¨ûü !#"        þíùeûýü!%$

In the example shown in Figure 5.5.2, is not eligible for deletion during the

first subiteration. With this configuration             and            .

 

0     1     1

 

1     p     0

 

1     0     1                   &

Figure 5.5.2. Example pixel values of the 8-neighborhood about   .

 

Condition (a) insures that endpoints are preserved. Condition (b) prevents the

deletion of points of the skeleton that lie between endpoints. Conditions (c) and (d) select

 

southeast boundary points and northwest corner points for the first subiteration. ')(+*, ')-*., ')(*, /1023/54623/78:9

A contour point will be subject to deletion during the second subiteration provided

its 8-neighbors satisfy conditions (a) and (b) above, and conditions      and      are given by

 

')-*, / 0 23/;<2/ 7 8=9

Iteration continues until either subiteration produces no change in the image.

Figure 5.5.3 shows the Zhang-Suen skeleton superimposed over the original image of the SR71.

 

© 2001 by CRC Press LLC

5. 5 Zhang-Suen Skeletonizing 165

[image: ]

 

Figure 5.5.3. Zhang-Suen skeleton of the SR71.

 

Image Algebra Formulation >@?#ABC3DFEG                        H Let               be the source image. The template   , defined pictorially in

 

I                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        128                                                                                                                               1                                                                                                                                                      2 t = 64 4

 

 32     16     8

 

Figure 5.5.4. Census template used for Zhang-Suen thinning. J KML@NOPRQ5PRSPT3UPTWV PT3XPWUVPYUZPWO\[5PRVZP]X\QPWQ\[5PYQ^UP]_\QP

Figure 5.5.4, is a census template used in conjunction with characteristic functions defined

 

on the sets             T\TUPTU\[5PRTU\_PTO5T\PTO3X5PT+V`O5PT_\UPaT_^OPT_\X5PRT_\_P U\[^SPWU\UVPbU^U\XPWU\U^SPWU\OT^PYUFV`[5PYUFV T\P]UVOPWUV`Z5PbUFV`_c

 

and            Jd L@NOPWQPWSPTRUPT3VPTXP]UV PWU\Z5PYO^[P]OT\PaV`Z5PYX^QP]Q\[PWQ\U Q\O5PY_^QPT\TRU5PTU\[PTUFV PaTU\Q5PTU\_5PRTO5T\PTO^XPT3VO5P TX^_PT_\U5PRT_\OPT_^XPWU\UWVPYU^U\X5PYU^U\SP]UV[PWUV`Z5PbU^X\Uc
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to (d) for the first subiteration and     targets points that satisfy (a), (b), ( ), and (   ) for

 

The image algebra pseudocode for the Zhang-Suen skeletonizing transform is

 

�^                                                    u6t||} x l~n xvRw �vbx{a{ � It may be more efficient to use lookup tables rather than the characteristic functions , and . The lookup tables that correspond to �^  vR{n#~  ef the second subiteration.        kmlnpoq^r1s\tuwvbxynzk{t||} kmln xxl~nxFvRm�3vbx{R{

 \¡a¢£3¤W¥ §¦£`¨m©ªj , and       are defined by �

 

«vR{n  ¬ w eg  ^¡R¢£3¤a¥ ¦£¨

respectively.

 

Comments and Observations

 

The Zhang-Suen algorithm reduces the image to a skeleton of unit pixel width. !®

Endpoints are preserved. The Zhang-Suen algorithm is also immune to contour noise. The

 

transform does not allow reconstruction of the original image from the skeleton. ¯ ° ¯   ° Two-pixel-wide diagonal lines may become excessively eroded. blocks will

be completely removed. ®

Finite sets     and    are homotopic if there exists a continuous Euler number

preserving one-to-one correspondence between the connected components of   and   . The fact that blocks are removed by the Zhang-Suen transform means that the transform

does not preserve homotopy. Preservation of homotopy is considered to be an important topological property. We will provide an example of a thinning algorithm that preserves homotopy in Section 5.6.

 

5.6.   Zhang-Suen Transform — Modified to Preserve Homotopy ®±

The Zhang-Suen transform of Section 5.5 is an effective thinning algorithm.

However, the fact that blocks are completely eroded means that the transform does

 

not preserve homotopy. Preservation of homotopy is a desirable property of a thinning ¯ ° ¯ ° algorithm. We take this opportunity to discuss what it means for a thinning transform to preserve homotopy.

Two finite sets    and    are homotopic if there exists a continuous Euler number

 

preserving one-to-one correspondence between the connected components of    and   . ²®²

Figure 5.6.1 shows the results of applying the two versions of the Zhang-Suen

thinning algorithm to an image. The original image is represented in gray. The largest portion of the original image is the SR71. A -pixel square hole has been punched
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³µ´6³ 5.6 Zhang-Suen Transform — Modified to Preserve Homotopy 167

-pixel square has been added to the lower right-hand corner. The original Zhang-Suen transform has been applied to the image on the left. The Zhang-Suen transform modified to preserve homotopy has been applied to the image on the right. The resulting skeletons are represented in black.

The connectivity criterion for feature pixels is 8-connectivity. For the complement

4-connectivity is the criterion. In analyzing the image, note that the white X in the center of the SR71 is not one 8-connected component of the complement of the image, but rather nine 4-connected components.

The feature pixels of the original image are contained in two 8-connected com-

ponents. Its complement consists of eleven 4-connected components. The skeleton image

produced by the original Zhang-Suen algorithm (left Figure 5.6.1) has one 8-connected components. Its complement has eleven 4-connected components. Therefore, there is not

 

a one-to-one correspondence between the connected components of the original image and ³´¶³

its skeleton.

Notice that the modified Zhang-Suen transform (right Figure 5.6.1) does preserve

homotopy. This is because the in the lower right-hand corner of the original image

was shrunk to a point rather than being erased.

 

be made more stringent. The conditions that qualify a point for deletion in the original · ·

Zhang-Suen algorithm remain in place. However, the 4-neighbors (see Figure 5.5.1) of the

 

· To preserve homotopy, the conditions that make a point eligible for deletion must

 

¸¹ºa¸ »!¼¾½ point    are examined more closely. If the target point    has none or one 4-neighbor that ¸À¿MºÁ¸ Â!¼¾½ ³Ã´±³

has pixel value 1, then no change is made to the existing set of criteria for deletion. If has two or three 4-neighbors with pixel value 1, it can be deleted on the first pass provided

. It can be deleted on the second pass if . These changes insure that

blocks do not get completely removed.

[image: ]

 

Figure 5.6.1. Original Zhang-Suen transform

(left) and modified Zhang-Suen transform (right).

 

Image Algebra Formulation ÄÆÅ

As probably anticipated, the only effect on the image algebra formulation caused

by modifying the Zhang-Suen transform to preserve homotopy shows up in the sets and
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of Section 5.5. The sets     and     that replace them are ×Ø ÙÇÉÈË ÇÈÌÎÍ`Ú3Û\Ó5ÒÚÛÜÒWÏ\Ï^ÜÒWÏ\Ï3ÝÖ`Þ

5.7.   Thinning Edge Magnitude Images

 

The edge thinning algorithm discussed here uses edge magnitude and edge

direction information to reduce the edge elements of an image to a set that is only one pixel wide. The algorithm was originally proposed by Nevatia and Babu [17]. The algorithm presented here is a variant of Nevatia and Babu’s algorithm. It was proposed in Ritter, Gader, and Davidson [18] and was implemented by Norris [19].

The input to the algorithm is an image of edge magnitudes and directions. The

input image is also assumed to have been thresholded. The edge thinning algorithm retains a point as an edge point if its magnitude and direction satisfy certain heuristic criteria in relation to the magnitudes and directions of two of its 8-neighbors. The criteria that a point

 

must satisfy to be retained as an edge point will be presented in the next subsection. ß Ë#àÁáâÒRãåä<æ¾ç)è È+éÐêWë ãæ±è êë áìæè ê+ë ÍÐÔÒWÓ\Ô5ÒYÕ^ÔÒíííWÒYÓ^Ó\Ô^Öïîðè ã

The edge image that was derived in Section 3.10 will serve as our example

source image. Recall that even after thresholding the thickness of the resulting edges was

undesirable. Let                        be an image with edge magnitudes           and

directions          . The range of    in this variation of the edge thinning algorithm is the set (in degrees),                            .

 

To understand the requirements that a point must satisfy to be an edge point, it à)ñaÒóò`ä Ó^Ôô

is necessary to know what is meant by the expression “the two 8-neighbors normal to the

 

direction at a point.” The two 8-neighbors that comprise the normal to a given horizontal à)ñÀõöÚ\ÒóòõâÚä Ó^Ô\ô àÁñ÷¾Ú\Òóòø÷âÚä or vertical edge direction are apparent. The question then arises about points in the 8-neighborhood of      that lie on the normal to, for instance, a     edge direction. For non-Õ\Ô^ô ÏÚÔ\ô Ïù`Ô^ô

vertical and non-horizontal edge directions, the diagonal elements of the 8-neighborhood are assumed to make up the normals. For example, the points               and are on the normal to a edge direction. These two points are also on the normal for

 

edge directions     ,      , and       (see Figure 5.7.1). We are now ready to present the ü û conditions a point must satisfy to qualify as an edge point.

 

30            150     þ        û

 

210                                    û ý                                                                                                                                  (i-1, j-1)        60                                                 120    (i-1, j+1) þ (i, j)                                                                    (i, j) 330

 (i+1, j+1)                        (i+1, j-1)

240                             300

 

(i-1, j)                 ú                                                          þ

180       (i, j)          0                      (i, j-1)    (i, j)     (i, j+1)

þ                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                           90

 

(i+1, j)                                                                       ý                    ÿ 270

Figure 5.7.1. Directions and their 8-neighborhood normals about      .
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An edge element is deemed to exist at the point if any one of the following

 

sets of conditions hold: 

(1) The edge magnitudes of points on the normal to are both zero.

 

(2) The edge directions of the points on the normal to are both within     ! #"

of        , and          is greater than the magnitudes of its neighbors on

the normal.

 

(3) One neighbor on the normal has direction within      of        , the other neighbor on the normal has direction within      of               , and is greater than the magnitude of the former of its two neighbors on the normal.

The result of applying the edge thinning algorithm to Figure 3.10.3 can be seen

in Figure 5.7.2.

 

Image Algebra Formulation $&%!'()+*,-.0/21 6*7- 1                      3 8          4*5- 1 Let                      be an image on the point set   , where          is the edge magnitude image, and          is the edge direction image. about its target point. The th neighbor (ordered clockwise starting from bottom center)

 

has value 1. All other neighbors have value 0. Figure 5.7.3 provides an illustration for the ;=<?>A@#@2@BDC ># #@@#@AEB ;FGH%JIKG+ LM case . The small number in the upper right-hand corner of the template cell indicates

 %:9 The parameterized template has support in the three-by-three 8-neighborhood

the point’s position in the neighborhood ordering.

The function                                     defined by

 

is used to defined the image                         . The pixel value      is equal to the N%';FH*O>#@2@#@EB1 NP P P Q

positional value of one of the 8-neighbors of    that is on the normal to      .

 

The function is used to discriminate between points that are to remain as edge  XYYYYYYYYYYYYYYYYYYY  d hUjikUShl d mnpoqhUjikU.hl 

 

points and those that are to be deleted (have their magnitude set to 0). It is defined by R=U\^]`_aRTSb%cR . % d ]`_aRfe'R S(Rge7R . Q?R=RTSR .UV(UFSA(U.W%             ]`_aRfe'RTShUjiOUrShl mnpoqh 2" kUDisU.hl ]`_aRfe'R .hUjiOU.hl ZYYYYYYYYYYYYYYYYYY

 

The edge thinned image             can now be expressed as |:* ,-./1 Y[                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            mnpoqh 2" UDisUShl U tuvrw#xyb]{zwd

 

|=<}%kQ~' 8N 8Np9rRUa"A+(T 8�N#( 8NpO9\rR&U+"d
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Figure 5.7.2. Thinned edges with direction vectors.

 

  3          4           5

 0      1       0

  2                     6

t(4) =      0           0

  1           0          7

 0      0      0

 

Figure 5.7.3. Parameterized template used for edge thinning.
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5.8.   Exercises

 

1. Give a set theoretic image algebra formulation of the Pavlidis thinning algorithm.

 

2.    a.    Provide an image algebra formulation of the medial axis transform using the

chessboard distance. Implement the algorithm on a Boolean image containing irregularly shaped objects.

b. Repeat 2.a using the city block distance. Compare and analyze the results with

those obtained in 2.a.

 

3. Explore and discuss how a skeletonized object can be used as a primitive for pattern      

recognition.

 

4. The medial axis transform has been successfully applied in path planning for robotic

applications. Given a robot of circumference , construct a building floor with hallways of

different widths, some wider than   and others narrower than   . Find the medial axis of the hallways and eliminate those that cannot be navigated by the robot. Given your map of the building floor as the input image, write an algorithm (in image algebra) that will compute the paths the robot can travel.

 

5.    a.    Provide an image algebra formulation of the distance transform using the Eu-

clidean distance. Implement the algorithm on a Boolean image containing irreg-ularly shaped objects.

b. Repeat 5.a using the chessboard distance. Compare and analyze the results with

those obtained in 5.a.

 

6. Give a non-recursive image algebra formulation of a restoration transform that restores  D\  a2TF+'   ¡k¢rA£   ¤  ¡  ¥+¦¤j§¨©  :7ª  ª

the distance skeletons obtained from exercises 5.a and 5.b.

 

7.    Let                 be defined by                                  ,              , and ¡¬«  F¤®q¯ ¡¬²   °c± ± let     denote the support of   .

a.    Show that                if and only if         where    denotes the support of

.

b.    Show that               if and only if         where    denotes the support of

.

 

8. Derive a less cumbersome algorithm that yields a one-pixel-wide directional edge

image than the one given in Section 5.7. Express your algorithm in image algebra.
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CHAPTER 6

CONNECTED COMPONENT ALGORITHMS

 

6.1.   Introduction

 

A wide variety of techniques employed in computer vision reduce gray level

images to binary images. These binary images usually contain only objects deemed

interesting and worthy of further analysis. Objects of interest are analyzed by computing various geometric properties such as size, shape, or position. Before such an analysis is done, it is often necessary to remove various undesirable artifacts such as feelers from components through pruning processes. Additionally, it may be desirable to label the objects so that each object can be analyzed separately and its properties listed under its’ label. As such, component labeling can be considered a fundamental segmentation technique.

The labeling of connected components also provides for the number of compo-

nents in an image. However, there are often faster methods for determining the number of components. For example, if components contain small holes, the holes can be rapidly filled. An application of the Euler characteristic to an image containing components with no holes provides one fast method for counting components. This chapter provides some standard labeling algorithms as well as examples of pruning, hole filling, and component counting algorithms.

 

6.2.   Component Labeling for Binary Images

 

Component labeling algorithms segment the domain of a binary image into

partitions that correspond to connected components. Component labeling is one of the

 

fundamental segmentation techniques used in image processing. As well as being an  ³´7µ¶\·2¸¹Aº  »½¼¿¾  À  »

important segmentation technique in itself, it is often an element of more complex image processing algorithms [1].

The set of interest for component labeling of an image, , is the set

of points that have pixel value 1. This set is partitioned into disjoint connected

subsets. The partitioning is represented by an image    in which all points of    that lie in the same connected component have the same pixel value. Distinct pixel values are assigned to distinct connected components.

Either 4- or 8-connectivity can be used for component labeling. For example, let

the image to the left in Figure 6.2.1 be the binary source image (pixel values equal to 1 are shown in black). The image in the center represents the labeling of 4-components. The image to the right represents the 8-components. Different colors (or gray levels) are often used to distinguish connected components. This is why component labeling is also referred to as blob coloring. From the different gray levels in Figure 6.2.1, we see that the source image has five 4-connected components and one 8-connected component.
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[image: ]

 

Figure 6.2.1. Original image, labeled 4-component image, and labeled 8-component image.

[image: ]

 

Let             be the source image, where    is an        grid. Let the image ÐÑÒÆÓÔÕ ÑÒVÖ ÇAÔÎq×sÓÆØbÙrÚAÛÚÜÇÝ ÒÝ6Ë¯Þßpà¯ÇjÝáÓ¬Ý'ÎWâ ËÍÌÏÎ

[image: ]

 

be defined by ã  ä

Ð                                                                                                                                                                                                                                                                                                            Image Algebra Formulation ÁTÂÃÅÄ\Æ#ÇÈAÉ                Ê

 

The algorithm starts by assigning each black pixel a unique label and uses to  å  Ê  å  Ê  å=æ}Õkçãæ}ÕÐ=èÁéê?ëìFíå'îÕ°ãì\ïïÅð

keep track of component labels as it proceeds. The neighborhood is either the von

 

contains connected component information. That is, points of that have the same pixel

Neumann neighborhood for 4-connectivity or the Moore neighborhood for 8-connectivity.

When the loop of the pseudocode below terminates, will be the image that

 

value in the image    lie in the same connected component of   .

 

Initially, each feature pixel of    has a corresponding unique label in the image   . The íAôrõqìï\ïðâ åæ}Õkããñæ}ÕÑå=òó ä=ÔèÁ

algorithm works by propagating the maximum label within a connected component to Á ã

 

every point in the connected component. Ð öä ÑÁpÔ÷ÑøÔÕ¿ùøÈaúù#ûÏÕ ø × ÑÄrÆÒÔWüÛø × ÑÒÆÄÔbæÁÑûÔîÕ°ÄrÆÒÕ!ÇbüÛ Ö ÇÈ\â ä ÑÁpÔ Alternate Image Algebra Formulations

 

The components of are labeled using the image algebra pseudocode that follows. When  å=æ}Õkçãæ}ÕÐ=èÁéêýëìFíãTîÕ:åì\ïïð  í#ôÿõ ìï\ïðâ åæ}Õkããñæ}ÕOå=þó ä ÑÁpÔ

å Let    be as defined above. Define the neighborhood function       as follows: Á

the loop terminates the image with the labeled components will be contained in image variable   .
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Note that this formulation propagates the minimum value within a component to every point in the component. The variant neighborhood as defined above is used to label

4-connected components. It is easy to see how the transition from invariant neighborhood to variant has been made. The same transition can be applied to the invariant neighborhood used for labeling 8-components.

 

Variant neighborhoods are not as efficient to implement as invariant neighbor-

hoods. However, in this implementation of component labeling there is one less image

 

multiplication for each iteration of the         loop. number of iterations is directly proportional to . A faster alternate labeling algorithm

[2] proceeds in two phases. The number of iterations is only directly proportional to

 

 Although the above algorithms are simple, their computational cost is high. The . However, the price for decreasing computational complexity is an increase in space

 

complexity.                                                      !#"$&%' (

In the first phase, the alternate algorithm applies the shrinking operation developed

in Section 6.4 to the source image         times. The first phase results in         binary

 

images                  . Each    represents an intermediate image in which connected !)"*$+%'

components are shrinking toward a unique isolated pixel. This isolated pixel is the top left corner of the component’s bounding rectangle, thus it may not be in the connected

 

component. The image         consists of isolated black pixels. !)"*$+%' !#"*$%',      !#"*$%-In the second phase, the faster algorithm assigns labels to each of the isolated

black pixels of the image . These labels are then propagated to the pixels connected

to them in          by applying a label propagating operation, then to          , and so on until is labeled. In the process of propagating labels, new isolated black pixels may be

encountered in the intermediate images. When this occurs, the isolated pixels are assigned unique labels and label propagation continues.

 

Note that the label propagating operations are applied to the images in the reverse

order they are generated by the shrinking operations. More than one connected component

 

may be shrunk to the same isolated pixel, but at different iterations. A unique label assigned . / to an isolated pixel should include the iteration number at which it is generated. The template   used for image shrinking and the neighborhood function    used

for label propagation are defined in following figure. The faster algorithm for labeling

 

s =                          P   =   0                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 8      1

[image: ]

 4      2
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When the last       terminates the labeled image will be contain in the variable   . If =&F&F>H        :;<=+? hKm 9n=&FGF>H jk385M1l j385o]qpsr>]qt _u c _ hc rTLwvKJ]qjcx j j3856j x 1lzy J j385o]qj x{D| c rT1 l}y J h 385 hi d ?ef~=&F&F>H                             j

 

4-component labeling is preferred, the characteristic function in line should be replaced    L NSRQUTQ8JJVQ8JXWTQ8J\YQ8J\ZQ8JP[

with

 

Comments and Observations     t _u LONPRQSTQUTQ}Q8JP[ The alternate algorithm must store intermediate images. There are other

fast algorithms proposed to reduce this storage requirement [2, 3, 4, 5]. It may also be more efficient to replace the characteristic function               by a lookup table.

 

6.3.   Labeling Components with Sequential Labels

 

The component labeling algorithms of Section 6.2 began by assigning each point

 

in the domain of the source image the number that represents its position in a forward d�+RR�u scan of the domain grid. The label assigned to a component is either the maximum or minimum from the set of point numbers encompassed by the component (or its bounding box). Consequently, label numbers are not used sequentially, that is, in order.

In this section two algorithms for labeling components with sequential labels are

presented. The first locates connected components and assigns labels sequentially, and thus takes the source image as input. The second takes as input labeled images, such as those

 

produced by the algorithms of Section 6.2, and reassigns new labels sequentially. dR&&  It is easy to determine the number of connected components in an image from

its corresponding sequential label image; simply find the maximum pixel value of the label image. The set of label numbers is also known, namely                 where   is the

 

maximum pixel value of the component image. If component labeling is one step in larger d`d 

image processing regimen, this information may facilitate later processing steps.

Labeling with sequential labels also offers a savings in storage space. Suppose one

 

is working with gray level images whose pixel values have eight bit representations.  

Up to labels can be assigned if labeling with sequential labels is used. It may not be

possible to represent the label image at all if labeling with sequential labels is not used and a label value greater than      is assigned.
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                                                                                                                                                                                                                                                                                                            Image Algebra Formulation Let used is either the von Neumann neighborhood for labeling 4-connected components, or s+R be the source image, where  is an  grid. The neighborhood

 

the Moore neighborhood for labeling 8-connected components.   ¡¢ ¡8¢£¡8¢¤¥¦¨§ª©« ¤¥¦E°±©« ¬²¬8¥G¥>¯ ¬z¬8® ¥&¥¯ ©¤ ³§°>´ ¢ nµ¶·«  ¡8¢¸ *¹  º³§°´ ¡¢ »³§°´ ¹@  ¼¶ ©+·~k½¢ £ ¥G¥>¯ When the algorithm below ends, the sequential label image will be contained in

image variable   .

 

 ¡8¢ ÄÃ¸'¬ ·«Â  ¥G¥>¯ ·«Â  ¥G¥>¯ ·«Â~©¤ ·«Â  ¥&¥>¯ £ ¡¢ ¡¢³£¿¾À  ´ºÁ

 

Alternate Image Algebra Formulation                      ¼¶ ©+· 

 

The alternate image algebra algorithm takes as input a label image and reassigns      § ¡8¢ ¡8¢¸Å¡8¢¾

labels sequentially. When the loop in the pseudocode below terminates, the image

variable will contain the sequential label image. The component connectivity criterion

(four or eight) for    will be the same that was used in generating the image   .

 

¼¶ ©+·ÆÇ½¢ `¥&¥>¯ § ¡¢ § ¹   ¡8¢ §'ÁTÈwÉ*Ê ³^ ´ ¹   ¡8¢ ³ÈË Ê ³V ´´Á  ¡8¢ ¾  ·«Â  ¥&¥>¯ ¬

 

Comments and Observations

 

Figure 6.3.1 shows a binary image (left) whose feature pixels are represented by

an asterisk. The pixel values assigned to its 4- and 8-components after sequential labeling are seen in the center and right images, respectively, of Figure 6.3.1.
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[image: ]

 

Figure 6.3.1. A binary image, its 4-labeled image (center) and 8-labeled image (right).

[image: ]

 

6.4.   Counting Connected Components by Shrinking

[image: ]

 

The purpose of the shrinking algorithm presented in this section is to count the ÌÎÍÏÐÑÒÓÔ Õ

connected components in a Boolean image. The idea, based on Levialdi’s approach [6], is to shrink each component to a point and then count the number of points obtained. To

 

express this idea explicitly, let               denote the source image and let    denote the Õ×ÖÙØ�ÚÛÜ ÐÞÝ8ßØºà@Ð ÒáÝ}ßOØºâ@Ðã Heaviside function defined by

One of four windows may be chosen as the shrinking pattern. Each is distinguished by

 

ÌÖ\äÑXåÚ¸æ8Û6ÕKçÕ×Ö^Ì×Öqä Ñ\å¿è@ÒÚé¸Ì×Öqä Ñ\åÚ'éêÌÖqä*é@ÒÑ\åÚKè@ÒÚéÕÖVÌÖqä ÑXå>ÚKéÄÌÖ\äéDÒÑXå#è@ÒÚKè@ÒRÚVëã the direction it compresses the image. Shrinking toward top right —

 

ÌÖ\äÑXåÚ¸æ8Û6ÕKçÕ×Ö^Ì×Öqä Ñ\åÚ'éêÌÖqä Ñ\å¿é@ÒÚ'éêÌÖqä*é@ÒÑ\åÚKè@ÒÚéÕÖVÌÖqä ÑXå>ÚKéÄÌÖ\äéDÒÑXåºéDÒÚKè@ÒRÚVëã Shrinking toward top left —

 

ÌÖ\äÑXåÚ¸æ8Û6ÕKçÕ×Ö^Ì×Öqä Ñ\åÚ'éêÌÖqä×èìÒÑ\åÚ'éêÌÖqä Ñ\å¿é@ÒÚKè@ÒÚéÕÖVÌÖqä ÑXå>ÚKéÄÌÖ\äè@ÒÑXåºéDÒÚKè@ÒRÚVëã Shrinking toward bottom left —

 

ÌÖ\äÑXåÚ¸æ8Û6ÕKçÕ×Ö^Ì×Öqä Ñ\åÚ'éêÌÖqä Ñ\ånèìÒÚ'éêÌÖqä×èìÒÑ\åÚKè@ÒÚéÕÖVÌÖqä ÑXå>ÚKéÄÌÖ\äè@ÒÑXå#è@ÒÚKè@ÒRÚVëã Shrinking toward bottom right —

Each iteration of the algorithm consists of applying, in parallel, the selected

shrinking window on every element of the image. Iteration continues until the original image has been reduced to the zero image. After each iteration the number of isolated points is counted and added to a running total of isolated points. Each isolated point corresponds to an 8-connected component of the original image.

This shrinking process is illustrated in the series (in left to right and top to bottom

order) of images in Figure 6.4.1. The original image (in the top left corner) consists of five 8-connected patterns. By the fifth iteration the component in the upper left corner has been reduced to an isolated pixel. Then the isolated pixel is counted and removed in the
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following iteration. This process continues until each component has been reduced to an isolated pixel, counted, and then removed.

[image: ]

 

Figure 6.4.1. The parallel shrinking process.

[image: ]

 

Image Algebra Formulation

[image: ]

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              Let                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 be the source image. We will illustrate the image algebra formulation using the shrinking window that compresses toward the top right. This choice of shrinking window dictates the form of neighborhoods is used to find isolated points. and below. The template

[image: ]

 

M  =                 N  =                  O  = 

[image: ]

 

 The image variable a is initialized with the original image. The integer variable  is initially set to zero. The algorithm consists of executing the following loop until the

[image: ]
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image variable a is reduced to the zero image. !#" %$%$& ')(! '+*-, .+/ .1032-.54687:919;9 LK%MN%$%$&PO (!=<?>A@.<?>CB. *6EDF9 * <?>GB. *6-HI9J9

 

When the algorithm terminates, the value of will represent the number of 8-connected  '

components of the original image.

 

Alternate Image Algebra Formulation

 

The above image algebra formulation closely parallels the formulation presented

in Levialdi [6]. However, it involves three convolutions in each iteration. We can reduce number of convolutions in each iteration to only one by using the following census template. A binary census template (whose weights are powers of 2), when applied to a binary image, encodes the neighborhood configurations of target pixels. From the configuration of a pixel,

 

we can decide whether to change it from 1 to 0 or from 0 to 1, and we can also decide S                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                16                                                                                                                                                                                                 32                                                                                                                                                               64 s = 8 1 R Q whether it is an isolated pixel or not.

128

 

4     2    256

 

In order to count 8-components, the function YLvwxW%_%_`zy     s s i;{q ]F|)}~ {:� } 1J;}}}XL}J}}L should be defined as XJJ~;y s The algorithm using the binary census template is expressed as follows: TUAVXWYZ\[]#^ W%_%_` Zba] ZdceEf g a] g c-hjilknmGoipZrq;q Zba]ts iuZrq

 

The 4-components of the image can be counted by defining    to be s i;{q ] | }~ {j5� }11L}}}LL}rL}; XJ;~Jy In either case, the movement of the shrinking component is toward the pixel at the top right of the component.
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Comments and Observations    ¡ The maximum number of iterations required to shrink a component to its cor-responding isolated point is equal to the distance of the element of the region farthest

from top rightmost corner of the rectangle circumscribing the region.

 

6.5.   Pruning of Connected Components

 

Pruning of connected components is a common step in removing various unde-

sirable artifacts created during preceding image processing steps. Pruning usually removes thin objects such as feelers from thick, blob-shaped components. There exists a wide variety of pruning algorithms. Most of these algorithms are usually structured to solve a particular task or problem. For example, after edge detection and thresholding, various objects of interest may be reduced to closed contours. However, in real situations there may also be many unwanted edge pixels left. In this case a pruning algorithm can be tailored so that only closed contours remain.

In this section we present a pruning algorithm that removes feelers and other

objects that are of single-pixel width while preserving closed contours of up to single-pixel width as well as 4-connectivity of components consisting of thick bloblike objects that may be connected by thin lines. In this algorithm, a pixel is removed from an object if it contains fewer than two 4-neighbors. The procedure is iterative and continues until every object pixel has two or more 4-neighbors.

 

Image Algebra Formulation ¢¤£F¥¦§¨©Lª               « ¬I®°¯

Let              be the source image and     denote the von Neumann neigh-

borhood. The following simple algorithm will produce the pruned version of a described

 

above:                        ±²A³X´µ ¬·¶® ¢ ´¸%¸¹ ¬Iº® ¢¢º®»?¼½¿¾¢5ÀLÁl¢ÃÂÄ«ÆÅuÇ

µÈÉx´%¸%¸¹CÊ

The results of applying this pruning algorithm are shown in Figure 6.5.1.

[image: ]

 

Figure 6.5.1. The source image a is shown at

[image: ]

the left and the pruned version of a on the right.
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Comments and Observations

 

The algorithm presented above was first used in an autonomous target detection

scheme for detecting tanks and military vehicles in infrared images [7]. As such, it

represents a specific pruning algorithm that removes only thin feelers and non-closed thin lines. Different size neighborhoods must be used for the removal of larger artifacts.

Since the algorithm presented here is an iterative algorithm that uses a small

neighborhood, removal of long feelers may increase computational time requirements beyond acceptable levels, especially if processing is done on sequential architectures. In such cases, morphological filters may be more appropriate.

 

6.6.   Hole Filling

 

As its name implies, the hole filling algorithm fills holes in binary images. A hole

in this context is a region of 0-valued pixels bounded by an 8-connected set of 1-valued pixels. A hole is filled by changing the pixel value of points in the hole from 0 to 1. See

Figure 6.6.1 for an illustration of hole filling.

[image: ]

 

Figure 6.6.1. Original image (left) and filled image (right).

[image: ]

 

Ô                                                                                                                                                                                                                                                                                                            Image Algebra Formulation Let ËÃÌÍÎ%ÏLÐÑÒ be the source image, and let the template    Ó       and the neighborhood be pictured below. The hole filling image algebra code below is from the code derived by Ritter [8].

 

 4      8           Õ

[image: ]

s =                        N   =

[image: ]

 2      3      8
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6. 7 Exercises 183  Ö:×Ø°ÙÚ×ºØ ÛÜXÝAÞßàÚ·áØâÖß¿ã%ãä  Ö:×Ø°ÙÜXÝAÞXßà Ú·áØâÖß¿ã%ãä àóôxß%ã%ãä Ö:×ºØ ÚåÚØÚdæ çnèéëêìí1í;îïlÚ æð-ñò

 

When the first         loop terminates, the image variable    will contain the ÜÝAÞXßà àóôxß%ã%ãäPù Ö:×ºØ ÚÚ×ºØïpÚIõö#÷ òAø Û                              Ú

The second loop “peels off” the extraneous 1’s to produce the final output image

Úobjects in the original image filled with 1’s and some extra 1’s attached to their exteriors.  Û  ÜÝAÞßà

. The algorithm presented above is efficient for filling small holes. The alternate version

presented next is more efficient for filling large holes.

 

Alternate Image Algebra Formulation     ÷ Û#úûüýþLÿ Û

 

Let               be the source image and    the neighborhood as previously Ú ×ºØ°ÙÖ+×ºØ 

defined. The holes in    are filled using the image algebra pseudocode below.

 

When the loop terminates the “filled” image will be contained in the image variable àLóôxß%ã¿ãäCù                                                    Ö . The second method fills the whole domain of the source image with 1’s. Then, starting at the õö ÜÝAÞßà Ö áØ Ú ß%ã%ãä Ú ×ºØEÖÖ:×ºØïpÚ õö ÷ òAø Û edges of the domain of the image, extraneous 1’s are peeled away until the exterior boundary

 

of the objects in the source image are reached. Depending on how is implemented, it  Öïüý1üò Ø#ü  Ö   

may be necessary to add the line

 

immediately after the statement that initializes   to   . This is because template   needs to ü

encounter a   before the peeling process can begin.

 

6.7.   Exercises õð                                                                   øð õö øö

1.    Rewrite the connected component labeling algorithms using the operations of     and

instead of      and    .
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2. As mentioned in Section 6.2, there exist other fast connected component labeling    

algorithms. Using the references provided, give an image algebra specification of one such algorithm.

 

3.    Given a Boolean image             , let          be the set of points having pixel ! #"%$ &  '!(*)+! #"-,. /0 #"214365879:;'0<7= value 1 in   . Let                 be defined by

 

Specify an algorithm in image algebra that computes   . >@?BA FGGGGGGGGGH IJ  IK MONNNNNNNNN Both the image and the matrix are bulky and can be easily compressed. For example, >?BA CD?EC

4.    A binary image over a rectangular        array is equivalent to a binary        matrix.

 

given an        boolean image of the form  L  IK KJ LKK  J JIK  L  IK  L  IK

 

then the first row is equivalent to the binary number 01000100 = 68. Hence the matrix  J JIK P  J JIK FGGGGGGGGGHQCRQCQRQRQ

 

It follows that the binary image can be written as a simple string “68 36 8 60 36 36 QQ   P ST'UV" 60 60” and the image value can be easily recovered from the condensed string by using a decimal-to-binary conversion function. Specify an image algebra algorithm that compresses a binary image into a column vector or string. Provide a decompression can be written as a single column vector     MONNNNNNNNN

 

algorithm specified in image algebra. W       YXZ\[]        ^_!`"aZ Tbcdb\"c"

 

5.    Let                and           denote the set of points corresponding to one of the b ^_!`" connected components    of   . Note that          . Let              be the smallest rectangular array containing    .   A pixel            is called an extremal point of the component   of   if   is on the boundary of       . Provide an algorithm that labels the extremal points of connected components of . Specify your algorithm in image algebra.

Can your algorithm be implemented in parallel?

 

6. As mentioned in this chapter, component labeling algorithms form a computational

bottleneck in many algorithms. Can you develop a more efficient algorithm to label

connected components than the ones presented in this chapter? Can you specify a parallel algorithm?
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7. Specify an alternate pruning algorithm. Can you specify a pruning algorithm that

removes long feelers without significantly increasing computation time? Can you specify a parallel pruning algorithm?
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CHAPTER 7

MORPHOLOGICAL TRANSFORMS AND TECHNIQUES

 

7.1.   Introduction

 

Mathematical morphology is that part of digital image processing that is concerned

with image filtering and geometric analysis by structuring elements. It grew out of the early work of Minkowski and Hadwiger on geometric measure theory and integral geometry [1, 2, 3], and entered the modern era through the work of Matheron and Serra of the Ecole des Mines in Fontainebleau, France [4, 5]. Matheron and Serra not only formulated the modern concepts of morphological image transformations, but also designed and built the Texture Analyzer System, a parallel image processing architecture based on morphological operations [6]. In the U.S., research into mathematical morphology began with Sternberg at ERIM. Serra and Sternberg were the first to unify morphological concepts and methods into a coherent algebraic theory specifically designed for image processing and image analysis. Sternberg was also the first to use the term image algebra [7, 8].

Initially the main use of mathematical morphology was to describe Boolean image

processing in the plane, but Sternberg and Serra extended the concepts to include gray valued images using the cumbersome notion of an umbra. During this time a divergence of definition of the basic operations of dilation and erosion occurred, with Sternberg adhering to Minkowski’s original definition. Sternberg’s definitions have been used more regularly in the literature, and, in fact, are used by Serra in his book on mathematical morphology[5].

Since those early days, morphological operations and techniques have been

applied from low-level, to intermediate, to high-level vision problems. Among some recent research papers on morphological image processing are Crimmins and Brown [9], Haralick, et al. [10, 11], Maragos and Schafer [12, 13, 14], Davidson [15, 16, 17], Dougherty [18, 19], Koskinen and Astola [20], and Sivakumar and Goutsias [21]. The rigorous mathematical foundation of morphology in terms of lattice algebra was independently established by Davidson and Heijmans [22, 23, 24]. Davidson’s work differs from that of Heijmans’ in that the foundation provided by Davidson is more general and extends classical morphology by allowing for shift variant structuring elements. Furthermore, Davidson’s work establishes a connection between morphology, minimax algebra, and a subalgebra of image algebra.

 

7.2.   Basic Morphological Operations: Boolean Dilations and Erosions

 

Dilation and erosion are the two fundamental operations that define the algebra of

mathematical morphology. These two operations can be applied in different combinations in order to obtain more sophisticated operations. Noise removal in binary images provides one simple application example of the operations of dilation and erosion (Section 7.4).

The language of Boolean morphology is that of set theory. Those points in a set

being morphologically transformed are considered the selected set of points, and those in the complement set are considered to be not selected. In Boolean (binary) images the set of pixels selected is the foreground and the set of pixels not selected is the background. The selected set of pixels is viewed as a set in Euclidean 2-space. For example, the set of all black pixels in a Boolean image constitutes a complete description of the image and is viewed as a set in Euclidean 2-space.
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A dilation is a morphological transformation that combines two sets by using

vector addition of set elements. In particular, a dilation of the set of black pixels in a binary image by another set (usually containing the origin), say B, is the set of all points obtained by adding the points of B to the points in the underlying point set of the black

 

taking the complement of the resulting point set.

 

Dilations and erosions are based on the two classical operations of Minkowski eml j+n oqp*rEsutpav e`wsxvyj{z

addition and Minkowski subtraction of integral geometry. For any two sets and

, Minkowski addition is defined as

j fkh\i pixels. An erosion can be obtained by dilating the complement of the black pixels and then egfh\i

 

and Minkowski subtraction as    eD|jn}e~l j*q~w j  nos�t;sEvj{z e ~noqv h\i tv e z       j 

 

where                    and                      ; i.e.,     denotes the reflection  n}Tww4qw*v hi e ~ e n oprEsutpav e z

 

Here we have used the original notation employed in Hadwiger’s book [3]. e�l jn e nutj*B e na of B across the origin                         , while     denotes the complement of A. Defining                        , one also obtains the relations

 

and   j  nos£rE¤tsEv`jz

e|jn  \¡e  noqut¢j f.e zw (7.2.1)

(7.2.2)

 

where . It is these last two equations that makes morphology so  e�l j  j 

appealing to many researchers. Equation 7.2.1 is the basis of morphological dilations, while Equation 7.2.2 provides the basis for morphological erosions. Suppose B contains the origin 0. Then Equation 7.2.1 says that is the set of all points p such that the

translate of      by the vector p intersects A. Figures 7.2.1 and 7.2.2 illustrate this situation.

 

¥B

 

Figure 7.2.1. The set          with structuring element B.

¦¨§©\ª         A
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Boolean Dilations and Erosions

 

p

 

A Β      ¬£®

Figure 7.2.2. The dilated set         .

Note: original set boundaries shown with thin white lines.

 

The set A/B, on the other hand, consists of all points p such that the translate of B °

by the vector p is completely contained inside A. This situation is illustrated in Figure 7.2.3.

 

p

 

¯A/B           ±D²¢³

Figure 7.2.3. The eroded set       .

Note: original set boundaries shown with thin black lines.

 

In the terminology of mathematical morphology when doing a dilation or erosion ´+µY¶·¹¸º»¼

of A by B, it is assumed that A is the set to be analyzed and that B is the measuring stick, called a structuring element. To avoid anomalies without practical interest, the structuring

 

element B is assumed to include the origin, and both A and B are assumed to be compact. ½@µ ¶·¹¸qº»¼ ½¿¾!À#Á%Â+Ã ºÅÄÇÆÈÀÉµ`Ê@ËÉ¾T±�Ì`³Á The set A corresponds to either the support of a binary image or to the

complement of the support.

 

The dilation of the image a using the structuring element B results in another ·ÎÍÏUÐÑÒcÓÄÕÔUÑ×Ö

binary image              which is defined as

 

(7.2.3)
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Similarly, the erosion of the image by B is the binary image  ÛÎìícî¹ïðñçOòcïó

defined by

 

(7.2.4)

 

The dilation and erosion of images as defined by Equations 7.2.3 and 7.2.4 can

 

be realized by using max and min operations or, equivalently, by using OR and AND àádâ#ã%å ôDõöÚqØá0âD÷Eø\ãaù;ø Ùë*úÞ%ó operations. In particular, it follows from Equations 7.2.3 and 7.2.1 that the dilated image b obtained from a is given by

 

Similarly, the eroded image b obtained from a is given by àá!â#ã¿åôû!üÚØá!âD÷xøäãaùýø Ùyë{ÞÈó

 

Image Algebra Formulation ØÉÙEÚqÛÜÝÞß                  þmÿ é ÿ.þ ùþ

 

Let             denote a source image (usually,          is a rectangular array) ß á0øäã%å Úâ Ù£þ ùâ Eø Ù`ë úÞ×ó

and suppose we wish to dilate , where A denotes the support of a, using a structuring

element B containing the origin.

Define a neighborhood                by

 

The image algebra formulation of the dilation of the image a by the structuring element àuùÇå Ø aó B is given by

 

The image algebra equivalent of the erosion of a by the structuring element B àuùÇå Ø Éúó Ø

is given by

 

Replacing a by its Boolean complement in the above formulation for dilation  

(erosion) will dilate (erode) the complement of the support of a.

 

Alternate Image Algebra Formulations

 

main rationale for the alternate formulation is its easy extension to the gray level case (see ! #"$

Section 7.6).

 

Let    denote the 3-element bounded subgroup               of      . Define a %'&)(+*,-.0/ 132 *4-65798:;8=<4>;? @BA CEDGFIHKJGL 1NMHPO EÙ We present an alternate formulation in terms of image-template operations. The Ú ÜÛÜ Þ

template                by
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The image algebra formulation of the dilation of the image a by the structuring element QSRUT6V;WXZY\[ B is given by

 

The image algebra equivalent of the erosion of a by the structuring element B QSRUT]V^X YK_P[

is given by

 

With a minor change in template definition, binary dilations and erosions can just W` a Tcbed\fhgPfIi]j ^` Ykmlanpoqno

as well be accomplished using the lattice convolution operations     and    , respectively.

 

In particular, let                    and define                 by Yrs+tu T;v gxwUy t T{z}|=~f~ k _ dP�I!w[

 

The dilation of the image a by the structuring element B is now given by QSRUT]V W` Y

 

and the erosion of a by B is given by Q9RT{V ^` Y[

 

Comments and Observations c sc ;uGE f s Eu   6 f  s;\0u  s ;uG\ f s Eu!E T  s  uf It can be shown that

 

 su T sc ;usc uf)  \su T s P u¡s \u[

 

These equations constitute the basic laws that govern the algebra of mathematical morphol- |`  £¢  |`

ogy and provide the fundamental tools for geometric shape analysis of images.

The current notation used in morphology for a dilation of A by B is ,

while an erosion of A by B is denoted by . In order to avoid confusion with the

linear image-template product , we use Hadwiger’s notation [3] in order to describe

morphological image transforms. In addition, we use the now more commonly employed
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definitions of Sternberg for dilation and erosion. A comparison of the different notation and definitions used to describe erosions and dilations is provided by Table 7.2.1.

 

Table 7.2.1 Notation and Definitions Used to Describe Dilations and Erosions ¤c¥4¦£§©¨ª¬«®¤ª ¤¯E¦°§ ±ª¬«P³²¤ª§µ´¤·¶¥¦0¸K¹¶

Minkowski    Addition                  Subtraction

 

Serra           Dilation of A by B           Erosion of A by B ¤»º¼ ¦;¸B§ ¨ª¬«®²¤ª ¤£½9¦0¸¾§ ±ª¬«P²¤ª§µ´¤¶º¼¦;¹¶ Maragos

 

Sternberg       Dilation of A by B           Erosion of A by B ¤»º¼ ¦¿§ ¨ª¬«®¤ª ¤£½9¦°§ ±ªI«P²¤ª§µ´¤¶º¼¦¸¹¶

 

7.3.   Opening and Closing

 

Dilations and erosions are usually employed in pairs; a dilation of an image is

usually followed by an erosion of the dilated result or vice versa. In either case, the result of successively applied dilations and erosions results in the elimination of specific image detail smaller than the structuring element without the global geometric distortion of unsuppressed features.

An opening of an image is obtained by first eroding the image with a structuring

element and then dilating the result using the same structuring element. The closing of an image is obtained by first dilating the image with a structuring element and then eroding the result using the same structuring element. The next section shows that opening and closing provide a particularly simple mechanism for shape filtering.

The operations of opening and closing are idempotent; their reapplication effects

 

no further changes to the previously transformed results. In this sense openings and  ¤°ÀB¦  ¤£À¦¿§´G¤¯E¦¹¥¦ Á

closings are to morphology what orthogonal projections are to linear algebra. An orthogonal projection operator is idempotent and selects the part of a vector that lies in a given subspace. Similarly, opening and closing provide the means by which given subshapes or supershapes

 

of a complex geometric shape can be selected. ¤ÃÂ¾¦ ¤£Â¦¿§´G¤c¥}¦;¹!¯P¦ Á The opening of A by B is denoted by        and defined as

The closing of A by B is denoted by        and defined as
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Image Algebra Formulation

 

Let denote a source image and B the desired structuring element  ÌÕÔ×Ö³ØÙÚÆ'ÛÕÅ}ÏÜÍÛÝ=ÖÕÅ4Þ0ß®Êáà  â ÍUÙÔ+Äãä ÌßØ³åä Ìà

containing the origin. Define                is defined by

 

The image algebra formulation of the opening of the image a by the structuring element B is given by

 

The image algebra equivalent of the closing of a by the structuring element B â ÍUÙ£Ô×Ä0åä ÌØ³ãä Ì4ßEà

is given by

 

that æÃçBÞè°æ Comments and Observations It follows from the basic theorems that govern the algebra of erosions and dilations , Ôéæ°çÞ;Øç¾Þ»ÙÃæ°ç¾Þ , æÜè°æÃêBÞ , and Ôæ°êÞ ØêÞmÙÃæÃêBÞ . This shows the analogy between the morphological operations of opening and closing and the specification of a filter by its bandwidth. Morphologically filtering an image by an opening or closing operation corresponds to the ideal nonrealizable bandpass filters of conventional linear filters. Once an image is ideal bandpass filtered, further ideal bandpass filtering does not alter the result.

 

7.4.   Salt and Pepper Noise Removal

 

Opening an image with a disk-shaped structuring element smooths the contours,

breaks narrow isthmuses, and eliminates small islands. Closing an image with a disk struc-turing element smooths the contours, fuses narrow breaks and long thin gulfs, eliminates small holes, and fills gaps in contours. Thus, a combination of openings and closings can be used to remove small holes and small speckles or islands in a binary image. These small holes and islands are usually caused by factors such as system noise, threshold selection, and preprocessing methodologies, and are referred to as salt and pepper noise.

 

Consider the image shown in Figure 7.4.1. Let A denote the set of all black æ£çÞ¿ÙÔGæëEÞØìÞ6È

pixels. Choosing the structuring element B shown in Figure 7.4.2, the opening of A by B

 

removes all the pepper noise (small black areas) from the input images. Doing a closing æ£çÞ Ôæ£çÞ;ØêÞ£Ù¿í3Ôæ£çÞ;Øîì4ÞðïñëPÞ6È on       ,

closes the small white holes (salt noise) and results in the image shown in Figure 7.4.3.
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[image: ]

 

Figure 7.4.1. SR71 with salt and pepper noise.

 

Figure 7.4.2. The structuring element B.

[image: ]

 

Figure 7.4.3. SR71 with salt and pepper noise removed.

 

Image Algebra Formulation òó=ô'õIöK÷Kø'ù                ú ûSüUýþ!þGþò0ÿ ú     Let             denote a source image and    the von Neumann neighborhood. The image b derived from a using the morphological salt and pepper noise removal ú ú ÿ ú technique is given by
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Comments and Observations

Salt and pepper noise removal can also be accomplished with the appropriate

median filter. In fact, there is a close relationship between the morphological operations of opening and closing (gray level as well as binary) and the median filter. Images that remain unchanged after being median filtered are called median root images. To obtain the median root image of a given input image one simply repeatedly median filters the given image until there is no change. An image that is both opened and closed with respect to the same structuring element is a median root image.

 

7.5.   The Hit-and-Miss Transform

 

The hit-and-miss transform (HMT) is a natural operation to select out pixels that

have certain geometric properties such as corner points, isolated points, boundary points, etc. In addition, the HMT performs template matching, thinning, thickening, and centering.

Since an erosion or a dilation can be interpreted as special cases of the hit-and-miss

transform, the HMT is considered to be the most general image transform in mathematical

 

morphology. This transform is often viewed as the universal morphological transformation  !"#$%'& )(* +,& *+*-

upon which mathematical morphology is based.

Let B = (D, E) be a pair of structuring elements. Then the hit-and-miss transform

of the set A is given by the expression

 

For practical applications it is assumed that The erosion of A by D is obtained  2134657 $/8:9<;$

by simply letting          in which case Equation 7.5.1 becomes

 

) .)*/0& (7.5.1)

Since a dilation can be obtained from an erosion via the duality , it

 

follows that a dilation is also a special case of the HMT. ="> 5@?BAC;ED F5@3-GH; IPW5YXB;TZ\[^]`_Xabcd- >  9 e ]f_Xabcd- > 9& Image Algebra Formulation          IJ>FKLNMPOGQMO        L RTSVU

 

Let            and            . Define             , where           , by = g` =\hijlknm

The image algebra equivalent of the hit-and-miss transform applied to the image using

the structuring element     is given by

 

Alternate Image Algebra Formulation o"prq^sutwvyxz o|{Y}~T"ts"�|}|3

 

Let the neighborhoods                   be defined by q{}N~|t4s"�|}dHm  s`{Y\ o~{YT<{Y~N qF~m

and

 

An alternate formulation image algebra for the hit-and-miss transform is given by
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£¤|¥@¬§¨n© Comments and Observations CNlBNll<l lYG¡H¢ £l¤|¥¦§¨ª©«  µ

CB<±NlnB<±YN²l<l³ NG¡\¢´£¤ ¥¬§¨ª© Davidson proved that the HMT can also be accomplished using a linear convo-µ lution followed by a simple threshold [22]. Let <NlnYll<l®¯YG¡H¢ £¤°¥¦§¨n©

 

to Á ½f¿ ÀÂ¢ÀVÃYN|Ä¢)Å8l<ÆPÇ:È . Define an integer-valued template r from  by  ¶¨YB·¢¹¸\º»¼¾½`¿ ¢À»N  , where the enumeration is such that and  É\Ê¢ÀËÍÌYÎÏÐ¶l"ÑÒuÓPÔ³ÓÕ´¢ Ö»Ø×º»Y¼

Then

 

Figure 7.5.1 shows how the hit-and-miss transform can be used to locate square Ú Û

regions of a certain size. The source image is to the left of the figure. The structuring element             is made up of the       solid square    and the       square border

 

Ûis another image algebra equivalent formulation of the HMT. Ù¢7Ú|³ÛH Ü\Ý"Ü Ú         ÞßÝÞ . In this example, the hit-and-miss transform is designed to “hit” regions that cover

and “miss” . The two smaller square regions satisfy the criteria of the example design.

This is seen in the image to the right of Figure 7.5.1.

The template used for the image algebra formulation of the example HMT is

shown in Figure 7.5.2. In a similar fashion, templates can be designed to locate any of the region configuration seen in the source image.

[image: ]

 

a                           b

[image: ]

 

ë åàFì#í                  á                                                                                                                                                                                    D                                                                                                                                                                                                                        E Figure 7.5.1. Hit-and-miss transform used to locate square regions. Region (corresponding to source image ) is transformed to region (image ) with the à morphological hit-and-miss transform using structuring element â ã äÀåæ7ç|èGéê õ by . In image algebra notation, îðïñ°òóô,õ with as shown in Figure 7.5.2.
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÷0      1 1 1      0 ÷ ÷ ÷ ÷

t =    0      1 1 1      0

 

÷0                  0 ÷ ÷ 0      1 1 1      0 0                  0 0                  0 0 0 0 0 0 0 0 0 0

 

Figure 7.5.2. Template used for the image algebra formulation of

the hit-and-miss transform designed to locate square regions.

 

7.6.   Gray Value Dilations, Erosions, Openings, and Closings

 

Although morphological operations on binary images provide useful analytical

tools for image analysis and classification, they play only a very limited role in the processing and analysis of gray level images. In order to overcome this severe limitation, Sternberg and Serra extended binary morphology in the early 1980s to gray scale images

 

via the notion of an umbra. As in the binary case, dilations and erosions are the basic ú þ  ! $ operations that define the algebra of gray scale morphology. øwùûúýü þ ßù´úü þ                %'& While there have been several extensions of the Boolean dilation to the gray level þ.ÿnø "ø úü ÿ ü

case, Sternberg’s formulae for computing the gray value dilation and erosion are the most

 

straightforward even though the underlying theory introduces the somewhat extraneous ü ü ü #" þ ü ü (*) concept of an umbra. Let          and             be a function. Then the umbra of f, denoted by      , is the set               , defined by

 

Note that the notion of an unbounded set is exhibited in this definition; the value of þ "ù6úýü þ + ú , ÿø-/. , 2 01 0: can approach     .                                                      úü ú úü þ.ÿÆúýü þ ø ù)úü

 

of a function               by a function             , where          , is defined through Hþ #.CH,JI H,0KL,(M0 þ AO,P.Q, þ KN,K SRT,U V.S,P$AB,& the dilation of their umbras                as follows. Let                            and

 

define             . The erosion of f by g is defined as the function           , where þ þ 31 þ W.U, þ 3YXZ[4Q6\^]`_8 XSa 0Ja ,0b; þ Since               , we can dilate       by any other subset of       . This ü 3 "ÿuúü ú 30#547698: aú ÿ þ #.,<;

define a function               by                                               . We now

 

and              .                       DU   AO,

D7E(GF( observation provides the clue for dilation of gray-valued images. In general, the dilation =.>,@?-3 þ AB,C?D Openings and closings of f by g are defined in the same manner as in the binary

case. Specifically, the opening of f by g is defined as while the closing

 

of f by g is defined as                    þ 0aWX(j,Pk0b; DXcd47eYf\g]h_i 8 þ ,k ÿnø k ú ,k05,(#07l0U3ø   k When calculating the new functions             and          , the following

formulas for two-dimensional dilations and erosions are actually being used:

 

for the dilation, and

 

the function f represents the image, while g represents the structuring element, where the (7.6.1)

for the erosion, where               is defined by                           . In practice,
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support of g corresponds to a binary structuring element. That is, one starts by defining a binary structuring element B in about the origin, and then adds gray values to the cells

in B. This defines a real-valued function g whose support is B. Also, the support of g is, in general, much smaller than the array on which f is defined. Thus, in practice, the notion of an umbra need not be introduced at all.

Since there are slight variations in the definitions of dilation and erosion in the

literature, we again remind the reader that we are using formulations that coincide with

 

Minkowski’s addition and subtraction. o=p1qJr                              mn     mn stuYvwZxzy{uY|7}Uvw~+|7}Uv p }*� $Ph#~$ Image Algebra Formulation

 

Let denote the gray scale source image and g the structuring element  |>}=v p[  }#v p[Kt    Kt

whose support is B. Define an extended real-valued template t from     to     by

 

Note that the condition                is equivalent to            , where      denotes the Cx o s Cx oKsZ translation of      by the vector y.

The image algebra equivalents of a gray scale dilation and a gray scale erosion

of a by the structuring element g are now given by

 

and                   stuvwJx y}{u|7}vw~|7}jv p+ � $Ph#~$ Cx5uo sw s respectively. Here

 

The opening of a by g is given by Cxuo sw s

and the closing of a by g is given by

 

  x5¡q¢r£¤ J¥q¢r£¤¦§K¨   }#© Comments and Observations Davidson has shown that a subalgebra of the full image algebra, namely , contains the algebra of gray scale mathe-matical morphology as a special case [22]. It follows that all morphological transformations can be easily expressed in the language of image algebra.

That the algebra is more general than mathematical morphology should come

as no surprise as templates are more general objects than structuring elements. Since

structuring elements correspond to translation invariant templates, morphology lacks the ability to implement translation variant lattice transforms effectively. In order to implement such transforms effectively, morphology needs to be extended to include the notion of translation variant structuring elements. Of course, this extension is already a part of image algebra.
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7.7.   The Rolling Ball Algorithm                                  ª«        ¬« As was made evident in the previous sections, morphological operations and

transforms can be expressed in terms of image algebra by using the operators and  .

Conversely, any image transform that is based on these operators and uses only invariant templates can be considered a morphological transform. Thus, many of the transforms listed in this synopsis such as skeletonizing and thinning, are morphological image transforms. We conclude this chapter by providing an additional morphological transform known as the rolling ball algorithm.

The rolling ball algorithm, also known as the top hat transform, is a geometric

shape filter that corresponds to the residue of an opening of an image [5, 7, 8]. The ball used in this image transformation corresponds to a structuring element (shape) that does

 

not fit into the geometric shape (mold) of interest, but fits well into the background clutter. >®¯° ±³²9´`µ¶ Thus, by removing the object of interest, complementation will provide its location. In order to illustrate the basic concept behind the rolling ball algorithm, let a be

a surface in 3-space. For example, a could be a function whose values a(x) represent some

physical measurement such as reflectivity at points         . Figure 7.7.1 represents a one-dimensional analogue in terms of a two-dimensional slice perpendicular to the -plane.

Now suppose s is a ball of some radius r. Rolling this ball beneath the surface a in such a way that the boundary of the ball, and only the boundary of the ball, always touches a, results in another surface b which is determined by the set of points consisting of all possible locations of the center of the ball as it rolls below a. The tracing of the ball’s

center locations is illustrated in Figure 7.7.2.

 

Figure 7.7.1. The signal a.

 

To realize this equivalence, let               be defined by                       , where ¼¢Î ÏjÁÑÐÓÒÔ

. Obviously, the graph of s corresponds to the upper surface

 

¹ÈÁÉB¿>Ê+¼JË=¸Çh¿Ç/Ì@Ä#Í It may be obvious that the generation of the surface b is equivalent to an erosion. ·U¸J¹»º½¼ ·B¾¿ÀÁÃÂ ÄOÅÆ1Ç<¿ÇÅ (upper hemisphere) of a ball s of radius r with center at the origin of . Using Equation

7.6.1, it is easy to show that          .
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Figure 7.7.2. The surface generated by the center of a rolling ball.

 

and such that every point of b gets hit by the center of s. Then the top point of s traces Õ7ØÖ=× another surface c above b. If a is flat or smooth, with local curvature never less than r, then . However, if a contains crevasses into which s does not fit — that is, locations

ÕGÖ×Next, let s roll in the surface b such that the center of s is always a point of b

 

at which s is not tangent to a or points of a with curvature less than r, etc. — then .  ÕGÖÙY×ÚÛÜ'ÝÞÛ*Ö×Gß#Ûà  Õá=×

Figure 7.7.3 illustrates this situation. It should also be clear by now that c corresponds to a dilation of b by s. Therefore, c is the opening of a by s, namely

 

Hence,       .

 

Figure 7.7.3. The surface generated by the top of a rolling ball. âãäåCæ

In order to remove the background of a — that is, those locations where s fits

well beneath a — one simply subtracts c from a in order to obtain the image

containing only areas of interest (Figure 7.7.4).
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Let denote the digital source image and s a structuring element rep- ç@ëíì  ìîçï1ðòñçó ôõöô<÷$ø

çdèé¢ê Figure 7.7.4. The result of the rolling ball algorithm.

resented by digital hemisphere of some desired radius r about the origin. Note that the support of s is a digital disk S of radius r. The rolling ball algorithm is given by the transformation          which is defined by

 

Image Algebra Formulation çUèCéJê ùú ùú û<üñYýõZîzþôBñYÿ7ïUýõ    ÿ7ïýè ï ø ûø Let denote the source image. Define an extended real-valued template    û  ì  òî1çï=ñYç  õ

s from     to     by

 

The image algebra formulation of the rolling ball algorithm is now given by 

Comments and Observations

 

easy and fast detection of hot spots in IR images. There are many variants of this basic "! # 7î $"!%&!(')')'*!,+

algorithm. Also, in many applications it is advantageous to use different size balls for the erosion and dilation steps, or to use a sequence of balls (i.e., a sequence of transforms

 

çëÃì It should be clear from Figure 7.7.4 that such an algorithm could be used for the

) in order to obtain different regions (different in shape) of

interest. Furthermore, there is nothing to prevent an algorithm developer from using shapes

 

different from disks or balls in the above algorithm. The shape of the structuring element û ñ^ç õ û is determined by a priori information and/or by the objects one seeks.

 

7.8.   Exercises                 .-   õ                                   /            / ñYç 0-/ 1. Prove the six basic laws of the algebra of mathematical morphology (Section 7.2).

2.    a.    Express the algorithm              in terms of a single template   . How is

defined?

b.    Can the algorithm              be expressed in terms of a single template   ?

Explain your answer.
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3.    Let             and            . Define a template              so that           .

 

4. In Chapter 3 (Section 3.2) morphological operations were used to find edge in binary

 

images. Specify a morphology-based edge detector for gray-level images. Compare the CG HG CD HD performance of your edge detector with the performance of the Prewitt and Sobel edge detectors.

5.    Repeat Exercise 4 using the operations of     and     instead of     and    .

 

6. Specify a morphology-based hole filling algorithm that is different from those presented

in Chapter 6.

 

7. Construct several binary images containing various digitized objects of interest such

 

as coins, rectangles, and pencils as well as other objects of no interest such as amorphous 1 IKJ;LMI"J N O*P)P(P,OOQ1 CD N(RCD N(RSP(P)PCD NR blobs, noise, trapezoids, etc. Specify a morphology-based recognition algorithm that will identify all objects of interest and ignore or eliminate all objects of no interest. 8.    Let    be a          binary image containing a single black pixel.

 

a.    Define a template   such that the iteration                              results in a 1

chessboard image (i.e., each white pixel’s horizontal and vertical neighbors are black and vice versa).

b. Specify an iterative morphology-based algorithm such that application to image

results in a herringbone pattern (i.e., alternating zigzag lines of black and white

pixels).

 

9. The medial axis transform (Section 5.3) is a morphological transform based on erosions

and dilations using a ball shaped neighborhood. Implement the medial axis transform using different template shapes such as rectangles, triangles, and line segments. Compare the results for various objects.
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CHAPTER 8

LINEAR IMAGE TRANSFORMS

 

8.1.   Introduction

 

A large class of image processing transformations is linear in nature; an output

image is formed from linear combinations of pixels of an input image. Such transforms include convolutions, correlations, and unitary transforms. Applications of linear transforms in image processing are numerous. Linear transforms have been utilized to enhance images and to extract various features from images. For example, the Fourier transform is used

in highpass and lowpass filtering (Chapter 2) as well as in texture analysis. Another

application is image coding in which bandwidth reduction is achieved by deleting low-magnitude transform coefficients. In this chapter we provide some typical examples of linear transforms and their reformulations in the language of image algebra.

 

8.2.   Fourier Transform

 

The Fourier transform is one of the most useful tools in image processing. It

provides a realization of an image that is a composition of sinusoidal functions over an infinite band of frequencies. This realization facilitates many image processing techniques. Filtering, enhancement, encoding, restoration, texture analysis, feature classification, and pattern recognition are but a few of the many areas of image processing that utilize the Fourier transform.

The Fourier transform is defined over a function space. A function in the domain

 

of the Fourier transform is said to be defined over a spatial domain. The corresponding TVUXWZY\[^]W W`_acbXdVef ]W UXghYi[kjT\UXWhYmlnUghYo[ pqrp WSUstY,urZvwyx{z)|~}sZ element in the range of the Fourier transform is said to be defined over a frequency domain. We will discuss the significance of the frequency domain after the one-dimensional Fourier transform and its inverse have been defined.

The Fourier transform           of the function             is defined by

 

Tre where         . Given , then   can be recovered by using the inverse Fourier transform Z[F  ]W W

 

which is given by the equation WZUshYi[�TreUXTUXWhY*Ym)UmshY[ pqrp ]WZUghYuvw)x{z|"}g  W ]W

The functions    and    are called a Fourier transform pair.

 

Substituting the integral definitions of the Fourier transform and its inverse into WSUstYV[ pqrp  pqrp WZUshYurAvw)xz|~}sKuvw)xz|"}g 

the above equation, the following equality is obtained
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function of    alone. Replacing the integral definition of the Fourier transform of    by Zh   Xh)*) ~S¡ *) ¢¤£¥¦§Zht ¨ª©K¥(©¬« ¬¦"§Zht ) we get

 

is a sum of a real and complex sinusoidal function of frequency . The integral is the    St

Euler’s formula allows        to be expressed as                          . Thus,  ¬t   continuous analog of summing over all frequencies . The Fourier transform evaluated at

 

, , can be viewed as a weight applied to the real and complex sinusoidal functions    

at frequency    in a continuous summation.

Combining all these observations, the original function is seen as a contin-

uous weighted sum of sinusoidal functions. The weight applied to the real and complex sinusoidal functions of frequency   is given by the Fourier transform evaluated at   . This explains the use of the term “frequency” as an adjective for the domain of the Fourier transform of a function.

For image processing, an image can be mapped into its frequency domain rep-

resentation via the Fourier transform. In the frequency domain representation the weights assigned to the sinusoidal components of the image become accessible for manipulation. After the image has been processed in the frequency domain representation, the represen-tation of the enhanced image in the spatial domain can be recovered using the inverse

 

Fourier transform.        ¯®"i±°²\m³n´®yi0µ ¶·¸¤¹Zº¬»*¼¸½µ The discrete equivalent of the one-dimensional continuous Fourier transform pair

is given by

 

and                 ¬»i¿¾²¶mÀ)X»iÂÁ«µ ¶·¼¹Zº¯®"¸¼¯½µZÃ ÄÅÇÆÉÈ ÊÄËÆÉÈ 

 

where         and        . In digital signal processing,    is usually viewed as having  ÄÍÌÍÎXÅ¶,Ï  ÄÌ ÎÅÏ  ÐºÃ¶Ã)Ñ(Ñ)ÑÃµ ¶*Ò9Ó Å  ¬ÃÕV  SmÃÖ)¯×(ØSÙÚ(Û tÖ been obtained from a continuous function             by sampling   at some finite number ¬»\ÔZ¸ of uniformly spaced points                          and setting               . For , the two-dimensional continuous Fourier transform pair is given

by

 

and                  ZÃ*Öo    XÃ*Õ)Ü×Ü("ØhÚ¤Ù)Û~hÕ¡ ÝtÞZßáàMÞµâ Å

 

For discrete functions we have the two-dimensional discrete  ÃÕi±°²\m³n¬ÃÕi µ ¶·¸)¹Zºß ¶·¼¹ZºQ®Ã»~,)¼VãäØ¸ÇåÈÃ

Fourier transform
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with the inverse transform specified by æZçè,éQê~ëiìîí{ïVð ñ(ç(òætë¬óç¬èémê"ëiì ôõZöø÷ðñùú(û ühýð ñùþ"ûZüòæZç¬ÿé~ë                   

Figure 8.2.1 shows the image of a jet and its Fourier transform image. The Fourier

transform image is complex-valued and, therefore, difficult to display. The value at each

 

point in Figure 8.2.1 is actually the magnitude of its corresponding complex pixel value in æSç  é  ë ç ôë the Fourier transform image. Figure 8.2.1 does show a full period of the transform, however the origin of the transform does not appear at the center of the display. A representation of one full period of the transform image with its origin shifted to the center of the display can be achieved by multiplying each point         by           before applying the transform. The jet’s Fourier transform image shown with the origin at the center of the display is

seen in Figure 8.2.2.

[image: ]

 

Figure 8.2.1. The image of a jet (left) and its Fourier transform image (right).

[image: ]

 

Figure 8.2.2. Fourier transform of jet with origin at center of display.

[image: ]
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Image Algebra Formulation                            ! "$#%$&')(+* The discrete Fourier transform of the one-dimensional image is given

by the image algebra expression

 

where             is the template defined by ( -,./0!210! (4365798 #;:=<?>@0A3BDCEF

 

The template is called the one-dimensional Fourier template. It follows directly from  (  (  (0G # (  (JI35798 # 5K(43L57988I #M:>@0A3NBKCE  5H(=I8G # (JI

(the definition of   that         and            , where    denotes the complex conjugate of (JI "

 

defined by . Hence, the equivalent of the discrete inverse  $#POQ 5"$&')(I8F

Fourier transform of    is given by

 

The image algebra equivalent formulation of the two-dimensional discrete Fourier "$#RS&'T(

transform pair is given by

 

and                            $# OQU 5"$&')(I8N* (

 

where the two-dimensional Fourier template   is defined by (WVDX6YZ[5K\]*7J8 #;:<?>@B53_^`baAdc!8*

 

and ef#Pgihkjlg E F

8.3.   Centering the Fourier Transform

 

Centering the Fourier transform is a common operation in image processing.

Centered Fourier transforms are useful for displaying the Fourier spectra as intensity

 

functions, for interpreting Fourier spectra, and for the design of filters. "5md*n68 # "5m & U *n68 # "5md*on & Q8 # "5m & U *n & Q8 U j Q "5mp*n08 # "I=5qrmd*sqrn68 The discrete Fourier transform and its inverse exhibit the periodicity

 

for an         image a. Additionally, since                       , the magnitude of the t"5mp*n08t # t"5qrmp*Nqrn68tF Fourier transform exhibits the symmetry

 

Periodicity and symmetry are the key ingredients for understanding the need "5md*n]8 5u9*u08

for centering the Fourier transform for interpretation purposes. The periodicity property indicates that has period of length m in the u direction and of length n in the v

direction, while the symmetry shows that the magnitude is centered about the origin. This

is shown in Figure 8.2.1 where the origin is located at the upper left hand corner

of the image. Since the discrete Fourier transform has been formulated for values of u in
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the interval             and values v in the interval            , the result of this formulation

 

yields two half periods in these intervals that are back to back. This is illustrated in Figure bx6

8.3.1 (a), which shows a one-dimensional slice along the u-axis of the magnitude function

. Therefore, in order to display one full period in both the u and v directions,

 

it is necessary to shift the origin to the midpoint and add points that shift to the  -d  -;    v~w9xyz|}

outside of the image domain back into the image domain using modular arithmetic. Figures

 

8.2.2 and 8.3.1 illustrate the effect of this centering method. The reason for using modular vw9xz|} v~w9xyz|} w9x ¡ |]xy¢zR|N arithmetic is that, in contrast to Figure 8.3.1 (a), when Fourier transforming ,

where             , there is no information available outside the intervals            and

 

ends glued together. The same gluing procedure needs to be performed in the v direction. ¥ § ¦

. Thus, in order to display the full periodicity centered at the midpoint in the

interval            , the intervals          and                   need to be flipped and their

 

This amounts to doing modular arithmetic. Figure 8.3.2 illustrates this process.

 

a (u,0)

 

-m/2                 0               m/2                m ÷ one period             £ ¤ ¥ a (u,0) ¦

§                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    ( a )

 

÷0              m/2              m

 

¤one period £

 

Figure 8.3.1. Periodicity of the Fourier transform. Figure (a) shows the two half periods, ¨¬b«o¯°® ±©9«¯² one on the interval         and the other on the interval         . Figure (b) ¨ª©9«=¬ ®                         ( b )

shows the full period of the shifted Fourier transform on the interval       .

 

Image Algebra Formulation ³´¶µ·¹¸ º¼»-½ ¬¿¾ ½iÀ ÁÂÃiÄoÂÅ¶ÆdºÈÇÉº

 

Let         , where                and m and n are even integers. Define the ÁsÂÃÄoÂÅLÊËÍÌ»ÏÎÐËSÑÓÒ ¯Ô « ÃÔ ÕÖ¯$×0ØÊ¯Ù«oÃÌÚ ÁsÂÃÄoÂÅLÊÁsÂÃÄoÂÅLÊËÍÌÌÍ»%Ë

centering function                    by

 

Note that the centering function is its own inverse since . Therefore,  ÛÜ  ³´  ÛÜ Æ~»ÝÛ´ßÞ ÁsÂÃÄoÂÅ=Ú  ÛÜ

if                                                   , then     is given by denotes the centered version of
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Figure 8.3.2 illustrates the mapping of points when applying center to an array X.

 

áv ãv

[image: ]

 

center

[image: ]

 

àu                                                            u â             äåæläå Figure 8.3.2. The centering function applied to a          array. The

[image: ]

different shadings indicate the mapping of points under the center function.

[image: ]

 

Comments and Observations           çè éSêìëdí4î¡ïðñ íWò6óò]ï

[image: ]

If X is some arbitrary rectangular subset of , then the centering function needs

[image: ]

to take into account the location of the midpoint of X with respect to the minimum of X, whenever                . In particular, by defining the function

[image: ]

 

é$êôí4î¡ï ñ é¡õ6öíKî¡ï÷Téøê4ëdíî¡ïpùä ú ó

[image: ]

 

the centering function now becomes ûsüëiýüþí4ÿÍï ñ ÿ¡÷lé$êìëdíîSïù é$êìôí4î¡ï4é0ôíúé$êìôí4îSïïù é$êìëdí4î¡ï

[image: ]

 

Note that does not correspond to the midpoint of X, but gives the  é$êìô9íìîSï  î÷ é$êìëdíîSï  ûsüëýüþíé$êìëdíî¡ïï        

[image: ]

This is illustrated by the example shown in Figure 8.3.3. In this example, ,  éøê4ôíìîSï ñ  è ó  è   éøê4ëdíîSï ñ íò9óòï

[image: ]

, and                  . Also, if                , then                   ,

[image: ]

, and . This shows that the general center

[image: ]

éøõJö í4î¡ï ñ íé{÷ä]óë°÷äï éøõJö í4î¡ï ñ íä midpoint of the set               . The actual midpoint of X is given by                  . ]ï 9óä é$êìôí4îSï ñ í éøê4ëdíîSï ñ í ó 0ï 9ó Lï î ñ ç æç function reduces to the previous center function.

[image: ]
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5         X min (X)

18

 

4

[image: ]

 

13

[image: ]

 

Figure 8.3.3. The shift                of a $%'&($) ' *+!,#".-! /1023"  ! #" X

[image: ]

 

array X. The point                   is shown in black. 4-6578&957 :;!=<>0?"@-A!B$C"DCEGF

[image: ]

 

If X is a square array of form , then centering can be accomplished  HJIKMLONQPSRDTEURFCVXW7 - HKCLXNDTEFCV-Y!B$"DTEF0  ! Z\[30]J[C"^-`_7I07Ia  bc

[image: ]

by multiplying the image a by the image b defined by prior to taking

[image: ]

the Fourier transform. This follows from the simple fact expressed by the equation

[image: ]

 

which holds whenever                 . Thus, in this case we can compute   by using bcAd-feg!,h9i:@"j the formulation

[image: ]

 

8.4.   Fast Fourier Transform hlknmgoJp     bh-qhrsut0 In this section we present the image algebra formulation of the Cooley-Tukey

[image: ]

radix-2 fast Fourier transform (FFT) [1, 2]. The image algebra expression for the Fourier

[image: ]

 

transform of           is given in Section 8.2 by t t,v! w1"x- HMy{z}|J~}G�

[image: ]

 

where   is the Fourier template defined by u           M >~G 1{z}|C~CG� Expanding      , we get the following equation for   :

 

compute the Fourier transform using the formulation of Section 8.2. For each ,   ¡8x¢9£  G 1  {z}|C~C  z

In this form it is easy to see that complex adds and multiplications are required to   z

complex multiplications of       by            are required for a total of     complex
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multiplications. For each                  the sum      requires        complex adds for

 

a total of complex adds. The complex arithmetic involved in the computation of  ¾À¿ ª8ÁXÂCÃ·ªGÄ  ª

the terms does not enter into the measure of computational complexity that is

optimized by the fast Fourier algorithm.

The number of complex adds and multiplications can be reduced to

by incorporating the Cooley-Tukey radix-2 fast Fourier algorithm into the image algebra formulation of the Fourier transform. It is assumed for the FFT optimization that is a

power of 2.

The separability of the Fourier transform can be exploited to obtain a similar

computational savings on higher dimensional images. Separability allows the Fourier

transform to be computed over an image as a succession of one-dimensional Fourier transforms along each dimension of the image. Separability will be discussed in more detail later.

 

reader is referred to Cooley, et al. [1, 2, 3]. A detailed exposition on the integration of the Cooley-Tukey algorithm into the image algebra formulation of the FFT can be found in Ritter [4]. The separability of the Fourier transform and the definition of the permutation function used in the image algebra formulation of the FFT will be discussed

 

Å¯ÇÆÈ¯ÊÉ È¯ For the mathematical foundation of the Cooley-Tukey fast Fourier algorithm the

here.

The separability of the Fourier transform is key to the decomposition of the two-

 

dimensional FFT into two successive one-dimensional FFTs. The structure of the image ËÌ¿=Í>ÎÐÏ3Ä@Ñ ¯+°±Ò³´GµÓ°±Ò¼´GµÌ¿§MÎ}ÔÄ}¹°·ÐºC»¿¼@ÕÖg×³>ØÙÄJÚ algebra formulation of the two-dimensional FFT will reflect the utilization of separability. The discrete Fourier transform, as defined in Section 8.2, is given by

 

The double summation can be rewritten as ËÌ¿ ÍÎ}ÏSÄxÑ ¯1°>±Ò³´GµÛÜSÝ¹°·ÐºC»³ØÙÞÓ°>±Ò¼´GµÌ¿,§SÎ}ÔÄ¹°·}ºC»¼ÕÖ;ßà

 

or                             ËÌ¿=Í>Î}ÏSÄxÑ ¯+°±Ò³C´GµËÌ¿=Í>ÎÐÔ1Ä¹°·}ºC»³ØÙÎ ËÌ¿ ÍÎ}ÔÄ@Ñ Ó °>±Ò¼´GµÌ¿§SÎÐÔÄ¹°·}ºC»¼ÕÖÚ

 

where    ¤¡¥áÔq¥áªÇ¬   ËÌ¿=Í>Î}ÔâÄ                                                   Ô Ì ¤u¥ãÍq¥4ä¬¨

 

For each                ,         is the one-dimensional Fourier transform of the   th ËÌ¿ ÍÎ}ÏJÄ@Ñ ¯1°>±Ò³C´GµËÌ¿=Í>Î}ÔâÄ}¹°·}ºC»³ØÙ ËÌ¿=Í>Î}ÔâÄ column of . For each                , is the one-dimensional Fourier transform of the   th row of        . Í From the above it is seen that a two-dimensional Fourier transform can be

computed by a two-stage application of one-dimensional Fourier transforms. First, a one-dimensional Fourier transform is applied to the columns of the image. In the second stage,
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another one-dimensional Fourier transform is applied to the rows of the result of the first stage. The same result is obtained if the one-dimensional Fourier transform is first applied to the rows of the image, then the columns. Computing the two-dimensional Fourier

 

transform in this way has “separated” it into two one-dimensional Fourier transforms. By åçæè3é êë©ìíë#îïíë ð êñBìSíñòîóíñ using separability, any saving in the computational complexity of the one-dimensional FFT can be passed on to higher dimensional Fourier transforms.

 

For        , the permutation                is the function that reverses the bit êë

order of the-bit binary representation of its input, and outputs the decimal representation of the value of the reversed bit order. For example, the table below represents .

The permutation function will be used in the image algebra formulation of the FFT. The

 

algorithm used to compute the permutation function     is presented next. êñ ô ô

Table 8.4.1 The Permutation    and Its Corresponding Binary Evaluations ô õGö+÷ôùø Binary       Reversed binary

0              000                000              0

1              001                100              4

2              010                010              2

3              011                110              6

4              100                001              1

5              101                101              5

6              110                011              3

 

7              111                111              7 }ú =þ û(ü û                                                                                                                                                                                    û¡ÿ$#!&%'(ú) +*,.-10 ü 2 43  ü / û /,5*,6-# 7895:

For        and                   compute       as follows: úçûü3ý þ@ûÿ "! û¡ÿ û¡þ / 
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One-Dimensional FFT   ^_<`I                              a6bc^ed

 

Let            , where            for some positive integer   .   Let a8bc^d&f8bgVhdiD jkkklkkkmS nporqtsu^8v$nxwiyzyU{}|6{e~"VDs and for , define the parameterized template bhsQ^d nporqtsu^8v$ntwyUzy{|6{e~"VDs+`^ [bhs6Q�^edEnporqtsu^8v$ntw~~"|6{e~VDs S nporqtsu^8v$ntw~~"|6{e~VDs+[^ O 8yntwy8Q

JFKMLN)DPORQSQUTTTQWV&XYZUC [\S,] Image Algebra Formulation ;=<?>A@.B CED F8G                          H         I D by

 

where                     .   The following image algebra algorithm computes the b&sQ�^dD?6+pe, ;"LD;r 8¡¢,£8¤NLD¥S ¦£VhXYZC_§£R£.¨

 

Cooley-Tukey radix-2 FFT.      ;LD;© aªFK)«¬ ®¯ §£,£6¨°

 

The function     is the permutation function defined earlier. 8¡       ;±© aªF6K)«¬ ;bsdiD ²³p´,µb¶·¸ ¹tº»9¼½¾»À¿Á½cÂ»&Ã½g¾»)Ä By the definition of the generalized convolution operator, is equal to

 

Notice that from the definition of the template    there are at most 2 values of   in the Á ¾ Á ÅÆÈÇÆÊÉËÍÌ ¼_ÏÐ ÁÑÎ Ò�ÓÕÔÖ ÎÉ Û½É¾&ØÙÉ» support of   for every                  . Thus, only     complex multiplications and ¾&ØÙÚÉ É ¼_ÏÐ ÁeÑÎ Ò�ÓÕÔ×Ö complex adds are required to evaluate             . Since the convolution              is contained within a loop that consists of        iterations, there are             complex adds and multiplications in the image algebra formulation of the FFT.

 

One-Dimensional Inverse FFT ¼Ü ÑÔÝÀÞ½ß¼à»Öà ß¼âá\ãäå ¼"æÜPç¼à è éÝ ê,ë8ì"íæÜÌ îë¾hØÙÚÉ_ïëRë.ð The inverse Fourier transform can be computed in terms of the Fourier transform

by simple conjugation. That is, . The following algorithm computes the

inverse FFT of          using the forward FFT and conjugation.

 

ñòó ïë,ë6ð¼"æÜôÌÉ¼õàÄ ¼æÜ¼ÏÐ ÁÑÎÒ�Ó)ÔÖ
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Two-Dimensional FFT

 

In our earlier discussion of the separability of the Fourier transform, we noted ö ÷øù ö±úûü8ýcþeÿ øù üýtþeÿ ù

that the two-dimensional DFT can be computed in two steps by successive applications of the one-dimensional DFT; first along each row followed by a one-dimensional DFT along

 

each column. Thus, to obtain a fast Fourier transform for two-dimensional images, we need ! " $###% '&)(*+$-,."/ þ 10 ü8ýcþÿ

to apply the image algebra formulation of the one-dimensional FFT in simple succession. However, in order to perform the operations       and          specified by the algorithm,

 

it becomes necessary to extend the function     and the template      to two-dimensional 2436587 þ ü8ýcþÿ ÿ þÿ þ ú þ ý ý ÿ ý ÿ arrays. For this purpose, suppose that                , where          and         , and ý ÿ ý ÿ PGRQ2SUTS$VXWYV[Z A@ 'B ý þ ý ÿ L :\ ] þÿ ý ÿ ×ý L G^H_JML[N PG<Q`S$TS$VaWYV[Z A@ 'B :9<;!=>$? L '\ A@ 'B PG<Q`bKZcZdWV[Z A@ %B þ ý ÿ ý þ ÿ assume without loss of generality that         . Let                                   and for        define the parameterized

 

row template                  by CDDDEDDDF" GIHKJMLON , ] L G^H_JML[N                           L %\ " G^H_JML[N PG<Q`bKZcZdWV[Z A@ %B Le,     '\ bf'gOSih:jkG<Q:S! ý þÿ þ üýtþeÿ

 

where                    . Note that for each       ,      is a row template which is ] L lmon$pRq^rts[uwv!xwyx ø 10 

 

essentially identical to the template used in the one-dimensional case. ze!{3| ý ý ÿ ÿ ýø

 

The permutation   is extended to a function             in a similar fashion by z 3} ~! z :  ÿ   w ü

restricting its actions to the rows of    . In particular, define

 

With the definitions of   and   completed, we are now in a position to specify the two-z z ü ö 0 587 ö

 

dimensional radix-2 FFT in terms of image algebra notation. ör÷ K�Y "k� &)(*+�!� ö X kz ö dö±úûü Om: ö          U! �!�Y X ö [ ÷ kz   ù K� "k� &)(*+a�!�Y If    ,      and    are specified as above and          , then the following algorithm

computes the two-dimensional fast Fourier transform of   .

 

using the forward FFT and conjugation. Let Two-Dimensional Inverse FFT ö          UO �!�Y ödö±úûü[m: X ö O 8 As in the one-dimensional case, the two-dimensional inverse FFT is also computed . The inverse FFT is given by the
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Alternate Image Algebra Formulation ¶·

The formulation of the fast Fourier transform above assumes that the image-

 

template operation is only applied over the support of the template. If this is not the  ¶·  ¸¹%º»¹ O¼¾½¿¼

case, the “fast” formulation using templates will result in much poorer performance than the formulation of Section 8.2. The alternate image algebra formulation for the fast transform uses spatial transforms rather than templates. The alternate formulation is more appropriate if the implementation of does not restrict its operations to the template’s support.

 

For the alternate formulation, let the variables of the two-dimensional FFT above ¸¹ÁÀAÂº%ÃÄÆÅÈÇÂÉ¶ËÊ¹MÌÍº%ÃÎ6Ï^ÐdÑÓÒÔ'Õ^ÖO×UØ ÏÚÙ2Û$ÜÛ$Ý ÀAÂº%ÃÄ Þß:àOÛá:âkÏ<Ù:Û »¹wÀwÂº'ÃÄÆÅ ÇÂeã Ê¹MÌÍº%ÃÎ ÏRÐ Ñ ÒÔÕRÖ!×Ø Ï<ÙäÞOåOå ÀwÂº'ÃÄ Þß:àcÛ$á:âkÏ<Ù:Ûµ

remain as defined. Define the functions                  as follows:

 

The images          used in the alternate formulation are defined as æ ¹èçêé8ë ìdíÁîAïð:ñ!òäó ôöõd÷ïð'øíúùû'ü ý^þdÿ ý ý

 

The alternate formulation for the fast Fourier transform using spatial transforms õ ÷ïð'øíMùûü ý^þ ÿ "!#$%'&)(

 

is given by                  ó    ó +*-,% .0/13254%%6 7 ó8 1 í:9 êìeí<; Yî= "> ?@A4%B%C6                    íwò ?@A4%B%C6I óEDB"!GF$%'&)( ó +*-,% .0/13H4%%C6 7 ó 8 1 í 9 êì í ; Yî = "> íò

 

above is used for notational simplicity, not computational efficiency. The use of transposes Note that the use of the transpose óD    D before and after the second 4%%C6 in the code can be eliminated by using analogues of the functions > . í , that are functions of the column coordinate of 1 í , and ìeí J in the second 4%%C6
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Comments and Observations

 

The discussion presented here concerns a general algebraic optimization of the KL KL MONQPSRTUTVVVWTGXZY[U]\ KL KL_^`Mba cj^`XegfhiXa cd^begf]h]iXa

Fourier transform. Many important issues arise when optimizing the formulation for specific implementations and architectures [4].

The permutation function is not needed in the formulation of the Fourier trans-

form of Section 8.2. The computation of the permutation function does add to the

 

integer operations. Thus, the evaluation of     will require a total of              integer computational cost of the FFT. For each                      ,       requires operations. The amount of integer arithmetic involved in computing is of the same order

of magnitude as the amount of floating point arithmetic for the FFT. Hence the overhead

 

associated with bit reversal is nontrivial in the computation of the FFT, often accounting klNnmpo3q r^=k:a srp^=k:aut=^bv:axwzy|{}^bv:aXL~]k^`�a{}f]^y�+UavyX v7wRTUTV3VVTGXZY[UT for 10% to 30% of the total computation time.

8.5.   Discrete Cosine Transform

 

Let         . The one-dimensional discrete cosine transform       is defined by

 

where                 }^bv:axw ivw+R U vwUTyTV3VV3TGXdYU r~^=k:a r~^=k:au3^�aw LE~}^bv:a{k^`va{3}f]^y�U3av:yX The inverse one-dimensional discrete cosine transform          is given by

 

The cosine transform provide the means of expressing an image as a weighted sum of C^`�awU R�7QU Y U U �7 y klNnmpoqC¡oq

cosine functions. The weights in the sum are given by the cosine transform. Figure 8.5.1 illustrates this by showing how the square wave

 

is approximated using the first five terms of the discrete cosine function. sr^=k:a`t=^v¢T£aw¤y|{3}^`va{3}^b£aXLE~SLE~¥k^�¢T¦a{3}f]¢^y� §U3av:yX{}f]^y¦¨Ua£'yX For the two-dimensional cosine transform and its inverse are given by

 

and r~¢^=k:a^`�¢TG¦aw©yXLE~LE~ª3}^bv:a{}^`£'a{k^bvTG£a{}f]¢^y�|«UavyX{}f]¢^y¦¨§U3a£'yXT respectively.

Figure 8.5.2 shows the image of a jet and the image which represents the pixel

magnitude of its cosine transform image.
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1

Square wave                         1            2

0
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the first five terms of the discrete cosine transform.

 

Image Algebra Formulation

The template used for the two-dimensional cosine transform is specified by

 

The image algebra formulations of the two-dimensional transform and its inverse are Æ²=Ç:¶xÈÉ· ¿Ã²`ÇÊÀË¬3¶ ÆÌ¢Í²ÎÇ:¶ÈÉ· ¿Ã²=ÇlÀË¬3Ïg¶´ ¬]®'¯°3±²`³¢´µ¶·¸S²u¹¶º¸²»¶xº¸¼]½¾²¿³|À+Á3¶¹Â¿'ÃÄ º3¸¼]½¢¾²b¿µ À«Á¶G»'Â¿ÃÄ)Å Figure 8.5.1. Approximation of a square wave using ¬

and

 

respectively.
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[image: ]

 

Figure 8.5.2. Jet image (left) and its cosine transform image. ÐÑÒ`ÓÔÕÖSÒu×ÔØÖÙ]ÚÛÒÜÓ|Ý+Þ3Ô×:ßÜàá â

[image: ]

The one-dimensional transforms are formulated similarly. The template used for

 

the one-dimensional case is         ãÒ=ä:ÔåÉÕ ÜàÒ=älÝæÐSÔ ã¢çèÒ=äÔåÉÕÒÎäéÝæÐêgÔë The image algebra formulations of the one-dimensional discrete cosine transform and its inverse are

 

and älìîí<ïSðëàÊÕ+Üñ  ò

respectively.

 

In [5], a method for computing the one-dimensional cosine transform using the òÒóÔÕä¢Ò`ÜôóôÔõ]ö:÷ òÒWødùÞúùûó:Ô<Õ§äÒbÜó ÝÞ3Ô óÕ«üEë3Þ'ëGý3ýýëøÜ ù[Þâ Ó Ý§Þ3Ô×ßÜàá

fast Fourier transform is introduced. The method requires only a simple rearrangement of the input data into the FFT. The even and odd terms of the original image are rearranged to form a new image    according to the formula

 

Using the new arrangement of terms the cosine transform can be written as þãÒ=äÔbÿÎÒ`×ÔÕ Ü'ÖÒ`×Ôàþðç¢è òÒ`ÓÔØ3ÖÙ]Ú¢ÛÒ ÓêÝ Ý ðç¢è Ô×:ßÜàáÿâ ÓÕ«àjù[Þxù Óê            òÒ`àZù[ÞúùÓEêÔØÖÙ]ÚÛÒ

 

Substituting into the second sum and using the sum of two angles formula  þãÒÎä:ÔÎÿbÒb×:ÔÕ ÜÖÒb×:Ôà  çè   ÓÝ+ÞÔ×ßÜàá â   òÒbÓ:ÔØÖÙ]Ú¢ÛÒ

for cosine functions yields
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220                            CHAPTER 8.   LINEAR IMAGE TRANSFORMS !#"%$&'()+*,+.-0/21435176 8:9<;>=!-51'6=>879?;!A@ -7/21CB1D6879?;>=!-.E !F"G$&'()3*,H-0106'=>879?;!@I The above can be rewritten in terms of the complex exponential function as

 

where      denotes the inverse Fourier transform. -7/21351D6879?;J=!-KFL"%$*M7+@.N L"%$

 

Let                    . Since   is real-valued we have that                    . O P16879Q;>=!-RL"G$* O TS +.PUOGV+ * W+C -+-5/21O+X Y:Z[ W\\\ TS +. -7]#^_O` acbNEN0d7d5d>N fe

 

Consequently,                           != W\\\X g bNEN7d5d`d5N hS E Therefore, it is only necessary to compute terms of the inverse Fourier transform in order

 

to calculate             for                        .-DX-01D6879?;J=!e i j

The inverse cosine transform can be obtained from the real part of the inverse

Fourier transform of

 

Let the images    and    be defined by iH X j+k16879?;J=!N lkbNEN5d`d5dDN TS Ee

 

The even indexed terms are calculated using K"%$M,F.P/m1Hn!F"%$&6()3+-0-7106879?;>=!@-7106'=>879Q;!po P/m1rqKL"%$i-0l-jM,+s ,lkbNEN5d7d7dXN S Ee

 

The odd indexed terms are given by K"%$M,ut E.c/21.n!r"%$&6()3+-0-716879?;>=!A@-516'=J879?;!o c/21qKL"G$i->a-jM lS ES ,s ,lkbNEN5d7dXd7N S Ee

With the information above it is easy to adapt the formulations of the one-

dimension fast Fourier transforms (Section 8.4) for the implementation of fast one-dimensional cosine transforms. The cosine transform and its inverse are separable.

Therefore, fast two-dimensional transforms implementations are possible by taking one-dimensional transforms along the rows of the image, followed by one-dimensional trans-forms along the columns [5, 6, 7].
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8.6.   Walsh Transform

 

The Walsh transform was first defined in 1923 by Walsh [8], although in 1893

Hadamard [9] had achieved a similar result by the application of certain orthogonal matrices,

 

generally called Hadamard matrices, which contain only the entries +1 and –1. v_wyx.z { |~}P v�\�}|h#G v�GX�`?5>F\#<W> u  ¢¡ |£ In 1931 Paley provided an entirely different definition of the Walsh transform,

which is the one used most frequently by mathematicians [10] and is the one used in this discussion.

The one-dimensional Walsh transform of         , where        , is given by

 

The term      denotes the th bit in the binary expansion of   . For example, ¤\¥¦� ¦ § ¤7¨�} ¤5¨�H}F¤0©7¨�.} F¤>ª5¨�C} F.«:¬¤>®5¨�.} £

 

The inverse of the Walsh transform is ¯ %v�`°�C}FGv�%X5±`²`³<´Wµ¶?²·>¸#¹\¸A³?´Wº¶`»

 

The set of functions created from the product ¼ºF½¾±.¿PÀ7ÁGÂÃÄ?ÅÆ½XÇÉÈ±²³´Wµ¶?²·>¸#¹\¸#³´Wº¶     ¼º+½¾±

 

form the basis of the Walsh transform and for each pair       ,        represents the ½¾%ÊXË± ½¾GÊJË± Ì½X¾±¿ÎÍÁ%ÂÏºÅÆGÐRÑ½Ì±Ò½Ë±Ó¼º½¾±Ê Walsh transform as

entry of the Hadamard matrix mentioned above. Rewriting the expression for the inverse

 

it is seen that    is a weighted sum of the basis functions       . The weights in the sum Ì ¼º+½¾± Ô ¿ÎÕ

are given by the Walsh transform. Figure 8.6.1 shows the Walsh basis functions for and how an image is written as a weighted sum of the basis functions.
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Figure 8.6.1. The Walsh basis for        .             Þpßuàá7à7â7ã ä å

Thus, the Walsh transform and the Fourier transform are similar in that they both

provide the coefficients for the representation of an image as a weighted sum of basis

 

functions. The basis functions for the Fourier transform are sinusoidal functions of varying å æ_çéèã äêrãä ëìíæî\ïíåGáJðpî.Û àÚhñ#òGóôõ ö÷ñrò%óôøö÷æíXùá`úAîrûòGóüýö÷íßuà5î`þÿ frequencies. The basis functions for the Walsh transform are the elements of defined above. The rate of transition from negative to positive value in the Walsh basis function is analogous to the frequency of the Fourier basis function. The frequencies of the basis functions for the Fourier transform increase as increases. However, the rate at  õ   ø    ÿ  ÿ   ÿ

which Walsh basis functions change signs is not an increasing function of   .

For            , the forward and reverse Walsh transforms are given by

 

and                                              õ             ø ì ò%óíæî íùáJúpîÛ àÚñFòGóô ÿ ÿ ÿ         á ö÷ñFòGóô ö÷æíå%á>ðîûò%óüýö÷íßuà5îþRÿ æ

 

respectively. Here again, can be represented as a weighted sum of the basis functions    íùáJúpîCÛ ûò%óüýö÷íßà7îþRÿ   õ   ø   ÿ  ÿ  ÿ  íùá>úî

with coefficients given by the Walsh transform. Figure 8.6.2 shows the two-dimensional ÚhÛcÝ à ßuà pixel values of   are white and pixel values of     are black. Walsh basis for       . The function             is represented by the image      in which
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g             g             g             g 30 31 32 33 !#"%$ Figure 8.6.2. Two-dimensional Walsh basis for       .
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Figure 8.6.3 shows the magnitude image (right) of the two-dimensional Walsh
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transform of the image of a jet (left).

[image: ]

 

Figure 8.6.3. Jet image and the magnitude image of its Walsh transform image.
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Image Algebra Formulation                                 & The image algebra formulation of the fast Walsh transform is identical to that of the fast Fourier formulation (Section 8.4), with the exception that the template used for

[image: ]
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The Walsh transform shares the important property of separability with the Fourier

transform. Thus, the two-dimensional Walsh transform can also be computed by taking the one-dimensional Walsh transforms along each row of the image, followed by another one-

 

dimensional Walsh transform along the columns. ]j kCl

Alternate Image Algebra Formulations

 

the spatial transform approach will be much more efficient. The only change that needs to

 

be made to the alternate fast Fourier transform of Section 8.2 is in the definition of the rtsuWvKwOxzy|{~} �TMUT b h: images. For the spatial transform implementation of the fast Walsh transform, the images k lbmon_ ?6?Mp4q If the convolution does not restrict its operations to the template’s support,

are defined as

 

the p-product. Zhu’s method also eliminates the reordering process required in most fast ©oª«F¬®°¯ ±²´³µ·¶h¸¹®ºRªµ º¸¹ºMªO»4»M»Tªµ½¼¾¸¹º«F¿Z¬.¬¬À¿Á Å ¯ ±Á7ÆMÆ4ÆFÁTÇ µbÂ ¯Ãª±Á±Á±ÁÄ ±¬

versions of the Walsh transform. Specifically, given a one-dimensional signal ,

 

£¥¤§¦H¨ In [11, 12], Zhu provides a fast version of the Walsh transform in terms of  ¡¢

where        , the Walsh transform of a is given by

 

where                  for             . ¶È «§ÉÃÊÌËÍKÎÏËÐ ² ¯ÒÑ¼      Ó ¯ÔÑÕ Note that the 2-product formulation of the Walsh transform involves only the val-

 

ues +1 and –1. Therefore, there is no multiplication involved except for final multiplication Ö °¯Ò×È ³µQ¶h¸¹ºMªµ º¸¹#ºª»4»M»Tªµb¼^¸¹#ºO«Ï¿0¬¬.¬UÀ ©oª«,¬®°¯ ±²Ó×VØ³µ¶¸¹ ºªµº¸¹ ºªW»M»M»TªµÕ¸¹ ºÖ¿¬¬.¬UÀ by the quantity    .

For              , where           and         , the two-dimensional Walsh

transform of a is given by

 

where                , with         , is defined by ÙKÚ Û[ÜbÝÞÛKßÎÚ à ¯§á^»Hâ ãÚè¶ ãÚMèº »4»M»ÃãºÚ ÙÚªUã¶ÁãºÁÆ4ÆMÆÁãÜ¬[¯åäææç ã¶ ãº »4»M»ÞãÚ ãHéßê¶UëÚMè¶ ãéßê¶ëÚ4èº »4»M»ÃãßÚ ìííîðï

 

Thus, the function ÙÈ                               .. ³µ ¶¸¹ ºªµ º ¸¹ ºª»4»M»Ïªµ ¼ ¸¹ º«¿¬.¬.¬UÀ .. .. . . . .. . converts the vector   back into matrix form. Additional p-product formulations for signals whose lengths are not powers of two can be found in [11, 12].
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8.7.   The Haar Wavelet Transform ñKò)óôVõ

The simplest example of a family of functions yielding a multiresolution analysis

of the space of all square-integrable functions on the real line is given by the Haar

family of functions. These functions are well localized in space and are therefore appropriate for spatial domain analysis of signals and images. Furthermore, the Haar functions constitute an orthogonal basis. Hence, the discrete Haar transform benefits from the properties of orthogonal transformations. For example, these transformations preserve inner products when interpreted as linear operators from one space to another. The inverse of an orthogonal transformation is also particularly easy to implement, since it is simply the transpose of the direct transformation. Andrews [13] points out that orthogonal transformations are entropy preserving in an information theoretic sense. A particularly attractive feature of the Haar wavelet transform is its computational complexity, which is linear with respect to the length of the input signal. Moreover, this transform, as well as other wavelet representations of images (see Mallat [14]), discriminates oriented edges at different scales.

The appropriate theoretical background for signal and image analysis in the

context of a multiresolution analysis is given by Mallat [14], where multiresolution wavelet representations are obtained by way of pyramidal algorithms. Daubechies provides a more general treatment of orthonormal wavelet bases and multiresolution analysis [15], where

 

the Haar multiresolution analysis is presented. The Haar function, defined below, is the öF÷UøTù:úoûbü ý½þ ø·ÿ ü ý simplest example of an orthogonal wavelet. It may be viewed as the first of the family of compactly supported wavelets discovered by Daubechies.

The discrete Haar wavelet transform is a separable linear transform that is based

 

on the scaling function        ÷ø,ù:ú        ü ý^þ ø ÿ ü 

 

and the dyadic dilations and integer translations of the Haar function ò ò þ ø ÿ ü ÷  ù   

ý                                                                                                                                                                                                                                                                                                            otherwise,

 

A matrix formulation of the Haar transform using orthogonal matrices follows. ù ú ÷ ù  !"#$ &% (' *) )+,-# .!/'102)34-#5 3: ; 7

 

A convenient factorization of these matrices leads to a pyramidal algorithm, which makes ÷ ô ÷UøFù ÷ ø ù 87(9 6 =< @ 7 Xú                         otherwise.

 

Let                  , and           be a real-valued, one-dimensional signal. øTù ÷ø,ù ÷UøFù $7 729 C 75 .729 A0>4?B <

Associate with   the column vector                   , where                     . To for ÷ø,ù < öÏ÷UøFù ÿ ý¾þ üõ determine an orthonormal basis               for the vector space     , define

 

for the range of integer indices         and              . For fixed    and , the function ñKò)óý ñKòHóôVõ ) ) is a translation by   of the function         , which is a dilation of the Haar wavelet

729 use of the generalized matrix product of order two. The algorithm has complexity .  ô  ý þ  ÿ  ÷UøFù  ÷  7  <  <  > =?  >

function      . Furthermore,        is supported on an interval of length     . The infinite

 

integrable functions on the unit interval. This basis can be extended to a basis for .  D 7FE <

constitute an orthogonal basis, known as the Haar basis, for the space of square- 7ú

family of functions together with the scaling function

 

The Haar basis was first described in 1910 [16].

To obtain a discrete version of the Haar basis, note that any positive integer

can be written uniquely as
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where        and           . Using this fact, define Ta`*VbW8Y+Zdc RS]fe"gS2hiW]+jCk R(lSmn!oXpqgS2hsrRmnWt wk RS1x O wk [uRu y"y"yu]Fz [ T`           WH4^_vu RlS(mn oXpq {T`{qk [ for all

 

and                                                    w|H}^-_ ~VY wk [uRu!y"y*y"u]z [               T1U T` gS2hV;-Y

 

is a normalized, discrete version of the scaling function . Similarly, the vectors  T`T�k L  w|k W(  _kT`w3H4^-_  6  ]  ] k Rn

for all (8.7.1)

 

where          for                  . The factor         in Equation 8.7.1 normalizes the Euclidean vector norm of the    . Hence,            for all         . The vector

 

for                       are normalized, discrete versions of the wavelet functions        . Furthermore, these vectors are mutually orthogonal, i.e., the dot product

 

Therefore,                     is an orthonormal basis for the vector space      of one- _ _ _ __ k _Q_ k_ _  ma_k _ k Rma*pq ],] _

T3`H4_ dimensional signals of length   .

Now define the Haar matrices     for         ,    a positive integer, by letting

 

_whenever

 

be the ith row vector of     . The orthonormality of the row vectors of     implies RlS(mn!obpqk Rmln2mSobpqk n2mS ] k Ru&u  qk i zju

that       is an orthogonal matrix, i.e.,                           , where     is the  identity matrix. Hence,     is invertible with inverse             . Setting            , the normalization factor may be written as

 

The Haar matrices for           and   in terms of powers of   are q q zq zq  k¢¡£¤q q q q  z L L L L  z ¥¦§u    ¥¦¦¦¦¦¦¦¦¦ ©¨k ¡£££££££££¤ The signal    L L L L  z L L §  may be written as a linear combination of the basis vectors L L L L L L  z T` « «k _mv¬`XU+®`XT3`u and                 (ª ª (ª ª ª ª ª ª (ª ª (ª ª z(ª zª zª zª q q zq zq L L L L L L L L q q zq zq  z L L L L L L L L  z L L L L

 

where the    (for all         ) are unknown coefficients to be determined. Equation 8.7.2 w|H¯^-_ ®` «k°T6UuT²±u"y!y"yuT_ma´³¶µ k _µu :

(8.7.2)

 

may be written as

 

(8.7.3)
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and solving for   , one obtains

 

Equation 8.7.4 defines the Haar transform ÍdÀÏÎ(Ð (8.7.4)  HaarTransform1D  for one-dimensional sig- nals of length  , i.e.,  ÑsÒÒ2ÓÔÓÕÒÖ×ØsÙÓ2ÚvÛÝÜ½ËvÞÍ-¿1ßÇÆËvÌ  ·  Furthermore, an image may be reconstructed from the vector  àÖsáâ2Ó-×â!ÑsÒÒÓ(ÔÓsÒ2Ö×2ØsÙÓ(ÚvÛÝÜ½;·ãÞÍ¿3ß ÇÊÆ·sÌ  where        is the vector of unknown coefficients, i.e.,           for each        . Using ·½¾¿²ÀÂÁÃ ¾a¸ÅÄ-Æ · · À ÇÆËaÌ

of Haar coefficients using

Equation 8.7.3. Hence, define the inverse Haar transform InverseHaarTransform1D

 

Ë                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              To define the Haar transform for two-dimensional images, let with matrix of coefficients given by      äåÀÂÎÐ for one-dimensional signals by                              ÍÀÂÎæ çèÞ*é²¸¯Äê Ë4¸¯º»ë1ìã»2¼ äÏíÅÍ ·ÀïîÁÃñð"ò

 

yields an õÃñðöÀ÷Ëè½;¾øÞù(¿           ½;¾øÞ&ù8¿©¸CÄô íÅÄ-Æ ÑÕÒÒÓÔÓÕÒ8Ö×2ØsÙ(ÓÝÚú8Ü½´ËvÞä4ÞÍ¿1ßÇôîõÃðòÇÊÆÌ äÏíÅÍ , and let be a two-dimensional image. The Haar transform of

·óÀ ÇôîñõÃñðòÇÊÆÞ and ,

(8.7.5)

 

where             for all                 . Equation 8.7.5 defines the Haar transform

 

HaarTransform2D of a two-dimensional       image: Ë äïí4Í     · àÖsá-â2Ó×â2ÑsÒÒ ÓÔÓsÒ2Ö×2ØsÙÓ(Úú8Ü½;·ãÞäNÞÍ¿3ß ÇÊôîñÁÃñðòÇÆÞ The image   can be recovered from the        matrix   of Haar coefficients by

the inverse Haar transform, , for two-dimensional images:  InverseHaarTransform2D

 

i.e.,                                               ËÀ ÇÊôîÁÃðòÇÆÌ

 

Equation 8.7.6 is equivalent to the linear expansion sðsÞ ô ÿÃ¸ ¾F¸}Äô ð¸ Æ ù4¸}ÄÆ                       ÿÃ      ð ËöÀ ôÈvÉûÃ¶üýÆÈvÉûð!üýÁÃñðAþ ÿ3Ã (8.7.6)

 

where          for all         and          for all        . The outer product     ÁÃñð Ë

may be interpreted as the image of a two-dimensional, discrete Haar wavelet. The sum over all combinations of the outer products, appropriately weighted by the coefficients ,

reconstructs the original image   .
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The image algebra formulation of the Haar transform is based on a convenient

factorization of the Haar matrices [13]. To factor      for            and , let

 

and                         # # # # # # !"  # # # #    # # # #  $&%'( *) !!!!!!!!!"    # #   # # # # # # # #   # # # # # # # #    # # # # # # # #   # # # # $%%%%%%%%% # # # #   # #

 

The Haar matrices          and     may be factored as follows: - # # # # # #  ',+ )

 

and                             /.0.12  )   ..1 )  .  33 . !!!!!!!"     .0 1 3 4   $%%%%%%% 3

 

multiplication by are required to obtain the Haar wavelet transforms (direct and inverse) of  65  7  :9@  A<?>  . 9; >

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          . 3 13 '   ..1 )+

 

:9;  =<?> From this factorization, it is clear that only pairwise sums and pairwise differences with 8 an image. Furthermore, the one-dimensional Haar transform of a signal of length may be

computed in stages. The number of stages corresponds to the number of factors for the

 

Haar matrix     . Computation of the Haar transform of a signal of length    requires BDCFE@G LAM9N:>OK HIJ9:>;K multiplications and            sums or differences.   Hence, the computational

complexity of the Haar transform is . Further remarks concerning the complexity

of the Haar transform can be found in Andrews [13] and Strang [17].

The image algebra formulation of the Haar wavelet transform may be expressed

in terms of the normalization constant            , the Haar scaling vector            , and the Haar wavelet vector              , as described below.
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One-Dimensional Haar Transform

 

Let           , with          ,          .   The following pyramidal algorithm

 

implements P                  z|{dYPnoih~}dYo*^:o:o� :dY zv& zdY zvF|2 where   is treated as a row vector.

 

Example: Let                  . The Haar transform k::o:oc0dYJz]|]|]F��F; P(YMt@{w-w?�&w-:2y cY z  

 

of    is computed in three stages, as shown in Figure 8.7.1. ¨ § P                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          Y ;¡ {w&¢ {w&¢{w-¢w-¢{w-¢w-¢w&¢ 
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Figure 8.7.1. Pyramidal algorithm data flow.

 

Note that the first entry of the resulting vector is a scaled global sum, since «¬¯®B°¬²± ³´
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Let         and       , with          , and let              be a two-dimensional

image. The following algorithm implements

 

The one-dimensional Haar transform of each row of is computed first as an intermediate  Å  Ý  Ý  Ì ¶ßÞ*àÙ-áãâiäåæÚÞèçéÛ  ê|ëÍ¶ÅÔÕiÐ~ìÍ¶íîÕ*¿ï:Õ:Õð

image . The second loop of the algorithm computes the Haar transform of each column of   . This procedure is equivalent to the computation                   .

 

ñäÍ¶ êävòóôõö&÷ êäÍ¶ êävòFó|ôõ ö2ø

 

êëÍ¶ÝÔÕiÐ0ÿÍ¶í|îÕ½~ï:Õ:Õð ñåÍ¶ ÷çôõ çöêåWòó ùÒ:úï:Õ:ÕðÝÍ¶Jûê¼üñ¼iüñ¼òFóüý?ý�ýuüñó@þ

 

Example: Consider the gray scale rendition of an input image of a ùÒú~ï:Õ:Õð êå Í¶ øçôõ çöêåWòó ñ¹òó Ì0Í¶ ê¹ ñ¹ Ü ñó .. .                             6· as shown in Figure 8.7.2 . In the gray scale images shown here, black corresponds to the i· letter “A” lowest value in the image and white corresponds to the highest value. For the original image, black = 0 and white = 255.
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Figure 8.7.2. Input image.

 

The row-by-row Haar transform of the original image is shown in Figure 8.7.3,

and the column-by-column Haar transform of the original image is shown in Figure 8.7.4.

[image: ]

 

Figure 8.7.3. Row-by-row Haar transform of the input image.

[image: ]

 

Figure 8.7.4. Column-by-column Haar transform of the input image.  ! "#%$& #'(&*),+(-

Computing the column-by-column Haar transform of the image in Figure 8.7.3,

or computing the row-by-row Haar transform of the image in Figure 8.7.4, yields the Haar

 

transform of the original image. The result is shown in Figure 8.7.5. Interpretation of Figure !.-!./+ 8.7.5 is facilitated by recognizing that the matrix of coefficients is partitioned into

a multiresolution grid consisting of                    subregions, as shown in Figure 8.7.6. Each subregion corresponds to a particular resolution or scale along the x- and y-axes. For example, the labeled subregion      contains a                   version of the original image at a scale of      along the x-axis and a scale of      along the y-axis.
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Figure 8.7.5. Gray scale Haar transform of the input image.

 

2

 

1                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          0δ2,3

 

Figure 8.7.6. Haar transform multiresolution grid.

 

The large value in the upper left-hand pixel in Figure 8.7.5 corresponds to a scaled

global sum. By eliminating the top row and the left column of pixels, the remaining pixels

are rendered more clearly. The result is shown in Figure 8.7.7. The bright white pixel in the top row results from a dominant feature of the original image, namely, the right-hand diagonal of the letter “A.” The Haar wavelet transform is therefore sensitive to the presence and orientation of edges at different scales in the image.
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Figure 8.7.7. Gray scale Haar transform without top row and left column. 354/6798 :<;=>@?BA@C5D EFG;IH:JKEG; A'LM@N'OQPROMSRTUO

8.8.   Daubechies Wavelet Transforms

 

The Daubechies family of orthonormal wavelet bases for the space of

 

square-integrable functions generalize the Haar wavelet basis. Each member of this family :V?A@C W?AXC

consists of the dyadic dilations and integer translations

 

of a compactly supported wavelet function . The wavelet function in turn is derived

from a scaling function , which also has compact support. The scaling and wavelet

functions have good localization in both the spatial and frequency domains [15, 18]. Daubechies was the first to describe compactly supported orthonormal wavelet bases [18].

The orthonormal wavelet bases were developed by Daubechies within the frame-

work of a multiresolution analysis. Mallat [14] has exploited the features of multiresolution analysis to develop pyramidal decomposition and reconstruction algorithms for images. The image algebra algorithms presented here are based on these pyramidal schemes and build upon the work by Zhu and Ritter [12], in which the Daubechies wavelet transform and its

 

(direct and inverse) described by Zhu and Ritter correspond to a single stage of the one-dimensional pyramidal image algebra algorithms. Computer routines and further aspects of the computation of the Daubechies wavelet transforms may be found in Press et al. [19].

For every         , a discrete wavelet system, denoted by     , is defined by a

 

finite number of coefficients, . These coefficients, known as scaling or  W?BA@CUD 4_^gcijhka`jW?GA'L(ldC%m  njDo?fLECj`4_^gcgjOQlpDrqdOEOe!e_e%OGYL EO

wavelet filter coefficients, satisfy specific orthogonality conditions. The scaling function

 

W?BA@C inverse are expressed in terms of the p-product. The one-dimensional wavelet transforms Y SZT\[ ]4_^ `baO`dcO!ee!eO`4f^hgc is defined to be a solution of

 

Moreover, the set of coefficients :s?BA@C :V?A@CUD 4_^gcij!kanjW?GAtLulvC%m defines the wavelet function associated with the scaling function of the wavelet system:
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and                           xo}B~�~~%~ |  | x                    ~b~v!~b ~�

 

Note that   and    satisfy the orthogonality relation           . The coefficients           , ~5 ~9 ~ ~�x ~~ ~~�xr ~�~b ~du~bxr and    are uniquely determined by the following equations:

 

~�~ z~~xrd (8.8.1a)  (8.8.1b)  (8.8.1c)  (8.8.1d)  |xK

 

Equations 8.8.1a-d are equivalent to }B~~~~�d}Bvv~~~~�5x{   x{ }Bv!zv x{v (8.8.2a)

(8.8.2b)

(8.8.2c)

 

~bx,z (8.8.2d)

 

In general, the coefficients for the discrete wavelet system ~�x s zv (8.8.3)  _   Solving for the four unknowns in the four Equations 8.8.1a-d yields ~vVx  z ~x  z

equations in     unknowns. Daubechies has tabulated the coefficients for wpxKzvv%¡¡!¡!

 

[15, 18]. Higher-order wavelets are smoother but have broader supports. w£¢(¤\¥ f  |x¦}~ ~¨§§§ ~_ ©ª  xo}B ¨§!§§ _ ©ª zw are determined by z/w

Image Algebra Formulation

Let        . For the direct and inverse      wavelet transforms, let

 

and

 

denote the scaling vector and the wavelet vector, respectively, of the wavelet transform. |x¬«~~d|x®«~~�\¡!¡¡| ©x¯«~f ©\~f ©<d Furthermore, let
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and

 

as lowpass filter, while the wavelet vector acts as a bandpass filter. ÆpÇÉÈUÊ Æ The algorithms in this section make use of specific column and row representations

 

of matrices. For                and         , the column vector of   is defined by Æ ÔÌÕ¸ÎÆÖÐ² ÎËÌÍ×ÎÆÖÐÐÓ ËÌÍÏÎÆ/Ð² ÎBÑ±hÒ±·Ñ±hÒµ·»!»»·Ñ±hÒÅ½µ·ÑµÒ±·ÑµÒµ·!»»»·ÑµÒÅ½µ·»»!»·ÑÂ½µÒ±·ÑÂ½µÒµ·»!»»·ÑÂ½µÒÅ½µÐÓ· In the computation of the wavelet transform of a signal or image, the scaling vector acts À ²¦ÁÃÂKÄRÁ@Å When computing wavelet coefficients of a data vector near the end of the vector,

and the row vector of   is defined by                    .

 

the support of the scaling vector or wavelet vector may exceed the support of the data. In such cases, it is convenient to assume periodic boundary conditions on the data vector, i.e.,

 

the data vector is treated as a circular vector. Appropriate spatial maps are defined below ßXàuáUÀãâäÀ One-Dimensional Daubechies Wavelet Transform Let À ²,Á@Ø Ù ²,ÚÛ ÜÝÇ ÁÞ ÆÉÇ{ÈÊ to represent required shifts for data addressing.

signal. Circular shifts of a row vector may be represented by composition with the spatial map            defined by

 

ëÇ Á , with          ,          , and let           be a one-dimensional ßàáæåèç ÎåêéÝëÐfìíîÎÙRÐ·

 

where       . ïðÇÈUÊ   Æ          Æ ñ±á² Æòá²Üó Îæôöõí÷¹ÎÚ÷bÐÏøóù!Ð údûüyý\þÿ û bûbû The following pyramidal algorithm computes the one-dimensional wavelet trans-

 

form         of   , where   is treated as a row vector. þÿ þÿ . /10 þÿ                      +    # ! %$,&  ( -+ 2 54687:9 7;9 7  9=<>< <?9@6ACB bûbû    ! "#%$'& )( * 

3

 

Remarks                    ÿ

•      The wavelet transform is computed in    stages. Each stage corresponds to a scale or 

 

level of resolution. The number of stages required to compute the wavelet transform FE)G E H D yÿ ÿ ÿ ÿ ÿ wavelet or scaling vector. 7             EJILKNMOQPRTS •          and      are row vectors of length                each. H X +   +> VU       U      W YX 87 is a function of the length          of the input data vector and the length     of the •      The case        yields the Haar wavelet transform with             and              , where   and   are the Haar scaling and wavelet vectors, respectively.
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The original signal    may be reconstructed from the vector    by the inverse [;\]_^ `baTcd e6fLgihkjl6enmkj-oTp qrso [

wavelet transform. The following algorithm uses the tensor product to obtain the inverse

 

wavelet transform of         , where   is treated as a row vector. t aTcYuvxwzy){*|QvxwQ}>{*|-~ ~>~-|v w"`b}>{z  aTcYwx�n  m w6d {n,Y}>{ 1 aTc}     [) aTc t

 

¨ ©1ª   ¬« t  aTc¥¤   [   j q#r  r¤  w[ ¢,£{ t aTc t   t  t aTc t  aTc* [  j qr  r  ¡w[¢'£{ [  aTcuvxwz`{*|Qv ws`;} {-| ~>~ ~|Qvxw"d)`Y}>{ `¥aTcd)` row wt§¦{

 

Remarks                    t t  t 

•      The reconstructed data vector    has dimensions        . }b®

 

•          and      are matrices having dimensions       . d¯°`

 

Example: Let      . The scaling coefficients for     are given by Equations 8.8.3. A °c±d ²´³ ²³

transform of a canonical unit vector of length         . For       , the graph of the inverse

 

²·³ typical wavelet in the wavelet basis may be obtained by taking the inverse wavelet  ®±c¡d)µ  ¸ rr  c¡¶

wavelet transform of     is shown in Figure 8.8.1.
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Figure 8.8.1. Typical      wavelet.
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Two-Dimensional Daubechies Wavelet Transform »½¼¿¾¬À½Áb¾¬Â ÃÄ¼¿Å)Æ ÇÈ¼±ÅÉ Ê@ËQÌÎÍ¾¬Ï

shifts of a two-dimensional image are easily represented by composition with the spatial

 

map            defined by Ð Ñ ÒØ×zÙkËsÚ)ÛÜÝ×sÙ6Ë*×nÚ'Þß Ûkàâá ãä×sÇåÛ6Û*Ë ÐJÑÓÒ_»ÕÔÖ» Let                , with          ,         , and           . Circular column

 

with . Analogously, circular row shifts of two-dimensional images may be represented  ßæÍå¾  ç Ñ ÒJ»èÔé»

 

by composition with the spatial map               defined by ç Ñ ÒØ×êÙkËêÚ2Û_ÜÝ×k×zÙ=Þß Ûàá ãä×zÃëÛ*ËsÚ)Û-Ë

 

with        . ßÍ¾ ìÍ°í#î

 

two-dimensional wavelet transform          of   , where   is treated as an          matrix. ì ì ÃðÁåÇ ì ñ Let be a two-dimensional image. The following algorithm computes the  ï¥Í°í_î

 

The one-dimensional transform of each row of is computed first as an intermediate image  ñ  òó Ò¼ôìõÒT¼Ì@öY×x÷Ìná ø)ù2×zÅ2øCÛnúûöýü>Û  þ1ÿ        Ù¬ÒT¼ü       ÿ õ        ÿÿ ÒT¼ ò       +-,.'( #/0'21345 6!7# %8'( #9/ Þ ù 

. The second loop of the algorithm computes the one-dimensional transform of each

 

column of   .                                 "!$#&%'(#*)

 

`@acb +-,T_d@ P > @ @\A 0+, BP+-,.QSRTUVXWY#[Z\Y%^]RT_% :;=<?> @ @AB+-,DCEFHGIJFKGEIJFG$LMLLGNI O ó Þ :;=<?> @ @\A Iec+, )gf0'( f#e' 134)gf'(f#5eh#% ei+-, /9f0'( f#e' 134/*f'(f#5e\h#% j +-, onRI7nRI$nJR

 

Example: Consider the gray scale rendition of an input image of a kllllllllllll                                                                                                                                                                                                                                                                                                                                                                                                                                                        pqqqqqqqqqqqq m RI .. . r s       tZvu tZ as shown in Figure 8.8.2 . In the gray scale images shown here, black corresponds to the letter “A” lowest value in the image and white corresponds to the highest value. For the original image, black = 0 and white = 255.
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[image: ]

 

Suppose      . The row-by-row     wavelet transform of the original image is |~} | } wyx{z         Figure 8.8.2. Input image.

shown in Figure 8.8.3, and the column-by-column wavelet transform of the original

image is shown in Figure 8.8.4.

[image: ]

 

Figure 8.8.3. Row-by-row wavelet transform of the input image.

[image: ]

 

        Figure 8.8.4. Column-by-column wavelet transform of the input image. Computing the column-by-column wavelet transform of the image in Figure 8.8.3, or computing the row-by-row wavelet transform of the image in Figure 8.8.4 , yields the wavelet transform of the original image. The result is shown in Figure 8.8.5 . As in the Haar wavelet representation, the Daubechies wavelet representation discriminates the location, scale, and orientation of edges in the image.
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[image: ]

 

Figure 8.8.5. Gray scale wavelet transform of the input image.

 

Alternate Image Algebra Formulation 2� �� oJ M�M����M� The alternate image algebra formulation of the one-dimensional wavelet transform presented here uses the dual of the 2-product instead of the tensor product. Let

 

The following algorithm computes the inverse one-dimensional wavelet transform & K ¡ ¢KT ¡ £ ¥¤§¦ ¨ ª©« ¬ ¤§®

 

of          , where                    , and ,          . Ä ° ¬ Â ½¾ÅÆXÇÈ�½E©È ÀXÉÂ ÁMÀ Ê=ËÌ?Í°ÎÁoÏË ÄÑÐË ËÒ ¯°±©²E³µ´·¶9¸²�9¹-º¹

 

 °T»¼¾½5¿&À¼¾½ÁMÀM¼½¯Â ÁMÀ5Ã ¢&Ó° ¢Ô°Î»¼¾½¯À¼½¯  ÁÀM¼¾½©¯ÕÂ ÁMÀÃ

 

Þß=à ÐË ËÒ  °±½¢&Ó8ÖN¢ÔÀ×�8 ØÙÚ½¢&ÓÛoÜÙÖN¢ÔÝÛoÜÙÀ2�Ù  ° ¯°.©¯ row ½À

8.9.   Exercises

 

1. The Fourier spectrum of an image is complex-valued and usually displayed as a pair

of images: either magnitude-phase or real-imaginary part.

 

½Â ÁMÀ[ä®$å a.    Find a relationship between the two representations.                      á½EâEãÀ b.    Give an interpretation of each.

2. Prove that a representation of one full period of the Fourier magnitude spectrum of an

image, with the origin in the center of the display, can be achieved by multiplying by         before applying the transform.

 

© 2001 by CRC Press LLC

240 CHAPTER 8. LINEAR IMAGE TRANSFORMS  æèçéëê×ì8í8îTæçé7íê2æçì8í  éïì  éïìñðóòõô¾ö  éïìªð

3. Give the image algebra formulations of the following properties of the discrete Fourier

 

transform: òõôM÷ùøJôö                      æçéëúì8í8îÎæçé7íèû9æçì8íü æçéýû*ì8í îþæçé7í§úoæçì8íü a.    The addition theorem:

where      can be one-dimensional,            , or two-dimensional,

.

b.    The time (space) convolution theorem:

 

c.    The frequency convolution theorem:

 

4. Prove that the discrete Haar transform, as an orthogonal transformation, preserves

inner products.

 

5.    Refer to the gray scale Haar transform depicted in Figures 8.7.5 and 8.7.6, and identify other features of the original image besides the one discussed at the end of Section 8.7.

 

6. Explain why in the computation of the Daubechies wavelet transform of a signal

or image, the scaling vector acts as a lowpass filter, while the wavelet vector acts as a bandpass filter.

 

7. Discuss how the wavelet representations discriminate the location, scale, and orienta-

tion of edges in the original image.

 

8. Discuss how the Haar transform can be used for finding and/or removing edges from  ç  íèî  éç  íû  û  ê  ÿ çé7í     ï    ï    "!#%$!#'&(!)  *+!,#%-!#'&!)  

an image.

 

9. Give the image algebra formulation of the two-dimensional discrete sine transform

 

and its inverse: ç íèî                    éç      íû                        û ê ÿ çé7í ï . ï / *+!,#%$!#'&(!) *+!,#%-!#'&!) é ð òõôö&øJôö $ -

where             .
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CHAPTER 9

PATTERN MATCHING AND SHAPE DETECTION

 

9.1.   Introduction

 

This chapter covers two related image analysis tasks: object detection by pattern

matching and shape detection using Hough transform techniques. One of the most funda-mental methods of detecting an object of interest is by pattern matching using templates. In template matching, a replica of an object of interest is compared to all objects in the image. If the pattern match between the template and an object in the image is sufficiently close (e.g., exceeding a given threshold), then the object is labeled as the template object.

The Hough transform provides for versatile methods for detecting shapes that

can be described in terms of closed parametric equations or in tabular form. Examples of parameterizable shapes are lines, circles, and ellipses. Shapes that fail to have closed parametric equations can be detected by a generalized version of the Hough transform that employs lookup table techniques. The algorithms presented in this chapter address both parametric and non-parametric shape detection.

 

9.2.   Pattern Matching Using Correlation

 

Pattern matching is used to locate an object of interest within a larger image. The

 

pattern, which represents the object of interest, is itself an image. The image is scanned 021435687:9<;=>143?6=7A@B3?69DCE3?9=F with the given pattern to locate sites on the image that match or bear a strong visual resemblance to the pattern. The determination of a good match between an image a and a pattern template p is usually given in terms of the metric

 

where the sum is over the support of p. The value of d will be small when a and p are almost 3?6G9 3?69 3?6G9

identical and large when they differ significantly. It follows that the term will have

to be large whenever d is small. Therefore, a large value of provides a good measure

of a match. Shifting the pattern template p over all possible locations of a and computing

 

the match at each location can therefore provide for a set candidate pixels of a good  3?6G9

match. Usually, thresholding determines the final locations of a possible good match.

The method just described is known as unnormalized correlation, matched filter-

 

ing, or template matching. There are several major problems associated with unnormalized 3?6G9

correlation. If the values of a are large over the template support at a particular location, then it is very likely that is also large at that location, even if no good match exists at

that location. Another problem is in regions where a and p have a large number of zeros in common (i.e., a good match of zeros). Since zeros do not contribute to an increase of

 

the value , a mismatch may be declared, even though a good match exists. To remedy  H 1JIK3?6G9F

this situation, several methods of normalized correlation have been proposed. One such method uses the formulation
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where and the sum is over the region of the support of p. Another method uses  LRMTSUO?Q VXWYS,O?Z[VXWY

the factor

 

which keeps the values of the normalized correlation between –1 and 1. Values closer to 1 represent better matches [1, 2].

The following figures illustrate pattern matching using normalized correlation.

Figure 9.2.1 is an image of an industrial site with fuel storage tanks. The fuel storage

tanks are the objects of interest for this example, thus the image of Figure 9.2.2 is used as

the pattern. Figure 9.2.3 is the image representation for the values of positive normalized correlation between the storage tank pattern and the industrial site image for each point in the domain of the industrial site image. Note that the locations of the six fuel storage tanks show up as bright spots. There are also locations of strong correlation that are not locations of storage tanks. Referring back to the source image and pattern, it is understandable why there is relatively strong correlation at these false locations. Thresholding Figure 9.2.3

helps to pinpoint the locations of the storage tanks. Figure 9.2.4 represents the thresholded correlation image.

[image: ]

 

Figure 9.2.1. Industrial site with fuel storage tanks.

[image: ]

 

Figure 9.2.2. Pattern used to locate fuel storage tanks.
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[image: ]

 

Figure 9.2.3. Image representation of positive normalized correlation resulting

from applying the pattern of Figure 9.2.2 to the image of Figure 9.2.1.

[image: ]

 

Figure 9.2.4. Thresholded correlation image.

 

Image Algebra Formulation                   \^]8_        `ba:cd e fUgihkjml*n>]ofUgip8jqlrn sfUtu.vBn<w xyz{|~}y%xGyzU yz{*}yyz`f,t2�u.v'n<e?f+�u/n The exact formulation of a discrete correlation of an          image          with a pattern    of size                         centered at the origin is given by For                  , one assumes that                   . It is also assumed that the `fUt2E�u.v>E'nw fUt�u.v'n2aR (9.2.1)

pattern size is generally smaller than the sensed image size. Figure 9.2.5 illustrates the correlation as expressed by Equation 9.2.1.
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                              m-1                           (x,y)

(x+k,y+l)

x+k

 

M-1

 

Figure 9.2.5. Computation of the correlation value         at a point            .  ¡,¢£¤¥ ¡,¢£.¤B¥§¦R¨

 

To specify template matching in image algebra, define an invariant pattern tem-©ª%«B¬r®¡U¯£°B¥<±³²µ´¡U¯·¶¢£/°¶N¤¥¹¸»º ¶¡U¼½¶¿¾*¥?Àm¯Á¶A¢µÀq¼³¶¿¾ Â*Ã Ä ¶E¡,Å8¶E¾"¥?Àq°¶¤·ÀmÅÆ¶q¾ Ç ÈÉÊGË*ÌÍ¸%ÎË(Ï

plate t, corresponding to the pattern p centered at the origin, by setting

 

The unnormalized correlation algorithm is then given by  8Ð»±EÑDÒÓ ©Ï

 

The following simple computation shows that this agrees with the formulation given by ÒÓ  ¡,¢£.¤B¥Ô± Õª%Ö¬×"®ØBÙ Ñ¡,¯£.°B¥ÛÚ©ªÜ«B¬r®¡U¯£.°B¥Ï Equation 9.2.1.

 

By definition of the operation    , we have that ©ª%«i¬r®¡¯£.°¥2± ©ª%Ý¬Ý®¡¯·¶N¢£.°¶¤B¥                   (9.2.2)

 

Since t is translation invariant, . Thus, Equation 9.2.2   X¡U¢£/¤i¥<± ÕªÜÖ¬×Þ®UØÙ Ñ¡ß¯£.°¥<Ú©ª'Ý¬Ý®¡U¯Á¶à¢£.°¶A¤¥Ï

can be written as

 

(9.2.3)
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 and . Changing variables by letting  æUé  î  ?æÿê                                         î

 

To compute the normalized correlation image c, let N denote the neighborhood å                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                â å                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 (9.2.4) and           changes Equation 9.2.3 to â æUé       îráâ%ãäãåæÿê î å â å ï â                                                                                                                    ÿê.í

 

function defined by . The normalized correlation image is then computed as  oæ   ÛîÛï4ôÔæ,á  Gî  "!  ï æ  áî  %$Xæ  Rî  #             &

 

An alternate normalized correlation image is given by the statement # "! ï æ áî %$Xæ Rî (')    õ +*?áâãräãåö

 

Note that is simply the sum of all pixel values of the pattern template at the origin.  #                        ') #  *  ?áâ%ãäãå

Comments and Observations

 

To be effective, pattern matching requires an accurate pattern. Even if an accurate

pattern exists, slight variations in the size, shape, orientation, and gray level values of the object of interest will adversely affect performance. For this reason, pattern matching is usually limited to smaller local features which are more invariant to size and shape variations of an object.

 

9.3.   Pattern Matching in the Frequency Domain

 

The purpose of this section is to present several approaches to template matching

 

in the spectral or Fourier domain. Since convolutions and correlations in the spatial domain á # á ï õ á öê correspond to multiplications in the spectral domain, it is often advantageous to perform template matching in the spectral domain. This holds especially true for templates with large support as well as for various parallel and optical implementations of matched filters.

 

corresponds to multiplication in the frequency domain. In particular, á .           á. / á          á . (9.3.1) , 

where   denotes the Fourier transform of a,    denotes the complex conjugate of , and . / # .                                                                                                                                                                          It follows from the convolution theorem [3] that the spatial correlation-, / # ..

the inverse Fourier transform. Thus, simple pointwise multiplication of the image with

 

One limitation of the matched filter given by Equation 9.3.1 is that the output

the image    and Fourier transforming the result implements the spatial correlation       .

 

of the filter depends primarily on the gray values of the image a rather than on its spatial structures. This can be observed when considering the output image and its corresponding

gray value surface shown in Figure 9.3.2. For example, the letter E in the input image

(Figure 9.3.1) produced a high-energy output when correlated with the pattern letter B shown in Figure 9.3.1. Additionally, the filter output is proportional to its autocorrelation,
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problem for some mismatched patterns. Figure 9.3.3 provides an example of a normalized ?4EB 8F:<G(?0A@IHJLKMHJKMON output. An approach to solving this problem in the Fourier domain is to use phase-only matched filters.

The transfer function of the phase-only matched filter is obtained by eliminating

the amplitude of    through factorization. As shown in Figure 9.3.4, the output of the

phase-only matched filter provides a much sharper peak than the simple

 

matched filter since the spectral phase preserves the location of objects but is insensitive 8F:<G HPMHPM@QHJ%KMHJKMN to the image energy [4]. R

Further improvements of the phase-only matched filter can be achieved by corre-

lating the phases of both a and t. Figure 9.3.5 shows that the image function

approximates the Dirac –function at the center of the letter B, thus providing even sharper peaks than the phase-only matched filter. Note also the suppression of the enlarged B in the left-hand corner of the image. This filtering technique is known as the symmetric phase-only matched filter or SPOMF [5].

[image: ]

 

Figure 9.3.1. The input image a is shown on the left and the pattern template t on the right.

[image: ]
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[image: ]

 

Figure 9.3.2. The correlated output image and its gray value surface.  STVUFWXZYC[\I][^_&`

[image: ]

 

Figure 9.3.3. The normalized correlation image ,  acbedFfgZhijAkilCm&nEo>pj2qr"sutg+vxwh+y lzO{&|{%}~ng%vxw  s p~ t bpLl&t

where               and its gray value surface.
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[image: ]

 

Figure 9.3.4. The phase-only correlation image and its gray value surface.  �IILO

[image: ]

 

Figure 9.3.5. The symmetric phase-only correlation  %O image               and its gray value surface.

 

Image Algebra Formulation   ¡¢                          ¡E¢ ¡C¢

Although the methods for matched filtering in the frequency domain are mathe-

matically easily formulated, the exact digital specification is a little more complicated. The multiplication       implies that we must have two images   and    of the same size. Thus a first step is to create the image     from the pattern template t.
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To create the image , reflect the pattern template t across the origin by setting  µ>¶E·2¸>¹~º§»©¼ª¾½

. This will correspond to conjugation in the spectral domain. Since t

is an invariant template defined on    , p is an image defined over    . However, what is

 

needed is an image over                 . As shown in Figure 9.2.5, the support of the £»

pattern template intersects X in only the positive quadrant. Hence, simple restriction of p to X will not work. Additionally, the pattern image p needs to be centered with respect to the transformed image for the appropriate multiplication in the Fourier domain. This is

 

achieved by translating p to the corners of a and then restricting to the domain of a. This ¦5¿ªÀ§¦Á-Â¦2ÁÃ§LÄÅ%Æu©~ÇÁ-Â¦ÈÁÉ§LÊVÅËÄZ©~ÇÁVÂ¦ÈÁÉ§LÊVÅËÆu©~Ç©ÌÍÏÎ

process is illustrated in Figure 9.3.6. Specifically, define

 

Note that there are two types of additions in the above formula. One is image addition and the other is image-point addition which results in a shift of the image. Also, the translation of the image p, achieved by vector addition, translates p one unit beyond the boundary of X in order to avoid duplication of the intersection of the boundary of X with p at the corner of the origin.

 

Ñp                                            N-1 (0 1) (0,0) ,n-(0,N) Ð Ô

 

Ó                                                                                                                                                                                                                                                                                        Ò (m-1,0)                                                                                                                                                                                                                                                                                                                                                               (m-1                       ,n-Ô           1)

 

X

 

M-1

(M,0)                                                                      (M,N)

 

Figure 9.3.6. The image p created from the pattern template t using reflection,

translations to the corners of the array X, and restriction to X. The

values of p are zero except in the shaded area, where the values are equal the corresponding gray level values in the support of t at (0,0).
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The image    is now given by   , the Fourier transform of p. The correlation ØäÜÝVÙ+Ø2åVæØÈåÃÙ+ç>èxéuÛLê(åÃæØå"Ù+ëeèËçZÛLê(åÃæØå"Ù+ëeèËéuÛLêàÛìí î ÜÝ-ïFðñÙÕò2óÕØ²Û&ô

image c can therefore be obtained using the following algorithm:

 

Using the image p constructed in the above algorithm, the phase-only filter and î ÜÝ-ïFðñöõ ÕòIó ÕØìÕØìà÷

the symmetric phase-only filter have now the following simple formulation:

 

and                          î ÜÝ-ïFðñõ ÕòìÕòìó ÕØìÕØìà÷ è respectively.

 

Comments and Observations         ÕØ                     ìÕØì ìÕØì      ìÕØìðñ øùúøùú Ý ÕØ óìÕØìðñ

In order to achieve the phase-only matching component to the matched filter ìÕØì øûúøûú

approach we needed to divide the complex image   by the amplitude image    . Problems can occur if some pixel values of are equal to zero. However, in the image algebra

pseudocode of the various matched filters we assume that                , where

denotes the pseudoinverse of    . A similar comment holds for the quotient    .

Some further improvements of the symmetric phase-only matched filter can be

achieved by processing the spectral phases [6, 7, 8, 9].

 

9.4.   Rotation Invariant Pattern Matching

 

In Section 9.2 we noted that pattern matching using simple pattern correlation

will be adversely affected if the pattern in the image is different in size or orientation then the template pattern. Rotation invariant pattern matching solves this problem for patterns

 

methods of rotation invariant pattern matching [10, 11, 12, 13, 14]. ìÕòÙ+ÿè þÛì Þ òÙ%üQãÏüßèËý«ãÏýßÛ %â ZÛ�Ý ð ÕòÙ+ÿè Computing the Fourier transform of images and ignoring the phase provides for

a pattern matching approach that is insensitive to position (Section 9.3) since a shift in

 

òÙ+üè°ýþÛ varying in orientation. The technique presented here is a digital adaptation of optical

 

does not affect . This follows from the Fourier transform pair relation   °â      ìÕòÙLÿè  ZÛ  ð  ì°Ý¾ìÕòÙ+ÿè  ZÛìËè

which implies that                   Þ üß Ý ýß Ý é !                            é#"   é

 

can be taken care of by transforming          to polar form                . A rotation of ) However, rotation of         rotates          by the same amount. This rotational effect will then manifest itself as a shift in the angle . After determining this shift, the

òÙ+üèËýZÛ where                 denote the midpoint coordinates of the          domain of   . $ EÛEì Ûì ÙLÿè $ Û Ù (' Eè ZÛ Õò ) òÙLüèËýZÛ ìÕòÙ%ÿè $ ìÕòÙLÿè &% ) pattern template can be rotated through the angle and then used in one of the standard

correlation schemes in order to find the location of the pattern in the image.

The exact specification of this technique — which, in the digital domain, is by

no means trivial — is provided by the image algebra formulation below.
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Image Algebra Formulation

 

Let t denote the pattern template and let               , where          , denote <=?>@<=

the image containing the rotated pattern corresponding to t. The rotation invariant pattern scheme alluded to above can be broken down into seven basic steps.

Step 1. Extend the pattern template t to a pattern image over the domain

 

of a.                           A8B7#CD=0EFHG=IEFJK/135/1ML CD=IEF2G=IEFJ This step can be achieved in a variety of ways. One way is to use the method

defined in Section 9.3. Another method is to simply set

 

<= >N<= This is equivalent to extending outside of its support to the zero image on  O* B7QP4R*S

 

.                                            OATB7QPURASL

Step 2. Fourier transform a and p.

 

Step 3. Center the Fourier transformed images (see Section 8.3). O* B7 O*WVYXZ[]\$Z^ OA_B7 OAVYX2Z[]\$Z^L

 

Centering is a necessary step in order to avoid boundary effects when using bilinear O* B7Q`ab]RKO*K2cedS OATB7Q`fabgRKOAKchdSL interpolation at a subsequent stage of this algorithm.

Step 4. Scale the Fourier spectrum.

 

This step is vital for the success of the proposed method. Image spectra decrease rather

 

rapidly as a function of increasing frequency, resulting in suppression of high-frequency O* OA O* OA

terms. Taking the logarithm of the Fourier spectrum increases the amplitude of the side lobes and thus provides for more accurate results when employing the symmetric phase-

 

only filter at a later stage of this algorithm. O*     OA n 7poqRsrtjuvS B rwj$ux+y-z{5|~}rtjgux6: dL OAi                   Step 5. Convert   and    to continuous image.                              O*5i OAijO*5ik+l-0m The conversion of    and    to continuous images is accomplished by using bilinear interpolation. An image algebra formulation of bilinear interpolation can be found in

Section 11.4. Note that because of Step 4,   and   are real-valued images. Thus, if    and

 

denote the interpolated images, then              , where O*i OAi n

That is,     and    are real-valued images over a point set    with real-valued coordinates.

Although nearest neighbor interpolation can be used, bilinear interpolation results

 

in a more robust matching algorithm.  7 �U(2YWtQ:4k q] Nx Step 6. Convert to polar coordinates.

Define the point set
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interval , the output of the SPOMF algorithm will produce two peaks  «  «  «È  «±  ÉeÊÌËÆ

Î«±Î² Î«ÈÎÏÁ Step 7. Apply the SPOMF algorithm (Section 9.3).   Á Í¡ÊÌËÆ

Â½Ã@ÁÄ«Åªt«ÆeÁÇ Since the spectral magnitude is a periodic function of    and   ranges over the Í,ÐÃk§ÉÑ².³´!µq¬

 

along the    axis,     and     for some           and          . Due to the periodicity, Ò «± «È and, hence, . One of these two angles corresponds to

the angle of rotation of the pattern in the image with respect to the template pattern. The complementary angle corresponds to the same image pattern rotated 180 .

To find the location of the rotated pattern in the spatial domain image, one must

rotate the pattern template (or input image) through the angle    as well as the angle    . The two templates thus obtained can then be used in one of the previous correlation methods. Pixels with the highest correlation values will correspond to the pattern location.

 

Comments and Observations À¼      Ò Ò

The following example will help to further clarify the algorithm described above.

The pattern image    and input image   are shown in Figure 9.4.1. The exemplar pattern is a rectangle rotated through an angle of 15 while the input image contains the pattern

 

rotated through an angle of 70 . Figure 9.4.2 shows the output of Step 4 and Figure 9.4.3 « ¨ÓÏÔ

illustrates the conversion to polar coordinates of the images shown in Figure 9.4.2. The

output of the SPOMF process (before thresholding) is shown in Figure 9.4.4. The two high peaks appear on the    axis (      ).

[image: ]

 

The reason for choosing grid spacing in Step 6 is that the maximum

[image: ]

value of   is                  which prevents mapping the polar coordinates outside the set

àFigure 9.4.1. The input image a is shown on the left and the pattern template p on the right. Õ2Öt× ÖØ ØkÙtÚÛ Õ ÕØÜÙtÚ ×ÌÝØÜÙtÚÞßÛØ . Finer sampling grids will further improve the accuracy of pattern detection; however,

computational costs will increase proportionally. A major drawback of this method is that it works best only when a single object is present in the image, and when the image and template backgrounds are identical.
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[image: ]

 

Figure 9.4.2. The log of the spectra of    (left) and    (right). áâ áã

[image: ]

 

Figure 9.4.3. Rectangular to polar conversion of    (left) and    (right). äå äæ

[image: ]

 

Figure 9.4.4. SPOMF of image and pattern shown in Figure 9.4.3.

[image: ]

 

9.5.   Rotation and Scale Invariant Pattern Matching

[image: ]

 

In this section we discuss a method of pattern matching which is invariant with å,ëNì0í2îðï]íî êÿø

respect to both rotation and scale. The two main components of this method are the Fourier çéèå¹ê ñçéèå5ê(òè(ó¹ôõêIöh÷Üøtùúû2ütý÷@øwùúþü¹ýåèfÿqô transform and the Mellin transform. Rotation invariance is achieved by using the approach described in Section 9.4. For scale invariance we employ the Mellin transform. Since the ô ù ø ù Mellin transform        of an image               is given by
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which shows that the Mellin transform is scale invariant.     >?,@2ACB+       DEF@%ACB+ GFHJILKM9NPOG,HI0O:>

 

Implementation of the Mellin transform can be accomplished by use of the Fourier FHRQGKM0NGOSHRQ0O:D; "! #0#$''&() TUT V:V-W1/3=4X6'Y-W1%/54X6'O+9O

transform by rescaling the input function. Specifically, letting            and            we have

 

Therefore,                       TUT .ZHJI(HRQ[H-0/213I495Q6O:>0O:D which is the desired result.

It follows that combining the Fourier and Mellin transform with a rectangular to

polar conversion yields a rotation and scale invariant matching scheme. The approach takes

 

advantage of the individual invariance properties of these two transforms as summarized :7'\]'(=^`_&):7a\'&()= by the following four basic steps:

(1) Fourier transform

 

(2) Rectangular to polar conversion _V&):7a\&)=^`_Vbc:7a\'bc b

 

(3) Logarithmic scaling of _'bc7a\bdc^e_]ZHCfhgjik+cC[+a\lZ'HCf"g'ikmcC[ (4) SPOMF

 

Image Algebra Formulation                              n noqprjb/cs:utb/wvxy /2z#{ c*s| x:}~y  }~P{�; The image algebra formulation of the rotation and scale invariant pattern matching algorithm follows the same steps as those listed in the rotation invariant pattern matching scheme in Section 9.4 with the exception of Step 6, in which the point set should be

 

defined as follows:        b/                                              b }

 

The rescaling of    corresponds to the logarithmic scaling of    in the Fourier-c c S yPx yPx  y  v

Mellin transform.

As in the rotation invariant filter, the output of the SPOMF will result in two

peaks which will be a distance    apart in the    direction and will be offset by a factor proportional to the scaling factor from the   axis. For               , this will correspond to an enlargement of the pattern, while for , the proportional scaling factor

will correspond to a shrinking of the pattern [5]. The following example (Figures 9.5.1 to

9.5.3) illustrates the important steps of this algorithm.
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[image: ]

 

Figure 9.5.1. The input image a is shown on the left and the pattern template p on the right.

[image: ]

 

Figure 9.5.2. The log of the spectra of    (left) and    (right).  

[image: ]

 

Figure 9.5.3. Rectangular to polar-log conversion of    (left) and    (right).  

[image: ]

 

9.6.   Line Detection Using the Hough Transform  The Hough transform is a mapping from into the function space of sinusoidal

[image: ]

functions. It was first formulated in 1962 by Hough [15]. Since its early formulation, this transform has undergone intense investigations which have resulted in several gener-alizations and a variety of applications in computer vision and image processing [1, 2, 16, 17, 18]. In this section we present a method for finding straight lines using the Hough transform. The input for the Hough transform is an image that has been preprocessed by

[image: ]
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Figure 9.5.4. SPOMF of image and pattern shown in Figure 9.5.3.

 

some type of edge detector and thresholded (see Chapters 3 and 4). Specifically, the input should be a binary edge image.

A straight “line” in the sense of the Hough algorithm is a colinear set of points.

Thus, the number of points in a straight line could range from one to the number of pixels

 

along the diagonal of the image. The quality of a straight “line” is judged by the number of  l( ( G points in it. It is assumed that the natural straight lines in an image correspond to digitized straight “lines” in the image with relatively large cardinality.

A brute force approach to finding straight lines in a binary image with feature  

pixels would be to examine all possible straight lines between the feature pixels.

For each of the          possible lines,        tests for colinearity must be performed. Thus, the brute force approach has a computational complexity on the order of . The Hough

 

algorithm provides a method of reducing this computational cost. ¡  £¢¤¥¦§¨©«ª¬S¥l®7¯°d¤±¨(²³§u°´#µ¤±¨C¶ To begin the description of the Hough algorithm, we first define the Hough

transform and examine some of its properties. The Hough transform is a mapping from    into the function space of sinusoidal functions defined by

 

To see how the Hough transform can be used to find straight lines in an image, a few ·¸ ¥9§ ¤#ª+¸:¦±C¸C¨ ª+± ±¸º¹¼»"½¦¾¨ ª¸º¹ ¡ µ¸ ·¸ ¥0§ µ¸ ¥ ±¸ observations need to be made.

 

where           and        . Let    be the line normal to    that passes through the ¤½¦½¨ ·¸ µ¸ ±¸ ¿ª¸¿ ª¸ ·¸ ¤½¦½¨ ¤½¦¾9À==¨ origin of the    -plane. The angle     makes with the positive   -axis is    . The distance µ¸ Any straight line    in the    -plane corresponds to a point         in the    -plane,

from       to    along     is     . Figure 9.6.1 below illustrates the relation between   ,

,     , and     . Note that the x-axis in the figure corresponds to the point       , while the

y-axis corresponds to the point         .
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Figure 9.6.1. Relation of rectangular to polar representation of a line. ÈÉÊËÌCÊ'Í ÔÕ Î,Ï`ÐÑÏÓÒ É0Ì ÔÕ È8ÖÕ=Ë*×ÕCÍ Ö+×  È'ÉÊËÌÊÍ

 

straight line          Figure 9.6.1 (see). The line     has a representation          in the    -ÖØÝÉÊ8Ù7ÚÛÈ×ÍÜÌÊÛÐ#ÒÈ×Í È8ÖÕË×ÕÍ ÖØ¼É Ù7ÚÛÈ×ÍÜÌ ÛÐ8ÒÈ×Í È8ÖÕË×ÕÍ Ö× È'É(ËÌ=Í È#ÖÕË×ÕÍ É9Ì plane.   The Hough transform takes each of the points         to a sinusoidal curve in the -plane. The property that the Hough algorithm relies on

ÖØ,ÉÊ'Ù7ÚÛÈj×ÍÜ³ÌÊÛÐ#ÒÈj×Í Suppose        ,             , are points in the    -plane that lie along the ×CÖ namely       . Conversely, the sinusoidal curve                         passes through

 

the point          in the    -plane only if        lies on the line          in the    -plane. ÔÕ As an example, consider the points       ,       ,       , and        in the    -

 

plane that lie along the line     with   and    representation                       and Â ÖÕ Ø¼ì ß=âå¼àmé"á=à:Þ is that each of the curves have a common point of intersection,  È7Î=ËÞ:Í  ÈßmËàÍ  È'àmËßÍ  È'ámËâ:Í  É9Ì  ÔÕ  ×  Ö  ×Õ Ø ãäæåèçmé"Þê=àdë

, respectively. Figure 9.6.2 shows these points and the line   .

 

y

 

(32) . (1, 7)(3, 5) . _ 1 ï í î . (5, 3) 2 . (6, 2) _ π Áx 4

 

l 0

 

Figure 9.6.2. Polar parameters associated with points lying on a line.
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The Hough transform maps the indicated points to the sinusoidal functions as ô =ö÷«øPù =úRûüòýö(þ =üCÿ òýö ðºñò ô ö÷«øPù =úRûüòýö(þ =üCÿ òýö ðºñò 

follows:                       ô =ö÷«øPù   =úRûüòýö(þ   =üCÿ òýö ýGù õ øù        :õ

The graphs of these sinusoidal functions can be seen in Figure 9.6.3. Notice how the four sinusoidal curves intersect at                    and                    .

 

ρ
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6

 

4              (0.7854, 5.657)
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 cos (  ) + 7sin (  ) θ θ

-2

3cos (  ) + 5sin (  ) θ θ

-4

5cos (  ) + 3sin (  ) θ θ

 

0       0.5         1         1.5         2         2.5         3

 

Figure 9.6.3. Sinusoidals in Hough space associated with points on a line.

 

Each point at a feature pixel in the domain of the image maps to a sinusoidal  !,-#*.-&  "B%  ,2.  !,-#*.-&  !"$# %&  !,-# .-&  "+%  !(,-#*.-&

as a sinusoidal curve in the    -plane will intersect the point         . Also, the sinusoid "+% !"$#%'& 6cos (  ) + 2sin (  ) θ θ

function by the Hough transform.   If the feature point         of an image lies on a line in the    -plane parameterized by                 , its corresponding representation

 

will intersect          only if the feature pixel location        lies

 

,546"8739:;!.&=<>%?:/@A$!.&-6                                                                                   θ !(")*#*%)& !,'-#*.-/&0!.-#1,2-& ,'. !,2-'#*.-3&

 

pixel points that lie along the line          in the    -plane by counting the number of CEDGF6,HF6D5#8IJFK.LKM NO!@1#(P2& ,2. TU sinusoidal curves in the    plane that intersect at the point         . This observation is the basis of the Hough line detection algorithm which is described next. QSR7 on the line in the -plane. Therefore, it is possible to count the number of feature  ,2.  ,'.

 

that for a particular application it is decided that the -plane should be quantized into an  [/[(@+C XV\V1WX#(PTU\  ],)C^!"+739:;!.*_&Y<>%:@A$! .1_&1&]La`

NY!(@#ZP& curves at every point in the    -plane. The    -plane for                             must !"$#*%& NY!@1#ZP;& accumulator array. Each column of the accumulator represents a increment in the

angle   . Each row in the accumulator represents a     increment in   . The cell location

 

. Obviously, it is impossible to count the number of intersection of sinusoidal

 

,'. be quantized. This quantization is represented as an accumulator array . Suppose  V(WX  "+%  ,

of the accumulator is used as a counting bin for the point in the

 

Initially, every cell of the accumulator is set to 0.   The value         of the

-plane (and the corresponding line in the    -plane).

 

accumulator is incremented by 1 for every feature pixel location at which the

inequality
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is satisfied, where                                and   is an error factor used to compensate Ybm1e(sh

 

for quantization and digitization.   That is, if the point          lies on the curve Ybm1e(sh ci w8x3yzb(fh/{}zm~$b(fh bcd3e f1gh c'f bcde fgh wx3yzbfh|{a}zm(~$bfh 9. 6 Line Detection Using the Hough Transform 261  b(cd*ef*ghjilkkm+n6op;qp1roeZsOtuq  v  bcde fgh  cKi

(within a margin of error), the accumulator at cell location is

incremented. Error analysis for the Hough transform is addressed in Shapiro’s works [19, 20, 21].

When the process of incrementing cell values in the accumulator terminates, each

cell value        will be equal to the number of curves                          that intersect the point          in the    -plane. As we have seen earlier, this is the number of feature pixels in the image that lie on the line         .

The criterion for a good line in the Hough algorithm sense is a large number of

 

colinear points. Therefore, the larger entries in the accumulator are assumed to correspond �e/  i?bcde*fghcdimOnOejfgi s;xejm$ ejS^sx to lines in the image.

Image Algebra Formulation

Let             be the source image and let the accumulator image   be defined

 

over   , where                   Jk +¡8q b¢h(£¥¤¦§/¨1bcBe*fh|i© «ª ¬?bwe*}h|i®°¯;±B² ³cSn^bw8x3yzbZfh${^}zm~$bfh*h³av µ´¶1·¸3¹*ºª¼»1¸ Define the parameterized template              by

 

The accumulator image is given by the image algebra expression  i½ bjh

 

more efficient implementation is given below. ¾                  bwe }h x ¾ x{ x ¿b¾Hh ¿Jk(¾JÀ3q

Comments and Observations

For the   quantized values of   in the accumulator, the computation of

 

}zm~$bZfh Computation of this variant template sum is computationally intensive and inefficient. A x f wEx3yzbfh'{ is carried out for each of the     feature pixel locations        in the image. Next,

each of the cells of the accumulator are examined for high counts. The computational

 

cost of the Hough algorithm is          , or       . This is a substantial improvement c'f bwe }h f over the complexity of the brute force approach mentioned at the beginning of this

section. This complexity comparison may be a bit misleading. A true comparison would have to take into account the dimensions of the accumulator array. A smaller accumulator

 

reduces computational complexity. However, better line detection performance can be c bwe*}h fg achieved with a finer quantization of the    -plane.

 

As presented above, the algorithm can increment more than one cell in the ciÁwEÂ´»=b(fghY{>}|»1ªÃ±bfghÄe

accumulator array for any choice of values for the point        and angle   . We can insure that at most one accumulator cell will be incremented by calculating the unique value   as a function of        and quantized    as follows:

 

where [z] denotes the rounding of z to the nearest integer.
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The equation for   can be used to define the neighborhood function ÆÎÅBÏ*ÐÑjÒÔÓÎÕÏÖ'ÑÇÅ5Ò×ÕBØÙÚÎÐÑ=ÛÖÚÜÝ$ÎÐÑ(Þß2à á ÇÒ á?âãäÇÒáÛåÆ

by

 

The statement

 

computes the accumulator image since äÎ(ÜÏZæ;ÑçÒ èéÃêëì/íîïéñðòñëó(ô*íáÎ(ÕÏ*ÖÑYà õ÷ö ÕÖ ÎøöÏØö3Ñ

 

where                          is its   intercept. In the original formulation of the is the slope of and Øö Ö ÕÖ ù ÇÎÕúÏ*ÖúÑÊ ÖúÒ øÕúÛ Ø øö A straight line    in the    -plane can also be represented by a point          , õÃö

 

Hough algorithm [15], the Hough transform took points in the -plane to lines in the  Ö  Å2Ð  Å2Ð

slope-intercept plane; i.e., . The slope intercept representation

 

of lines presents difficulties in implementation of the algorithm because both the slope and ûü0ý Ëþ ÿþ the intercept of a line go to infinity as the line approaches the vertical. This difficulty is

not encountered using the    -representation of a line.

As an example, we have applied the Hough algorithm to the thresholded edge

image of a causeway with a bridge (Figure 9.6.4). The -plane has been quantized using

 

the           accumulator seen in Table 9.6.1. Accumulator values greater than     were Ð Å deemed to correspond to lines. Three values in the accumulator satisfied this threshold; they are indicated within the accumulator by double underlining. The three detected lines

are shown in Figure 9.6.5.

 

The lines produced by our example probably are not the lines that a human viewer Å2Ð

would select. A finer quantization of   and   would probably yield better results. All the parameters for our example were chosen arbitrarily. No conclusions on the performance of the algorithm should be drawn on the basis of our example. It serves simply to illustrate an accumulator array. However, it is instructive to apply a straight edge to the source image to see how the quantization of the    -plane affected the accumulator values.

[image: ]

 

Figure 9.6.4. Source binary image.
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[image: ]

 

Figure 9.6.5. Detected lines.

 

Table 9.6.1 Hough Space Accumulator Values

 

ρ\θ     0     π/20    π/10    3π/20    π/5     π/4     3π/10    7π/20    2π/5    9π/20     π/2    11π/20    3π/5    13π/20   7π/10    3π/4     4π/5    17π/20   9π/10   19π/20

-200    0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0

-190    0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0

-180    0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      2      2

-170    4      4      0      0      0      0      0      0      0      0      0      0      0      0      0      0      0      2      2      3

-160    6      4      3      0      0      0      0      0      0      0      0      0      0      0      0      0      3      2      5     11

-150    6      6      5      0      0      0      0      0      0      0      0      0      0      0      0      2      3      4     11    11

-140    7      7      6      3      0      0      0      0      0      0      0      0      0      0      0      2      4      9      8      8

-130    9      7      8      5      2      0      0      0      0      0      0      0      0      0      3      2      6      9     10    16

-120    7      9      8      8      4      0      0      0      0      0      0      0      0      0      0      4     11    17     14     8

-110    9      9      9      8      9      1      0      0      0      0      0      0      0      3      3     13    11     12     9     10

-100    8      8      8      9     11     8      0      0      0      0      0      0     0      2      4     16    16     9      9      9-90     8      8      8      7      12     7      0      0      0      0      0      0      6      2      9      9      7      8      9     13-80     7      8      10     11     11     8      7      0      0      0      0      0      2      5     18     10     9     12     7      5-70     8      8      9      9      11     8      10     0      0      0      0      0      5     15     16     6     12     8      6      7-60     7      8      8      11     11      8      13     1      0      0      0      0      7     12     13     8      9      7      5      4-50     7      8      7      9      11     9      16     14     0      0      0      6     15     18     14     9      7      6      7      9-40     9      7      8      11     10     16     14     22     0      0     17     6     15     13     8     14     8      7      8     13-30     13     9      7      8     10     13     13     21     8      0      6      6     26     18     12     13     6     13     15     19-20     8      12     10     9      9      8     15     16     21     0     14    26     14     18     15     6     11     18     18     15-10     9      8      10     11     9      7     14     18     34     0      6     22     14     17     9     11     13     18     16     15

0      8      9      7      7     15    10     11     16     30     77     74    22     25     14     15     9     23    17     12     15

10    13     11     9     11    13     14     23     25     40    144    75    15     20     17     14     15     15     10     11     7

20    14    14    15    12    10     9     17    21     48     39     84    32    28     19     29     15     16     13     10     8

30    13    14    15    14    13    16     15     22     19     14     7     34    30     36     18     24     14     10     9     12

40    17     14     15     14     15     27     18     54     21     34     97    70    42     31     19     14     12     16     15    10

50    13     19     20     15     19     14     36     32     27     45     29    53     24     23     21     12     13     11     10     8

60    8     12    13    17    21    24    31    24    22    10     0     6     27    14    13     8     9     8     8     8

70    6     7     11    17    29    16    29    13     5     0     0     0     23    19    11     6     6     8     8     9

80    8     6     7     12    10     9     6     13     1     15     0     0     6     17    14     6     9     8     8     8

90    13     7     7     8     9     7     11     9     7     0     0     0     0     15    11     8     10     9     10     8

100    8     7     7     6     13    10     9     7     0     0     0     0     0     10    15     16     9     9     9     9

110    11    10     9     12     9     16     7     6     0     0     0     0     0     0     7     15    10     7     11     9

120    9     10    15    11    13    12     7     0     0     0     0     0     0     0     10    15     9     7     8     10

130    16    15    15    15    14     7     5     2     0     0     0     0     0     0     0     6     9     6     10     9

140    14    14    11    11     7     5     7     0     0     0     0     0     0     0     0     4     6     7     8     9

150    8     13    12     8     2     1     0     0     0     0     0     0     0     0     0     1     5     6     7     7

160    13     9     3     2     2     2     0     0     0     0     0     0     0     0     0     0     2     5     7     6

170    7     6     5     3     3     0     0     0     0     0     0     0     0     0     0     0     0      4      3      4

180    0     2     3     3     0     0     0     0     0     0     0     0     0     0     0     0     0      0      2      4

190    0     0     0     0     0     0     0     0     0     0     0     0     0     0     0     0     0      0      0      0

200    0     0     0     0     0     0     0     0     0     0     0     0     0     0     0     0     0      0      0      0
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9.7.   Detecting Ellipses Using the Hough Transform )./01 32546 7')8 69&:'<;= 6>(-6 !#"%$& ')( ? 8!@; The Hough algorithm can be easily extended to finding any curve in an image

that can be expressed analytically in the form               [22]. Here,    is a point in

 

*+&,(- 264              CHAPTER 9.   PATTERN MATCHING AND SHAPE DETECTION 9.6 can be expressed in analytic form by letting , where

 

(the domain of the image and is a parameter vector. For example, the lines of Section  ?

The circle                            in the    -plane with center        and radius

 

and its radius    . RGSN0N TU8G'*N 6F;V'5N 6'D(6W,X /8G')N 6Y;V'5N 6'F(-6V 8;Z(           8;

in the domain of the image into the function space of conic surfaces. The Hough transform N@N can be expressed as                                          , where              . IJ/8=0;K(L A BC7'D8 6E'<;= 6'F(-6GH P MON #N QN Therefore, just as a line    in the    -plane can parameterized by an angle    and a directed (,N and . We will first discuss how the Hough algorithm extends

 

Rfor any analytic curve using circle location to illustrate the method. (N distance in the -plane can be parameterized by the location of its center  , a circle

The Hough transform used for circle detection is a map defined over feature points

 

used for circle detection is the map

 

Note that the Hough transform is only applied to the feature points in the domain of the N0N@L 

image. The surface                                 is a cone in      space with

intercept             (see Figure 9.7.1).

 

ρ

 

u__bq0k1dQq_nqnq#s0d@dmbfgvkfaDsmn ψ                  ^χ [ . ( \ x  , y  , 0) 0 ] _%`Ga<bPcedf!gh_/ija*kc#dfKa*lfmon ] 0 Figure 9.7.1. The surface . The point plane if and only if the conic surface in _/b,p@q0k#pd lies on the circle _b7a)`cdfg_kEa)icdfKa)lfcmrn _0sLqnd in the bPk _%`Ga5bpdfg>_/i<a<kpdfa<lfmIn _%`cq@icql,ced `il _atsLqnd b?k wvx_atsLqndyU_`zgs#dfg ifa)lfm{n-intersects the point-space. For example, the points wvx_@sLqndyU_%`Ga|sQdfgFifa)lfmn~} and lie on the circle in the-plane. The Hough transform used for circle detection maps these points to conic surfaces in `il-space as follows These two conic surfaces intersect the point _nqnq#s0d in `il space (see Figure 9.7.2 ). © 2001 by CRC Press LLC
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x 2     2 + y-1 = 0                   
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Figure 9.7.2. The two conics corresponding to the two points P!{1B. ~@0#% L1,        ? 1@,e #o     Z 

 

The feature point          will lie on the circle              in the    -plane if  ¡

010       ψ                       t10

and only if its image under the Hough transform intersects the point              in     -

 

the image if and only if the curve               intersects the point     in the parameter space. More generally, the point will lie on the curve in the domain of

space. Therefore, the number of feature points in the domain of the image that lie on the

 

curve can be counted by counting the number of elements in the range of  ¡¢L@£eL¤  0    ¢0£¤  ¡A¢0£¤  §  ¥¢*>£)j¤¥1¦{§

AE  and      on the circle              under the Hough transform h. AE  

the Hough transform that intersect    .

As in the case of line detection, the parameter space must be quantized. The

accumulator matrix is the representation of the quantized parameter space. For circle

detection the accumulator will be a three-dimensional matrix with all entries initially set

to 0. The entry              is incremented by 1 for every feature point         in the domain of the image whose conic surface in     -space passes through            . More precisely,                is incremented provided

 

where is used to compensate for digitization and quantization. Shapiro [19, 20, 21]

discusses error analysis when using the Hough transform. If the above inequality holds,

 

© 2001 by CRC Press LLC

it implies that the conic surface passes through the point

 

the circle -plane, and thus the accumulator value  in the

(within a margin of error) in       space. This means the point         lies on

 

should be incremented by 1.      ¨©=¶0°º ¨«7ªj©®»®¯¨±Eª)°!®¼®³¾½1¶¿LÀ

¹¨%©µL¶@°·#¶²1¸ 266              CHAPTER 9.   PATTERN MATCHING AND SHAPE DETECTION ¨©Vª<«¬/®!¯h¨/°jª)±#¬/@®Kª<²v³o´ ¨%©µL¶@°·¶²L¸ ©°² ¨/«7ªj©µ®¯ ¨/±Eª*°·®ªv²¸³´ ¨«¬¶@±¬ «P± Circles are among the most commonly found objects in images. Circles are

special cases of ellipses, and circles viewed at an angle appear as ellipses. We extend circle detection to ellipse detection next. The method for ellipse detection that we will be discussing is taken from Ballard [22].

 

The equation for an ellipse centered at with axes parallel to the coordinate  Á¨@¨/«¶@±LQ¶¨©=¶0°K¶»¶¼³ ¨«7ªD©®»®¯ ¨±Eª<°=®¼®ªÂ½³{´Ã  «  Ä¨/«Åª)©»®¯Ä¨±Eª)°!¼®Æ±Æ«³´~¶

axes (Figure 9.7.3) is

 

Differentiating with respect to   , the equation becomes

 

which gives us            ¨«7ª)©®³ Ç»®¼®Æ±Æ«ºÈ®¨±Eª*°®Ã ¨±Eª<°=®¼®É½¯»®¼®ÇÆ±Æ«È®ËÊ³¾½1Ã

 

Substituting into the original equation for the ellipse yields ° °)³±Ì ¼®ÍÇ½¯¾Î,Ï¨ÑÐ@ÒÐ%ÓÏÔÏÈÃ

 

Solving for    we get            ° ©v³W«tÌ »®ÍÇ½¯ÔÏÎÏ¨ÐÒÐ%ÓÏÈÃ It then follows by substituting for    in the original equation for the ellipse that

 

by a direction edge detector and thresholded based on edge magnitude (Chapters 3 and 4). Æ±Æ«ßàÞLáÝQâ³|ã0ä-å3æQÕº¨/«¶0±1ªÙÄZçÃ ÜÝÜÞßàÞLáÝeâ Therefore, we assume that an edge direction image               exist, where    is the point       on the ellipse. The tangent to the ellipse at        is         . Since the gradient domain of the original image. The direction is the direction of the gradient at the

¨/«¶0±1 For ellipse detection we will assume that the original image has been preprocessed ÕYÖ¾×Ø´~¶ÄeÙ&Ú ¨/«¶0±1 Û Õº¨/«¶@±L

is perpendicular to the tangent, the following holds:
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y

 

β. .      α

(χ, ψ)

 

èx

 

Recall that so far we have only been considering the equation for an ellipse whose axes ó,ôó,õEö÷ò1øñeùúFû0ü,ý3þeÿëõíôï )ê are parallel to the axes of the coordinate system. Different orientations of the ellipse ë%ì!í@îï ê

corresponding to rotations of an angle    about         can be handled by adding a fifth

 

expression for    , which becomes                                      ì $# ÷ò1øñQù "! ðñðò                                    Figure 9.7.3. Parameters of an ellipse. ê

parameter to the descriptors of an ellipse. This rotation factor manifests itself in the  î  ìúõ

 

With this edge direction and orientation information we can write    and    as ~ë ïï ë  %& îúô ' (# ÷ò1øñeù

and                                                    í ë ë "! ï@ï

 

respectively. )  ,  %.- )  ëõíôï  '*  &+  í@ê   í  )  ëì -í@î  í  ï  3 ,

 

The accumulator array for ellipse detection will be a five-dimensional array .  õ  öì  ö  =<?>A@  *0/11112  & 45  $#9::::;  ÷ò1øñQù  6    !87

image, the accumulator cell                      is incremented by 1 whenever ë ë ïï Every entry of   is initially set to zero. For every feature point        of the edge direction
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Larger accumulator entry values are assumed to correspond to better ellipses. If an  vKvxwB_a`(bcAdy{z}|~heYw'KlE�E$

accumulator entry is judged large enough, its coordinates are deemed to be the parameters of an ellipse in the original image.

It is important to note that gradient information is used in the preceding description

of an ellipse. As a consequence, gradient information is used in determining whether a point lies on an ellipse. Gradient information shows up as the term

 

in the equations that were derived above. The incorporation of gradient information

improves the accuracy and computational efficiency of the algorithm. Our original example

 

of circle detection did not use gradient information. However, circles are special cases yYl Se xYw&KlyS.= ¡$¢.a£8¤jx ¡£Yw'Kl of ellipses and circle detection using gradient information follows immediately from the description of the ellipse detection algorithm.

Image Algebra Formulation     ¥j¦§e©¨£}ª]«8A¨¬ªj=®¯  (£¬ª.A«°±a¨8u The input image for the Hough algorithm is the result of preprocessing

 

The image             is defined by ³²´l µ{¶©· ¸ y =Y¹&ºCDZ8»'¼bMPl±½(3¾{¿s?À3¾{Ás{Â3¾zsÄÃ Å¾{ÆsÈÇ$¢j3¾{ÉsÈÊu the original image by a directional edge detector and thresholding based on edge magnitude.

 

The image             contains edge direction information. ËYw'K¹C»ÌMt¬ÍtNl B¹EGIIIIJwL »NQRSTmWUWYZ[\.Y^_`=bcedfgWf"il8lWopqqqqrB=s?tAÍ¡¢j Let          be the accumulator image, where

Let                           denote the condition

 

BC�E GIIIIJK L M&NPQRSTÎUWYZ[\]Y^_a`=bcedfgWf"i¬l8lWmWopqqqqrB=sÏtNu
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Define the parameterized template   by õ$ëjìøÑ6ùÜ¬úÓFá ã á Ð=ÑÒÓÿ The accumulator array is constructed using the image algebra expression

 

Similar to the implementation of the Hough transform for line detection, efficient in-ÑÙ ßó Ü}Ú $ÜÞ Ü}ß Ü8à ÓáVâÑ6ùÜúÓ Ù  á ù 6877779 Ñ Ñ ã Ô¯Õ(Ö×AØ Ó¬Ó-,/.!,1032 6877779<; crementing of accumulator cells can be obtained by defining the neighborhood function

 

The accumulator array can now be computed by using the following image algebra ã $!%-,.!,102 by                                     '&)( +*  "!#$!%         !54 àó á ú                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  :            ÔÕ=Ö×eØ õ¡ëjìÚ Ñ +&)(    Ñ +*                              ÓÓ                                                            ÿ =                              ! !#4 á

 

pseudocode:                        ?>A@5BCADFE 'Ñø    Ó Ò á Ò HG5I KJLM á Ò ÿ

 

9.8.   Generalized Hough Algorithm for Shape Detection N Ñ Ü Ó á û

non-analytic shapes. A non-analytic shape is one that does not have a representation of the FP FQ

 

form (see Section 9.7). The lack of an analytic representation for the shape  R  S+TUWVX  [YSW\U3]^X  R  RYSFTZU)VX  RYSFTZU)VX  SF\U)]"X  \_]  `aSF\U)]"X  SF\U)]"X  S-TZU)VX

is compensated for by the use of a lookup table. This lookup table is often referred to as the shape’s R-table. We begin our discussion by showing how to construct an R-table O In this section we show how the Hough algorithm can be generalized to detect

for an arbitrary shape. Next we show how the R-table is used in the generalized Hough algorithm. The origin of this technique can be found in Ballard [22].

 

any point        off the boundary of    to serve as a reference point for the shape. This bdSc\Uf]dX SF\U)]"X S+TUfVYX eYSc\U)]"X `aSc\Uf]dX \ [hg RYSFTZU)VX iSF[gX ScbUfeX reference point will serve to parameterize the shape . For any point on the boundary

of          let          be the angle of the gradient at        relative to the     coordinate

 

axis. The vector         from        to        can be expressed as a magnitude-direction SWb5U)ejX ikSc[gX pair                    , where         is the distance from        to         and          is

ScbdSc\U)]"XU3eSF\U)]"X3X Let   be an arbitrary shape in the domain of the image (see Figure 9.8.1). Choose the angle         makes with the positive    axis.

The R-table is indexed by values of gradient angles for points on the boundary

 

magnitude-angle pairs. The pair if and only if there exists a  is an element of

of         . For each gradient angle in the R-table, there corresponds a set        of
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gradient at (x,y)

 

S

 

p                                                                                                                                                                                                                                                                                                                                                                                                      (x,y) . n                                                                      m                                                                                                                                                                                    m                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              .(χ,ψ) (x,y) ϕ α (x,y)                                                                                                                                                                                                                                                               pthe vector r

 

tangent line at (x,y)                                                          q

Figure 9.8.1. Non-analytic shape representation.

Table 9.8.1 The Structure of an R-Table

 

{ }~c|)|~+fA�)~+) { }~c|)|F^~c)^�)~+YfY .. .. {| }~F||"W||WA~c|)|A��)~+|Zf| s                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          x tvudsxwzy .                                                            .

 

point cfd FWA      .. has magnitude     and direction YF)                  .. . . {d)j" cfdA¡K¢¤£"¥§¦�¥{F)"d{cfd5xZd¨5©_ªcfd"d« on the boundary of whose gradient direction is {  and whose vector . Thus, which we will shorten for notational ease to { }j~¬)¬¯®±°²®´³ where Table 9.8.1 ³¶µ¸·5¹{3 . illustrates the structure of an R-table. It provides a representation of the non-analytic shape algorithm. YF) that can be used in the generalized Hough
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. For that     there is a magnitude-angle pair          in        such that ÅÏ ½KÖÜÑÇÒÛËFÝÐÓÇÒÔ^Þ

and

 

gradient direction, gradient information is incorporated into the shape’s description. As in the case of ellipse detection (Section 9.7), this will make the Hough algorithm more

 

accurate and more computationally efficient.                ÕkºcÆÇF¾¼±ÈÊÉàËáÉâÎá¼      Û ÕkºcÆÇF¾ÏÌãÐÑÇÒ¼)ÓÇÒÔåäÈKÉÜæåÉèç¯Çé ÆÇ ÕkºcÆÇ¼Û¾Ï ãÐÛÑÇÒ¼)ÓÇÒÔäÈKÉÜæåÉèçÇé ÆÇ As it stands now, the shape is parameterized only by the location of its

reference point. The R-table for can only be used to detect shapes that are the

result of translations of           in the    -plane.

A scaling factor can be accommodated by noting that a scaling of by

 

Û An important observation to make about the R-table is that by indexing the ÃYºFÄZ¼)Å¾ ÃºFÄ¼fÅ¾ ÃYºFÄZ¼)Å¾ »ß½ ÃYºFÄZ¼)Å¾

 

is represented by scaling all the vectors in each of the by  .  ê  ÕkºcÆÇ¼fê5¾  ÆÇ  ÕkºFÆÇ)¼)ê5¾  Õkº3ºcÆÇë±ê"¾3ìÚ5íî"ï¾  êxìÚ5íî"ï

If                                              is the set of vectors that correspond to      for the original shape, then                                         correspond to     for the scaled shape. Thus, information from the R-table is easily adapted to take care of different scaling

 

parameters.        ÆÒÏ ºcÆÇjëðêd¾WìÚ5íZîdï        ÕºFÆÒ¾Ïòñ¯óÑÒô¼fÓÒô¸õäÈ/É´ö÷É´çÒø ÃºFÄ¼fÅ¾ ÃºFÄ¼fÅ¼Û¼fÆ¾ adaptation of R-table information.   Let           be the set of vectors that correspond to      in an R-table for the rotated shape.   The set           is equal to the set of vectors in                       of the original shape rotated through the angle           . Õkº+ÆÇf¼)ê"¾Ï ñKóÑÒô¼óÓÒôëðêõìÚ5íî"ïõäÈ/É´öùÉ<çÒø A rotation of the shape through an angle is also easily represented through

More precisely, if                         and                                     , then

. Therefore, information from an R-

 

point can be adapted to represent a more general shape parameterized by  ºc»¼f½d¾  ÄÅÛê  ûº+Äü¼fÅýj¼Û¸þ¼fê¸ÿ¾¼  ÈKÉ  ZÉ  ¼�ÈÉ  ùÉ  Z¼

reference point, scale, and orientation.

 

úº+»¼f½d¾ table representing the shape parameterized only by the location of its reference

Having shown how an R-table is constructed, we can discuss how it is used in the

generalized Hough algorithm. The input for the generalized Hough algorithm is an edge

 

image with gradient information that has been thresholded based on edge magnitude. Let Þ ÈKÉ ¼ ²É ûº-Ä 5¼)Åü¼Ûý¼)êÿ¾ xÈ/É »ß½ É ÃYºFÄ ¼fÅü¼Ûý¼fêÿ¾ ûºcÄ denote the direction of the gradient at edge point       .

The entries of the accumulator are indexed by a quantization of the shape’s ºc»¼)½"¾ ²ºF»¼)½¼3Ä ¼)Åüf¼Ûýj¼)êÿ¼ 5¼ "¼ 5¾ ¼fÅü¼Ûý¼fêÿ¾

parameter space. Thus, the accumulator is a four-dimensional array with entries

 

of the shape                  . Initially all the entries of the accumulator are 0. ! "# $% "# % $ "# $% Ä hë ó»Ö ÛýÑÒôØÚ5ÛójóÓÒôë±êÿõìÚ5íZîdïõ_õ For each feature edge pixel        add 1 to accumulator entry

 

if the following condition, denoted by , holds. For positive  &  '  &)(   Åüë ó½/Ö ÛýÑÒôÛË-ÝóóÓÒôë±êÿõìÚ5íZîdïõjõ  ¼

numbers       and   ,                             is satisfied if there exists a

 

ö É çÒ Entry                 is the counting bin for points in the    -plane that lie on the boundary ¼ ¼ ²º+»¼)½¼3Ä ¼)Åü¼Ûý¼)êÿ¼ ¼ ¼ ¾ ÈÉ such that

 

and              &                                       &*( #
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Larger counts at an accumulator cell mean a higher probability that the indexes

of the accumulator cell are the parameters of a shape in the image.

 

Image Algebra Formulation P:QR,/S2".85 SUTVWX2<Y<Z[ The input image for the generalized Hough algorithm is the result of

preprocessing the original image by a directional edge detector and thresholding based on

 

edge magnitude. The image             is defined by S6,1\2$4A5Q ] Y_^a`cb<dXe*bgfihekjX^mlnd6bohlp,/182$4A5 b$qr$b!bdGs'l"tubvstw*xyd WzwAltXbvu${p^msbA|

 

The image contains edge gradient direction information. The accumulator  .}TE~W2"B*C35[     QRVk,8v2�832"!k5XYEp2<Y?g2<Yg2YJZ6|

is defined over the quantized parameter space of the shape

 

*,P5m ¡,2"�p2$*2"9k5Q ] Y_^a`0S¢,/182"4*5Q£Y hkjd¥¤¥,1\2$4X2g2$�p2$A2$962"I!Lv2$I"O2"IK5'^ms's"h¦^ms§bd WzwA¦tXbvu{p^msb)| Define the template    by 

The set        is the set from the R-table that corresponds to the gradient angle    . The ¨©,/DGFA5 DGF

 

accumulator is constructed with the image algebra statement iQ«ª *,P5!|

 

Again, in actual implementation, it will be more efficient to construct a neighborhood ¬    B[ ® Q¯@6>k=i°6±²8,/S³k´5 function satisfying the above parameters in a similar fashion as the

construction of the neighborhood function in the previous section (Section 9.7) and then

 

using the three-line algorithm:    PµQ¶Po+· ¸Q¹P:º» ¬¼|

 

9.9.   Exercises                                                        T½ [ 1.    Discuss similarities and differences between correlation and convolution.   Write a relationship between them in image algebra (using some template ). 2.    Write an image algebra expression of the autocorrelation of an image          with itself. Then prove that the autocorrelation function is always even.

 

3. Write an image algebra expression of the power spectral density function (power

spectrum), which is defined as the Fourier transform of the autocorrelation function.

 

4. Sections 9.4 and 9.5 present pattern matching methods which are invariant with respect

to rotation and both rotation and scale, respectively. Formulate an image algebra method for scale-only invariant pattern matching.
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5. Sonar can determine the distance from a sound source by means of correlation. The  ÃÄ  ¾ ¿  À*¾¿Á3Â¿  ÃÄ

system has two transducers separated by a distance. The transducers receive the signals and the time-delayed        , respectively, where   is an attenuation factor which can be assumed to be 1 and is the time lag due to the different paths from the source to the

transducers. Even in the presence of noise, the correlation of    and          will have a peak at a distance from the origin corresponding to the delay . Devise an image algebra

scheme to determine the distance from a signal source, making any necessary assumptions.

 

6. Suppose we have a fixed camera that captures images of a road at given time intervals.

 

4) to determine the speed of a vehicle in motion on the road. Å3ÎÇ¸È/ÊËÉ<ÊkÌ ÈÏËÐ*Ì ÑÒÏÍË$ÐgÓÔAÊkÕ!Ö 7.    Find the Hough transform of lines enclosing an object with vertices              , Å\Í¥Ç¸È"É<ÊXË<ÉÊkÌ Devise an image algebra scheme that uses pattern matching and correlation (as in Exercise Å'ÆiÇ¶È"É<Ê6Ë"ÊkÌ by replacing       of the object lines by               . Calculate the area of the modified , and . Sketch the modified object enclosed by lines obtained

object.

 

8.    Implement a Hough transform that will detect an ellipse.

 

9. Develop a Hough transform that detects an ellipse in its rotated and scaled versions.

 

10. Generalize the two-dimensional Hough transform for line detection to a three-dimensional Hough transform that detects planes.
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CHAPTER 10

IMAGE FEATURES AND DESCRIPTORS

 

10.1.   Introduction

 

The purpose of this chapter is to provide examples of image feature and descriptor

extraction in an image algebra setting. Image features are useful extractable attributes of images or regions within an image. Examples of image features are the histogram of pixel values and the symmetry of a region of interest. Histograms of pixel values are considered a primitive characteristic, or low-level feature, while such geometric descriptors as symmetry or orientation of regions of interest provide examples of high-level features. Significant computational effort may be required to extract high-level features from a raw gray-value image.

Generally, image features provide ways of describing image properties, or proper-

ties of image components, that are derived from a number of different information domains. Some features, such as histograms and texture features, are statistical in nature, while oth-ers, such as the Euler number or boundary descriptors of regions, fall in the geometric domain. Geometric features are key in providing structural descriptors of images. Struc-tural descriptions of images are of significant interest. They are an important component of high-level image analysis and may also provide storage-efficient representations of image data. The objective of high-level image analysis is to interpret image information. This involves relating image gray levels to a variety of non-image-related knowledge underlying scene objects and reasoning about contents and structures of complex scenes in images. Typically, high-level image analysis starts with structural descriptions of images, such as a coded representation of an image object or the relationships between objects in an image. The descriptive terms “inside of” and “adjacent to” denote relations between certain objects. Representation and manipulation of these kinds of relations is fundamental to image analy-sis. Here one assumes that a preprocessing algorithm has produced a regionally segmented image whose regions represent objects in the image, and considers extracting the relation involving the image regions from the regionally segmented image.

 

10.2.   Area and Perimeter

 

Area and perimeter are commonly used descriptors for regions in the plane. In this

section image algebra formulations for the calculation of area and perimeter are presented.

 

Image Algebra Formulation × ØEÙÚÛXÜ<Ý<Þ<ßàpáßMâ Ý  ã  ×  ×

Let    denote the region in                   whose points have pixel value   .

 

One way to calculate the area    of    is simply to count the number of points in   . This ãåäæèç Øé ê ×

can be accomplished with the image algebra statement

 

The perimeter    of     may be calculated by totaling the number of 0-valued ë ë

 

4-neighbors for each point in   . The image algebra statement for the perimeter of    using êäæEìíç îÒïð<îØòñó ôð"õ3ñ ïð<îØiñóEô<öõõvÜ this definition is given by
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where the templates    and    are defined pictorially as ú ú

t =       2     1          t = 1       2

2

 1

 

Alternate Image Algebra Formulation

 

The formulas for area and perimeter that follow have been adapted from Pratt û

[1]. They provide more accurate measures for images of continuous objects that have been

 

digitized. Both the formula for area and perimeter use the template defined below.  ü

 3      1

t =

 

Let . The alternate formulations for area and perimeter are given by                                                                                                                                                                   þ  Òý  ý  !#"$ý  &%' $(Òý  )  +*, ý

ýÿþ                                        1      3

 

 #.                            -ý 0/$+1, ý  +2, ý--3

 

and         4   þ5  "ý  6 7Òý      ý  +(,ý  +*,ý  8 1 ý 2 ý respectively.                                                             9-93;:

 

10.3.   Euler Number

 

be the number of connected components minus the number of holes inside the connected components [2].

There are two Euler numbers for a binary image   , which we denote       and

<.   The Euler number is a topological descriptor for binary images. It is defined to <"  

. Each is distinguished by the connectivity used to determine the number of feature

pixel components and the connectivity used to determine the number of non-feature pixel holes contained within the feature pixel connected components. The Euler number of a

 

binary image is referenced by the connectivity used to determine the number of feature <7"$ pixel components.

The 4-connected Euler number, , is defined to be the number of 4-connected

 

feature pixel components minus the number of 8-connected holes, that is <"  >="  ?A@ .  7B Here,       denotes the number of 4-connected feature components of   and       is the ="  @ .  number of 8-connected holes within the feature components.
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The 8-connected Euler number,      , of    is defined by

 

where      denotes the number of 8-connected feature components of   and       is the JQD,E8FHG F L M E8FHG number of 4-connected holes within the feature components.

Table 10.3.1 shows Euler numbers for some simple pixel configuration. Feature

pixels are black.

 

Table 10.3.1 Examples of Pixel Configurations and Euler Numbers R SUTOVRW SUXHVRW Y TZVRW Y XNVRW [TZVRW [XNVRW

No.

[image: ]

 

1.

1      1      0       0      1      1

[image: ]

 

2.

5      1       0      0      5      1

[image: ]

 

3.

1      1       1      1      0      0

[image: ]

 

4.

4      1      1       0      4       0

[image: ]

 

5.

2      1      4       1      1      -3

[image: ]

 

6.

1      1      5      1      0      -4

[image: ]

 

7.

2      2       1      1      1      1

 

n ]qprsZtuwv!xQy vx Image Algebra Formulation \ ]_^a`cb7deUf                                 ghij\lkmon Let               be a Boolean input image and let           , where

number is expressed as

 

z9{$|8}H~� |8~Z #|8~ |-)~ +|8~Z#|8~Z+|8~-9 is the template represented in Figure 10.3.1. The 4-connected Euler

 

and the 8-connected Euler number is given by 9$|8}H~  � |8~Z #|8~ |-)~ +|8~|8~+|8~-9
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t =                   3    1 1     3

 

Figure 10.3.1. Pictorial representation of the

template used for determining the Euler number.

 

The image algebra expressions of the two types of Euler numbers were derived

from the quad pattern formulations given in [1, 3].

 

Alternate Image Algebra Formulation

 

The formulation for the Euler numbers could also be expressed using lookup

 

tables. Lookup tables may be more efficient. The lookup table for the 4-connected Euler § ¨ª© «¡ §¬ ®¡°¯ ± §¨²© «¡q³ ¬ ´¡¶µ Qa ¡£¢¤¥¤¦ · ¨²© «¡ ·®¬ ´¡¶¸ ¹ ¬$ºw»N¼!¾½¿¨²Àw¼ÂÁ number is

 

and the lookup table for the 8-connected Euler number is § ¨Ä© «¡ §Å¬ ®¡°¯ ± §Æ¨Ä© «¡q³ ¬ ®¡°µ Ã  +¡ ¢¤¥¤¦

¹ ¬ºw»c¼7w½¿¨ÈÀw¼ÂÉ ± ·Ç¨Ä© «¡ ·®¬ ®¡°¸

The 4-connected and 8-connected Euler numbers can then be evaluated using lookup tables

 

via the expressions ÊÌË -ÍH ¿Î5¡ §ÏÐ ÑÍÒÓÔ ÖÕ,×HØ ÊÌÙ8ÍH ¿Î5¡ §ÏÚÐ Ã 8ÍlÒÓÔ Á

respectively.

 

10.4.   Chain Code Extraction and Correlation

 

The chain code provides a storage-efficient representation for the boundary of

an object in a Boolean image. The chain code representation incorporates such pertinent information as the length of the boundary of the encoded object, its area, and moments [4, 5]. Additionally, chain codes are invertible in that an object can be reconstructed from its chain code representation.

The basic idea behind the chain code is that each boundary pixel of an object

has an adjacent boundary pixel neighbor whose direction from the given boundary pixel can be specified by a unique number between 0 and 7. Given a pixel, consider its eight neighboring pixels. Each 8-neighbor can be assigned a number from 0 to 7 representing

one of eight possible directions from the given pixel (see Figure 10.4.1). This is done with the same orientation throughout the entire image.
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2

3                  1

 

x      x      x

 

x            x x          

          3        2        1

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      4                       0
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Figure 10.4.1. The 8-neighborhood of    and the associated eight directions.   *2 7)

The chain code for the boundary of a Boolean image is a sequence of integers,

, from the set              ; i.e.,              for

 

3441!5#6 "!$#%'&       6 "'()& 7!8#9   *+-,/.10 . The number of elements in the sequence c is called the length of the

chain code. The elements      and          are called the initial and terminal point of the code, respectively. Starting at a given base point, the boundary of an object in a Boolean image can be traced out using the head-to-tail directions that the chain code provides.

Figure 10.4.2 illustrates the process of tracing out the boundary of the SR71 by following

 

direction vectors. The information of Figure 10.4.2 is then “flattened” to derive the chain (3":'('(';'))< code for its boundary. Suppose we choose the topmost left feature pixel of Figure 10.4.2 as the base point for the boundary encoding. The chain code for the boundary of the SR71 is the sequence

 

Given the base point and the chain code, the boundary of the SR71 can be completely =?>@ 5,A7.0CBED )FG,H7.0CBJI

reconstructed. The chain code is an efficient way of storing boundary information because KML !

 

it requires only three bits (        ) to determine any one of the eight directions. NOOPRQ.TSVUXWY#Z);[ NOOP]\?^ K _`abdcfegEhi7*jk#V?Fl'7*mn\KgEo!1kpq The chain code correlation function provides a measure of similarity in shape and

 

orientation between two objects via their chain codes. Let              and r s< \      ?F NOOP

be two chains of length m and n, respectively, with . The chain code correlation

function                       is defined by

 

The value of   at which      takes on its maximum is the offset of the segment of    that best matches . The closer the maximum is to   the better the match.

 

Image Algebra Formulation

 

Chain Code Extraction

In this section we present an image algebra formulation for extracting the chain

code from an 8-connected object in a boolean image. This algorithm is capable of extracting the chain code from objects typically considered to be poor candidates for chain coding purposes. Specifically, this algorithm is capable of coping with pinch points and feelers

(as shown in Figure 10.4.3).
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3            3                    6
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1                     6 2                     7 2                       7 2                        5 2                       5 2                     6 2                     6

1                       6 2                       6 2                       6 2                       5 2                     6 2                     6

3                    5 2                  6 2                  6 2                  5 2                 6

3               5 2              5 2            6

3          5

3       5

3    5 2 5
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Figure 10.4.2. Chain code directions with associated direction numbers. tvuxwJyz{E|} ~  u  y  �3{{

 

proceeds in three phases. The first phase uses the census template   shown in Figure 10.4.4  u'";}

together with the linear image-template product operation     to assign each point

 

a number between   and    . This number represents the configuration of the pixel values nt ~ of    in the 8-neighborhood about   . Neighborhood configuration information is stored in t Let be the source image. The chain code extraction algorithm

the image              , where

 

This information will be used in the last phase of the algorithm to guide the selection of directions during the extraction of the chain code.
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Pinch point

[image: ]

 

Feelers

[image: ]

 

Figure 10.4.3. Boolean object with a pinch point and feelers.   t                                      8                                                                                                 4                                                                           2 = 16 256  32    64   128                                                                                                                                                                                                                                                                                                                                                                                                                           1
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Figure 10.4.4. Census template used for chain code extraction.  ¡£¢¥¤)¦E§¨©jª«+¬E®J¯°   ¤¦E§±¨©+ª«j¬®¯
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The next step of the algorithm extracts a starting point (the initial point) on the

[image: ]

 

interior 8-boundary of the object and provides an initial direction. This is accomplished ¤ ² ³'´«©+¯µ¶¥· ¶¸ ¹ 2¶1º»· ¶¸¼¸¾½ «²¿'²¯ by the statement:

[image: ]

 

the object’s boundary the starting direction    is initially set to   . ³«7Ç¯Ì¡ ² ¹                     ³´«"©j¯ ³¸?«7Ç¯È¡ÊÉ À ¶1º¾Á2¶ÂÄÃC¸R·Å¶1º Here we assume the lexicographical (row scanning) order. Hence, the starting point is  ©

[image: ]

There are three functions                   ,                          , and

[image: ]

 

that are used in the final phase of the algorithm. The function ¹ Í ¹«²¯k¡«²¿É¯¿ ¹«É¯k¡«;ÎZÉ¿É¯¿

[image: ]

³Ã«7Ç¯$¡ËÉ the lexicographical minimum of the point set . For a clockwise traversal of  Æ

[image: ]

returns the   th bit in the binary representation of the integer . For example,            ,

[image: ]

, and            .

[image: ]

Given a direction, the function provides the increments required to move to the

[image: ]

 

next point along the path of the chain code in   . The values of   are given by ¹«7Ï)¯k¡«;ÎZÉ¿²¯¿ ¹«7Ð)¯k¡«;ÎZÉ¿ÎÑÉ¯¿ ¹«+Ò¯k¡«²¿ÎZÉ¯¿ ¹«7Ó)¯k¡«'É¿ÎZÉ¯¿ ¹«7Ç)¯k¡«'É¿'²¯¿'ÔEÕÖ

[image: ]

¹«7×)¯k¡«'É¿É¯°

[image: ]
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282                    CHAPTER 10.   IMAGE FEATURES AND DESCRIPTORS Ø Ù ÚÜÛ9ÝßÞjàá ØÌâÛäãAåæâÛ-çè)é1ê?ë3ìØÛHãÑåëííî Ø                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            ØÌâÛ9Þ"ÙÜïñðÈã æákòóEÙõô êEöø÷'ùÞ7ÚáúÛAçRûé4ìü ØÌâÛäãAå ìüý$êEöæâÛæïHåìüýøëíí?îfþ Ø±âÛ9Þ7Ùÿï-ðÈã æáúòÌóEÙÑô The key to the algorithm is the function   . Given a previous direction    and a Ø Ø

neighborhood characterization number          , the function   provides the next direction in the chain code. The value of    is computed using the following pseudocode:

 

Note that as defined above is designed for a clockwise traversal of the object’s boundary.

For a counterclockwise traversal, the line

 

should be replaced by          ØÌâÛ%ÞÙÿïÜï æáúò±óEÙõôþ Ù        

 

Also, the starting direction   for the algorithm should be set to   for the counterclockwise ç å %Þ Eá 

traversal.

 

Let              be the source image and let             be the image variable ÝâÛ ±ï àâÛ à ÙõâÛ-çÙ

used to store the chain code. Combining the three phases outlined above we arrive at the following image algebra pseudocode for chain code extraction from an 8-connected object contained in   :

 

æâÛ-çëíí?îÙÑâÛVØTÞ"Ù GâÛVØTÞCÙ;ÝGÞlàá;á êJö ÙÑÛ Ù "ÝGÞlàá"á                                        ìüý$êEö !#"                    üý àÛ à ûé4ìü ì %$ 3ÞæákâÛ-Ùà2âÛà$ï

 

ìüýøëííEîþ æâÛ æï å '&)ÞÙá
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In order to reconstruct the object from its chain code, the algorithm below can

be used to generate the object’s interior 8-boundary.

 

UH VNAAWOI

 

The region bounded by the 8–boundary can then be filled using one of the hole filling :MX-ZY[1;\] :%^2X-ZY[1;\_ `ba K ec-D1k+l-D7nm1`ko>p K : :W^c)3+:%^ d ec :^

 

qrXstLu4Cv4?w\_ algorithms of Section 6.6. ec-D16)8YgfhYji q-m1R)+ 4`x yo%z{|:}L~:%^cWI Chain Code Correlation

Let             and             be two chains where        . Let

where                is the function defined by                       . The image

that represents the chain code correlation between   and    is given by

 

e                                                                                                                                                                                                                                                                                                            Comments and Observations The image algebra pseudocode algorithm presented here was developed by Robert H. Forsman at the Center for Computer Vision and Visualization of the University of Florida. To improve the performance of the chain code extraction algorithm, the function used for chain code extraction should be implemented using a lookup table. Such an implementation is given in Ritter [6].

 

Y� 10.5.   Region Adjacency                                              (gX  .nX)%(P-/.18+ D A region, for the purposes of this section, is a subset of the domain of (

 

pm whose points are all mapped to the same (or similar) pixel value by   . Regions (XY� will be indexed by the pixel value of their members, that is, region is the set

Adjacency of regions is an intuitive notion, which is formalized for by

the      relation.

 

p          pmc.8vZX J? p-.8v?1R+g4 II 4>Ib(P-/.18+ D% (P-Z21+ m .                                                                               ¡>¢ £Ib(P-/.18+ m% (P-Z21+ DI .¤+¥-Z¦§v¨¦ ©1 b+ª-«C§%v¬«%©1

 

p-.8v?1*+® -¦§L«§1©7 -Z¦©L«©1© Here    denotes the Euclidean distance between                and              ; i.e.,  c  c . In other words,     and     are adjacent if and

only if there is a point in     and a point in     that are a distance of one unit apart.
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284                    CHAPTER 10.   IMAGE FEATURES AND DESCRIPTORS ¯#°± ¯°± ²>³´?µ±W¶ ·´;µ±u¸¹º»½¼¾¿¯°±}¾rÀ>ÁÂ pairs, an image, or a graph. The ordered pair representation of the relation is the set

 

The     relation is symmetric (                         ). Hence, the above set contains ÆÇ¸ ²ÈÉµËÊÁÌ Æ³Q´?µ±#¶ÍÏÎ ÊÑÐÓÒ¾¿¯°±Ô¾À ÈÖÕ>×?Ø ÙÚ;Û ÐJÜ;Ù>µ ²>³´?µ±W¶ ·´2Å ±uº%»½¼¾¿¯#°±u¾ÀÁ ¯°Z± The adjacency relation, denoted by , can be represented by a set of ordered  ¾¿¯°±Ã¾ÀuÄ ¾À¯#°±E¾¿

redundant information regarding the relation. This redundancy is eliminated by using the set                                    to represent the adjacency relation.

 

ÝÍ ²>³Z´;µ±>¶ ·>Þrß ´ßáàãâµÊß±åä ´Á The image             defined by ³Z´;µ±W¶ ¾¿¯°Z±E¾À æ                                ¯°±

where is the image representation of the adjacency

relation among the regions in   .

Region numbers form the vertices of the graph representation of the relation;

edges are the pairs      , where            . Thus, there are three easy ways to represent the notion of region adjacency. As an example, we provide the three representations for

the adjacency relation defined over the regions in Figure 10.5.1.

 

4                     3

 

2

 

5

1

 

6

 

Figure 10.5.1. Albert the alligator (Region 1) and environs. çèé}êìë>íZî ïðËñËïòíQó ï¨î%ñËïòíQô½ï¨î%ñËïòíõÉï¬î%ñ íZõ ï?ô>ñËïòíQö ïðËñËïòíö ï¨î%ñËïòíöÉï¬õ%ñø÷ ðî ðóý ðôýðhýõýðhý ð

(a) Ordered pair representation —

 

(b) Image representation — ù úé ðûîüóÖô õ ö

 

ö ð ðhýüý ð
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(c) Graph representation —

 

1

 

þ                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                6 3 2 4 5

 

Image Algebra Formulation ÿ           ÿ Let           be the input image, where     is an         array. In order for

 

result of preprocessing an original image with some type of segmentation technique; e.g., ÿ 1243 ( )./ " ! #"%$'&)(*+(-, 0 ÿ the adjacency relation to be meaningful, the image in most applications will be the

component labeling (Sections 6.2 and 6.3).

The adjacency relation for regions in will be represented by the image

 

0 , where                                    . The parameterized template ÿ IKJ '6LM" ÿ INL:"6" ÿ IOJ :NLM" ÿ IPL'"6"" Q:R  "6587:9;<=6! :" >?@?A CBEDF= :" HG#I  =6! S"  TGMI  ÿ  ÿ  ÿ  ÿ

ÿ                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          used to determine of adjacency is defined by INLJ "U INL:""                    IPLJ "                   IPL'"N"6" Q'V6WYXRNZ BE[XM\

 

The adjacency representation image is generated by the image algebra statement $^]_0 ÿ "\ ÿ

 

For a fixed point          of    ,             is an image in         . If regions     and Ia`PL`" Ii`PL`" 0 dhg 0 "5b7cN9;c6< 2Y ÿ dfe "65b7c9;c<= #" dhg dfe

 

“touch” at the point         ,                  is equal to   ; otherwise it is   . If regions "5b7:9;<=6! #" ÿ ]5b7'9;<kj 0 and     touch at any point in   , the maximum

 

will take on value   ; otherwise it will be   . Therefore,  = :"  ] 0 ÿ ÿ "  ]5b7:9;<kj0 "65b7'9;<=6! S"

 

is equal to   if      and      are adjacent and    otherwise. The ordered pair representation dle dmg noHGqpr+s"\ of the adjacency relation is the set
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Comments and Observations

In the definition of adjacency above, two regions are adjacent if there is a point

in one region and a point in the other region that are unit distance apart. That is, each

 

point is in the 4-neighborhood of the other. Another definition of adjacency is that two t u

regions are adjacent if they touch along a diagonal direction. With the second definition, two regions are adjacent if there is in each region a point which lies in the 8-neighborhood of the other. Another way to express the second adjacency relation is that there exist points

 

in each region that are at distance      of each other.  {bk}f{84N|2{8{b|=}~k}{b|:}~} %b#{E{|=}~k}{|:}~k} {8y} {bFN|{b{b|'}~k}{b|'}~k} %bM{b{b|'}~k}{b|'}~k} {8y}T{bFN|{b{b|'}~kk}{b|:}~k} v'wyxaz{b|:}~w=:z: ����������

If the second definition of adjacency is preferred, the template below should

 

replace the template used in the original image algebra formulation. %bM{b{b|'}~kk}{b|:}~k}:= {8y} {bFN|{b{b|}~yk}{b|:}~} %bM{{|}~y}{|:}~ The image algebra formulation of the algorithm presented above was first formu- NY 6¡F¢b£#¤ lated in Ritter [6] and Shi and Ritter [7].

 

10.6.   Inclusion Relation

 

The inclusion relation describes the hierarchical structure of regions in an image

using the relation “inside of.” Regions are defined as they were in Section 10.5. The inclusion relation can be represented by a set of ordered pairs, a directed graph, or an

image. As an example, we present representations for the image shown in Figure 10.6.1.

 

2

 

3

5

4       6

 

1

 

Figure 10.6.1. Inclusion of smaller fishes            a bigger fish. ¥=¦¨§¥k©Mª¬« ®¥¯=°#± ¥k¦¨§¥y©Mª²«

 

(a) Ordered pairs — The ordered pair       is an element of the ³f´ ¶®=·Y¯N¸±¯U®·Y¯U¹±¯U®º¯6»:±U¯®yº¯¹±U¯®k¼a¯N¸±¯U®y¼i¯¹±U¯®y»¯¹±U¯ ³hµ ¥k¦¨§¥k©MªT«

relation iff region      is inside of region            Figure 10.6.1 the . For ®=¸Y¯¹±¯U®P¹:¯¹±N®=¸Y¯N¸±¯U®»¯P»±U¯®k¼a¯¼2±¯U®yºY¯Nº±¯U®·Y¯N·±N½M¾ relation is represented by the set of ordered pairs
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(b) Directed graph — The vertices of the graph representation of the inclusion relation are region numbers. The directed edge       with tail at   and head at   is an element of the graph iff . The directed graph representation

of the inclusion relation is shown below. The relation is reflexive,

 

1

 

2          3

 

4       6      5

 

thus in the graph above each region is assumed to have an edge that points back Ð æèç'é6êYëUìPí ÚEîëMï to itself.

(c) Image — The inclusion is represented by the image   defined by ÐÒÑÓÔ=Õ#ÖO×ØfÙÛÚEÜ%ÝfÞÓkß¨àÓyáMâËãä Ýmå

 

The following is the image representation of the inclusion relation for Figure ÓYðñÕ Ùóò ôèõ öø÷ Ù Ù æ æùæøæøæ ò ÙùÙ æùæøæøæ õ ÙùÙ æ Ù æøæ ô Ù æ Ù æøæøæ ö Ù æ Ù æ Ù æ

10.6.1.

 

ú                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    Note that regions are sets; however, the ÷ ÙùÙ æùæøæ Ù Ókß¨àÓkáMâ²ãä                    relation and set inclusion relation are distinct concepts. Two algorithms used to describe the inclusion relation among regions in an image are presented next.

 

ÝlÞ Óyß¨àÓká#âûãä Ýhå Image Algebra Formulation ÝfÞ               ú                    Ýhå üÞ×ýÿþÞÑyÐaÖ üå ×ýOþåÑyÐaÖ Ð

 

ÝlÞ gorithm begins by making binary images              and              to represent the ²× Ð üå × üå Ýhå üÞ Ð × × regions     and    , respectively, of the source image   . Next, one of the hole filling üå üå ÝlÞ The first image algebra formulation bases its method on the tenet that Ýhå iff the domain of     is contained ( ) in the holes of     . The al-

algorithms of Section 6.6 is used to fill the holes in    to create the filled image    . Region

 

is inside of      iff                .                     Ù Let          be the source image, where                . Let               , where        . We shall construct an image          that will represent the inclusion relation. Initially, all pixel values of    are set equal to   . The image algebra pseudocode used to create the image representation of the inclusion relation among the regions of
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is given by               #%$'&9)*:,/.1020-3 54$6$87 *;#)(=<  9?>;,6@ BA(DCE98F< HGI1JK, L:MN OQPMAF LDR  SOPRAF LR  TJ$4K#U*4V4ALRF *;# LM3 L-R   L-R I1JK,

 

K,_@`*;#K,_@`*;#K,_@4$6$;7K,_@4$6$87a0 K46[K\A(]CE91F ^G WA91CX(YFN ZG

 

The subroutine is an implementation of one of the hole filling algorithms from  J$4K#b*464

Section 6.6.

 

The algorithm above requires applications of the hole filling algorithm.

 

(Yklm(Yn6oqp;r Alternate Image Algebra Formulation c-dec8fagihj Each application of the hole filling algorithm is, in itself, computationally very expensive. graph are not adjacent. This assumption will allow for greater computational

 

efficiency at the cost of loss of generality. vxw k                               y M            y R AzstCXutF

The alternate image algebra formulation makes its determination of inclusion

based on pixel value transitions along a row starting from a point inside a region

 

and moving in a direction toward the image’s boundary. More specifically, if the image {-|1}n~ .�Tut |kn A(Ci91F AAistCXut .:F-CAzstCDut F]F10 The alternate image algebra formulation assumes that regions at the same level of the AisbtC]utF is defined over an         grid, the number of transitions from region     to region

starting at moving along a row toward the right side of the image is given by

 

For example, in sequence AzsUtCDutF                                            A]sbtCDkUF AzsCXu'F         .  .     .G .1. .:

 

there are two transitions from 4 to 6 and one transition from 6 to 4. y M ( (kl:(YnVo"p;r y R 9 y M 9 (

It follows from elementary plane topology that if      is                 then

starting from a point in is greater than the number  the number of transitions from  to

of transitions from to . The image algebra formulation that follows bases its method

on this fact.
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Let         , where                be the source image. Let   be the ordered

 

pair representation of the inclusion relation. For , define the parameterized  Î8ÏbÐ ¸ÑËÑÍÒ`ÌÁ  ¶Ó1ÔÕ_Ö-×ØÊÆÚÙÖVÛ

 

template                    by ²'¬a·DÀa·ÁV°Â'¬zÃ·iÄV°Q ¦Å ¸ÇÆNÈ¬zÃ·iÄ1° ¬¬iÀa·DÁÊÉË?ÌÍ¸-°·]¬iÀa·DÁÊÉË_°]° ÜÝ1¢±ÊÞ ¢± Ü¨¬EÀß·DÁ1°Q ¬iÁ_·DÀb°

 

Let             be the reflection                 . The alternate image algebra formulation  ©ÝN "µ;¬X¸1·:¸-°:·-¬à·Xà;°·má:á:áX·¬zâ+a·Xâ+%°ã¹ ä_å;æ`çè:é ¸1Û2Û-â`qêå6å8ë ýéVþ êåVå8ëÛ ¬]À_ì1·DÁ;ì-°BÝ ^í-îUï;Ãí-ð8¬zñ6ï;òôó6ÃÒß¬Yaõmö÷°]° ø ÝN ù ²'¬a·DÀì·XÁì° ©?ÝN Z©úôñVï;òó6ÃÒß¬¬ø Ì øqû Ü°õ;üì° used to generate the ordered pair representation of the inclusion relation for regions in is

 

Here      denotes the composition of   and , and                                    . ø`ûÜ ø Ü ¬øôû Ü°D¬zÀß·DÁ1°  ø ¬Ü¬]Àß·XÁ'°]°  ø ¬Á_·DÀb° ä%å'æ

 

A nice property of this algorithm is that one execution of the loop finds all the regions  Ë`¢  ä_å'æ  ²1¬Ya·DÀbì;·DÁ;ì-°Â?µ¶·m¸:¹º  ¬iÃ]·EÄ1°  ÿ   ÿ   ¬]Àbì;·DÁ;ìÉ^Ë?ÌÍ¸-°

 

that contain the region whose index is the current value of the loop variable. The first ø ¬Ã]·EÄ8°ô  Â ½²1¬eß·XÀUì;·DÁ;ìm°Â¬zÃ·iÄV°  algorithm presented required nested      loops. ²'¬ea·DÀbì;·DÁ;ì:°Â¬zÃ·EÄV° Â ÿ ÿ ø ¬zÃ·iÄ1° ø ¬eÄ1·DÃ° ÿ ÃYÒ    mÃYñ6ð ï;Üôÿ Note that for each point       ,                          is an image whose value

at        indicate whether the line crosses the boundary from     to     at                  .

 

Thus, is the total number of

boundary crossings from     to    , and                 implies                  .

 

Comments and Observations       "! Both formulations, which were first presented in Shi and Ritter [7], produce a preordering on the set of regions. That is, the relation is reflexive and transitive.

The first formulation is not a partial ordering because it fails to be antisymmetric. To see this consider an image that consists of two regions, one of black pixels and the other of white pixels that together make a checkerboard pattern of one pixel squares. Under its assumption that regions at the same level are not adjacent, the second formulation does

 

produce a partial ordering.                               #"$&%'#$ 10.7.   Quadtree Extraction

A quadtree is a hierarchical representation of a binary image based on

successive partition of the image into quadrants. Quadtrees provide effective structural descriptions of binary images, and the operations on quadtrees are simple and elegant. Gargantini [8] introduced a new representation of a quadtree called linear quadtree. In a linear quadtree, he encodes each black node (foreground node) with a quaternary integer whose digits reflect successive quadrant subdivisions. He needs a special marker to encode big nodes with more than one pixel. Here, we encode a quadtree as a set of integers in base 5 as follows:
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Each black node is encoded as an -digit integer in base 5. Each successive digit  (*),+

represents the quadrant subdivision from which it originates. At the kth level, the NW quadrant is encoded with 1 at the kth digit, the NE with 2, the SW with 3, and the SE with 4. For a black node at the kth level, its last         digits are encoded as 0’s.

 

-NW     NE       SW      SE-. .

[image: ]

 

Figure 10.7.1. A binary image and its quadtree.
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 131  132      /                0 140
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 134            233
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320
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400
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To obtain the set of quadtree codes for a binary image, we assign the  6  6  6  798:<;>=  ?@?CZDD>DX?GF[JD>DDJMNOP2KQF

[image: ]

individual black pixels of the image their corresponding quadtree codes, and work upwards ?A@B?CEDDD9?GFIHKJLDDD9JMNOP2QFQ@ HSRT;"UV1KUXWYUX6 6 78\:];>= 6                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                Figure 10.7.2. Codes of black pixels. 1"24351"2
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to merge    codes representing    black nodes at a lower level into a code representing the black node consisting of those black nodes if possible. The merging process can

[image: ]

 

be performed as follows: whenever    black nodes at the        th level are encoded 12^3_1"2 as                    ,                , we merge those codes into                   which represents a kth-level black node consisting of the    black nodes at the         th level. This scheme provides an algorithm to transforms a binary image into its quadtree

[image: ]

representation.
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Image Algebra Formulation

Let the source image          be an image on                                .

Define an image         by

 

where                           kf zY�kx mf zY�mx

 

and                                     f<s"mf<s xk fi|L"m f<s  k f<s"m fi| Next, define the template jXklmoEf  |k  k fi|L"m fi|" IjKo  as follows:   -5 n-k     0

 0       0

 

Finally, define two functions     and     by  £¤w«¬¡>¦V«£G§[¨®[¯«¡ª±°¦¯«£ª*°p²Z³ ´                        ´  ¡¤9¥¢¡"¦B¥"£§¨©¤ªI¥¢¡"¦Bª¢¥"£§ t(k)  =  ¢¡          "£

and

 

Now, if    denotes the set of quadtree codes to be constructed, then    can be ´¶µ¨ ·¸K¹µ¨¸»º>¼ ½ µ¨¿¾À¢ÁÂÃYÄÅ¸ÇÆÈyÉ ÊKË ÌÆ µ¨¿¤¸Æ ÍÎÐÏ¤½§X§Ñ ¡ ÒIÆ µ¨Ó¤nÔEÕÖÌÆ§Ñ "£ ´ µ¨ ´u×_Ø"Ù¾YÚÜÛ¤X¤¸Æº>Ò¢Æ§GÝ"ÞßÖG§ ¸Æà¡Lµ¨ ÌÆ

obtained by using the following algorithm.

 

in which any positive pixel encodes a kth-level black node which may be further merged å9æçuèé                        êrë ªÆä ªÆ In the above algorithm, which first appeared in Shi [7],     is a           image ½ µ¨ ½áÐâ³ ¸ã

 

indicates that the corresponding node cannot be further merged. Thus, a positive pixel of ìIí»ð5ìIí ìIíîïÅð4ìIíîï

 

òëÅóñë to a big node at the         th level. The image     is a               image in which any ñë positive pixel encodes a black node merged from the corresponding four black nodes at the kth level. The image    is a          binary image in which any pixel with value 1 encodes a kth level black node which cannot be further merged.

© 2001 by CRC Press LLC

292                    CHAPTER 10.   IMAGE FEATURES AND DESCRIPTORS

 

10.8.   Position, Orientation, and Symmetry

 

In this section, image algebra formulations for position, orientation, and symmetry ô4õ÷öEøù 

are presented. Position, orientation, and symmetry are useful descriptors of objects within

 

images [9, 10].                                úû¬üýþ Gôú9ûüVýIþ û ý û»ÿ øùû Let be an image that represents an object consisting of positive-valued

pixels that is set against a background of 0-valued pixels. Position refers to the location of

 

the object in the plane. The objects’s centroid (or center of mass) is the point that is used û ý øùôúXûüBý¢þ VôúXûüVýIþ pû ý ýÿ    øùý         û pý to specify its position. The centroid is the point whose coordinates are given by

 

Figure 10.8.1 shows the location of the centroid for an SR71 object. ýÿ       ý                                                                                                              ôúXûüBý¢þ ôúûüVýIþ ôú9ûüVýIþ     ! #"%$ For the digital image               the centroid’s coordinates are given by øùôúXûüBý¢þ ô5õ÷ö û û»ÿ                  ôúXûüBý¢þ 

 

Orientation refers to how the object lies in the plane. The object’s moment of úûüý¢þ &(' ÿ *)+) ú9û /. ûYþ 012"3$4.-, 5. 68709$9:<;= $=>? & '

inertia is used to determine its angle of orientation. The moment of inertia about the line ,úXý ýpþ ô¬ú9ûüBý¢þ û ý $@>A $@>A

 

The angle is the direction of the axis of least inertia for the object.  that minimizes  $CBD  $=B  G ;!H

If        is unique, then the line in the direction       is the principal axis of inertia for the F )I) J. ; ! object. For a binary image the principal axis of inertia is the axis about which the object appears elongated. The principal axis of inertia in the direction is shown for the SR71

object in Figure 10.8.1. The line in the direction is the axis about which the moment

 

of inertia is greatest. In a binary image, the object is widest about this axis. The angles ÿ ûKþ ô¬ú9ûüBý¢þ û ý G ! øù ú9û )I) J. 5. K G H!;

$E>A with slope        passing through        is defined as øù            $ and      are separated by 90 .

 

Let               ÿ              ûKþúXý     ýþ Gôú9ûüBýþ pû ý øù ú9û ÿ )I) L. ýþ ; VôúXûüVýIþ û ý 

øù ú9ý
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y

[image: ]

 

(x,y)- -

 

θ

 

The moment of inertia about the line in the direction Figure 10.8.1. Centroid and angle M                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  x of orientation. M N(OCP*Q%RS8TU2VRM4WYXQ[ZZ!T\U2VM]8^TMC_ Q%SR]8^TRMa` can be written as The moment of inertia is minimized by solving bN(ObMP*c for critical values of . Using the identity M leads to the quadratic equation d!eVXfMP Rfg<hiKOZ!jg<hilkO d!eVRM=_ Q RSW Q SRQ[Z!Zd!eV M4WnmP*c` the search for critical values Solving the quadratic equations leads to two solutions for d!eV M and MpoEqi maximum moments of inertia, respectively. Determining which solution of the quadratic Mpoh8r N O , and hence two angles . These are the angles of the axes about which the object has minimum and equation minimizes (or maximizes) the moment of inertia requires substitution back into the equation for .
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For the digital image the central moments of order 2 are given by  | ���Y�/ 5sl  | ~}� �L }s!f8

 

Symmetry is the ratio, , of the minimum moment of inertia to  5y3{y  

“elongated” an object is. For example, a circle has a symmetry ratio equal to 1; a straight the maximum moment of inertia. For binary images symmetry is a rough measure of how

 

¦�t £¡ Image Algebra Formulation Let s(tYuK¡ line has a symmetry ratio equal to 0. ¢ ¤£¤¥ £ ¦}t £¡ ¦�l 

, where , be an image that represents an object. Let  ¦}l 

and          be the projection images defined by

 

The image algebra formulations for the coordinates of the centroid are §©¨ ¦�s¨s ª§©¨ ¦}s¨s

 

The image algebra formulas for the central moments of order 2 used to compute the angle | }~§  ¦�}s | ��§  ¦�¦} #s | ~}§  ¦}#}=s of orientation are given by

10.9.   Region Description Using Moments

 

Moment invariants are image statistics that are independent of rotation, translation,

and scale. Moment invariants are uniquely determined by an image and, conversely,

uniquely determine the image (modulus rotation, translation, and scale). These properties of moment invariants facilitate pattern recognition in the visual field that is independent of size, position, and orientation. (See Hu [11] for experiments using moment invariants for pattern recognition.)

 

© 2001 by CRC Press LLC

The moments invariants defined by Hu [11, 12] are derived from the definitions ´Jµ¶=· ¸¹º¸ ¸¹º¸I»µ#¼l¶«3¯»±¼³½»½¼±

of moments, centralized moments, and normalized central moments. These statistics are ¯?°±²³ defined as follows:

Let    be a continuous function defined over    . The moment of order       of

 

is defined by °±²(¾À¿Á±8Âl±Ãa±8Ä9Ä9ÄÅ ´µ¶ «                                        « ´µ¶ «    «

«10. 9 Region Description Using Moments 295  «  ¬®

 

where                 . It has been shown [13] that if    is a piecewise continuous « Æµ¶· ¸¹º¸ ¸¹º¸ ¯»JÇ»³µ¯¼Ç¼³¶«È¯»±¼³½»½¼± function with bounded support, then moments of all orders exist. Furthermore, under the same conditions on   ,      is uniquely determined by   , and    is uniquely determined by     .

The central moments of    are defined by

 

where                   » · ´vÉÊ´ÊÊ ËÍÌÎ ¼· ´%ÊpÉ´ÊÊÏ ¯»±¼³ ´ÙØvÚ Ðv¾Ñ¬xÒ ÓÕÔ×Ö3

 

The point is called the image centroid. The center of gravity of an object is the  ¯A°±²³  Æµ¶·ÜÛÝ ÛÞ ¯»JÇ »³µ¯¼Ç ¼³¶Ð3¯»±¼³Ï

physical analogue of the image centroid.

 

Let         , where          is an        array. The discrete counterpart of the ßµ¶ ßµ¶· Æµ¶ÆàÊÊ ± á=âã8äã å · °çæè²Ãæ*ÂÏ éÉ±é±\Ä9Ä9Ä±é3ê

centralized moment of order       is given by

 

The normalized central moment,    , is defined by

 

[11]. For the continuous case, these values are independent of rotation, translation, and scaling. In the discrete case, some aberrations may exists due to the digitization process.

 

image of the character “A.” There is some discrepancy within the Table 10.9.1 é3ô· ¯ßÊÇ ßÊ³ñ¯ßìÊæïßÉ³Ç ¯ßÉæõßÊì³ó æï¯íßÉÇ ßÊì³p¯ßÉæèßÊì³ñí¯ßìÊæèßÉ³Ç ¯ßÉæYßÊì³ó æ(ë#ßÉÉ¯ßìÊæYßÉ³D¯ßÉæïßÊì³ éê· ¯íßÉÇ ßìÊ³¯ßìÊæïßÉ³ñ¯ßìÊæèßÉ³ÇÑí¯ßÉæïßÊì³ó æï¯íßÉÇ ßìÊ³p¯ßÉæèßÊì\³ñí¯ßÍìÊæèßÉ³Ç ¯ßÉæYßÊì9³óÏ lists moment invariants for transformations applied to the binary éö We now present the seven, , moment invariants developed in Hu  éÉ· ßÊæYßÊ  é· ¯ßÊÇ ßÊ³æèëßÉÉ  éì· ¯ßÍìÊÇYíßÉ³æÜ¯íßÉÇ ßÊì9³  éî· ¯ßÍìÊæïßÉ³æÜ¯ßÉæïßÊì8³ é3ð· ¯ßìÊÇYíßÉ³¯ßìÊæïßÉ³ñò¯ßìÊæèßÉ³ÇÑí¯ßÉæïßÊì³ó

due to digitization.
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[image: ]

 

0.472542    0.001869     0.059536     0.005188     -0.000090    0.000223   0.000018

[image: ]

 

0.472452    0.001869     0.059536     0.005188     -0.000090    0.000223   0.000015

[image: ]

 

0.472452    0.001869     0.059536     0.005188     -0.000090    0.000223   0.000018

[image: ]

 

0.321618     0.000519     0.016759     0.001812     -0.000009    0.000040   0.000004

[image: ]

 

0.453218     0.001731     0.058168     0.003495     -0.000047    0.000145   0.000031

 

Image Algebra Formulation ùvúÑûü ýÕþ×ÿ                   lýÿ ù

coordinate projection. The image algebra formulation of the   Let         , where          is an         array. Let              denote the th "  #$%                   !         th moment is

 

The      th central moment is given by & '()* ,+ -  . + /  ù- 10325404*4 / 10647204*4

where          and          are the coordinates of the image centroid. Computation of the invariant moments follow immediately from their mathematical formulations.

 

10.10.   Histogram

 

The histogram of an image is a function that provides the frequency of occurrence

 

for each intensity level in the image. Image segmentation schemes often incorporate  ý  89  :<;>=  Jú  @?ACBED(=DGFIH  F  J8LK  Íù-ú  Cü  2ù  @þ  ù  =ú  ù-ú

histogram information into their strategies. The histogram can also serve as a basis for

 

measuring certain textural properties, and is the major statistical tool for normalizing and 9? MCNOPRQPS T U:WV X! R Y?)Z YJ 2ù ú-ý requantizing an image [12, 14].

Let    be a rectangular        array,                              for some fixed Íù $* \[]O^N_`;>a b X .ac<7H^"

integer    , and                                    .

The histogram image,            , that corresponds to        is defined by
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That is,         corresponds to the number of elements in the domain of   that are mapped to
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by shows an image of a jet superimposed over a graphical representation  .  Figure 10.10.1

of its histogram.
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Figure 10.10.1. Image of a jet and its histogram. lm*no$p*qsr(tu`o>vwyx n lm.n#o$p*q z v{>|P}~m.qlm.n#o$p*q>

The normalized histogram image                 of   is defined by

 

It is clear that . The normalized histogram corresponds, in some ways, to  �.x l!m*nop.qzv  lfm.nop*q

a probability distribution function. Using the probability analogy, is viewed as the  nmq  p

probability that                         . takes on value

 

Image Algebra Formulation Pj x3% nr                 m.nTq6r  x 

 

Define a parameterized template                   n m5nRqjRmqcz vcnmqcz

 

by defining for each          the template   with parameter   , i.e.,                , by u¡ £¢j¤¦¥%§j¨y©ª¥C lr\« x

 

The image          obtained from the code l z¬ m5nTq n                     ¬ m.nRqz¬®%¯° m5nTq

 

is the histogram of   . This follows from the observation that since                    , lmyCq±z¬®%¯>° m5nTqm5Cqz   ² z´³ µT¶Pm*nTq the number of pixels having value   .

If one is interested in the histogram of only one particular value , then it would

 

be more efficient to use the statement  µ¶m*nTq  µ¶m*nmqjq

since            represents the number of pixels having value   , i.e., since           =   µ¶m*nTq µ¶m.nm*q$qEzv·¸nm.qz and                         .
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¹ Note that the template formulation above is designed for parallel implementation.  For serial computers it is much more efficient to iterate over the source image’s domain  and increment the value of the histogram image at gray level  is encountered in the source image.  ¹  Comments and Observations

whenever the gray level

 

10.11.   Cumulative Histogram

 

For a given gray level of an image, the value of the cumulative histogram is equal

to the number of elements in the image’s domain that have gray level value less than or

 

equal to the given gray level. The cumulative histogram can provide useful information º»Y¼)½ ¾ »Y¼ ¿PÀ*ºÃ$¾*ÁcÄÅ]Æ^ÇÈ`É%Ê9»9ËÍÌ3ºÀÊÁfÎ¾ªÏCÐ ¿¦À*ºTÁ»Y¼±Â about an image. For example, the cumulative histogram finds its way into each of the histogram specification formulas in Section 2.13. Additional uses can be found in [12, 15]. Let          and      . The cumulative histogram            is defined by

 

The normalized cumulative histogram               is defined by ¿PÀ*ºTÁ)»ÑÒ¦Ã%ÓªÔÂ ¿`À.º#Ã$¾*Á Ä ÓÅ>ÆPÇÈ`À.ËÁÕ¿ÖÀ.ºÃ¾.Á]Ð

The normalized cumulative histogram is analogous to the cumulative probability function of statistics.

Figure 10.11.1 shows an image of a jet superimposed over a graphical represen-

tation of its cumulative histogram.
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Figure 10.11.1. Image of a jet and its cumulative histogram.
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× The image algebra formulation for the cumulative histogram is very similar to the  formulation for the histogram (Section 10.10). Only the template  The equality in the case statement of the template becomes an inequality so that the template  ×  Image Algebra Formulation

needs to be modified.

 

used for the cumulative histogram is ×Ø.ÙRÚjÛRØÜÚcÝÞßàá ÙØâÚãäÜ å¡æ£çjè¦é%êjë àyìéCí

 

The cumulative histogram is then represented by the image algebra statement îïÝ(ð×£Ø.ÙTÚí

 

Comments and Observations î ñ           î As with the histogram in Section 10.10, the template formulation for the cumu-lative histogram is designed for parallel computers. For serial computers the cumulative ñ

histogram should be calculated by iterating over the domain of the source image. When-

ever the gray level    is encountered, the value of    at all gray levels less than or equal to    should be incremented.

 

10.12.   Texture Descriptors: Spatial Gray Level Dependence Statistics

 

Texture analysis is an important problem in image processing. Unfortunately,

there is no precise definition of texture. In this section, the approach to texture analysis is based on the statistical properties of an image. In particular, statistical properties derived from spatial gray level dependence matrices of an image are formulated.

Spatial gray level dependence (SGLD) matrices have proven to be one of the most

popular and effective sources of features in texture analysis. The SGLD approach computes an intermediate matrix of statistical measures from an image. It then defines features as functions of this matrix. These features relate to texture directionality, coarseness,

contrast, and homogeneity on a perceptual level. The values of an SGLD matrix contains frequency information about the local spatial distribution of gray level pairs. Various

statistics [16] derived from gray level spatial dependence matrices have been proposed for use in classifying image textures. We will only present a subset of these statistics. Our main purpose is to illustrate how their derivations are formulated in image algebra.

 

Information on the interpretation of spatial dependence statistics and how they can be used Ù<òôóRõö ÷øÝ1óù´ú(óRû for classifying textures can be found in various sources [16, 17, 18]. The statistics examined here are energy, entropy, correlation, inertia, and inverse

 

difference moment. For a given image         , where                 and G denotes üØþýÿ ý ï ÜCÚcÝ ÙØÿ ÚcÝ ÙØjÿ ý±ÿ (ý ÚcÝGÜ üØþýÿ  !"$#&%#(')

the number of expected gray levels, all second-order statistical measures are completely

 

specified by the joint probability ýÿ Rý òYó ý     ï   Ü^Ú Øÿ Ú    Ø7ÿ   (ýÿ      ý    Ú                    Ü +*-,. /, 

 

where           . Thus,               is the probability that an arbitrary pixel location Ý Ý Øý±ÿRÚ Øý Ú üØ.ýÿ $ý ï ÜCÚ 01 2 3$ 456( 789 :;<: = has gray level , while pixel location                     has gray level .

rewritten as ï   7ÜÚfÝ                   Ù Øþÿ     ÚcÝ         Ù Ø7ÿ                          £Ú ÝUÜ     í

üØ By setting                   and                       ,                 can be
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This provides for an alternate interpretation of s; the four-variable function rep- C  S  S  S  S

resents the probability that an arbitrary pixel location        has gray level , while at an inter sample spacing distance d in angular direction   the pixel location has gray level   .

 

different angles could be used. Also, distance measures other than the Euclidean distance TVUWT >J?X@$A1CI >J?X@$A1CI >?0@$AQC;I/YZ >?0@$AQCIHYZ\[]>?0@A1C^DF/A0GI >J?X@$A1CI are often employed. Many researchers prefer the chessboard distance, while others use the ?0F-AHGI It is common practice to restrict   to the angles 0 , 45 , 90 , and 135 , although C

 

_a` F/AG ` Tcbed city block distance.                             >?0fgKA1fgLI For each given distance d and angle   the function s defines a        matrix

whose     th entry          is given by                       . The matrix        is called a gray level spatial dependence matrix (associated with a). It is important to note

 

that in contrast to regular matrix indexing, the indexing of starts at zero-zero; i.e.,  >J?Xf7KA1f7LhDF/A0GIi[jNkl@m2?XKAQL2I\Don?0KA1LI.[pFkR@Vn?0KM3f7KAQLqM3f7LBIr[aGs&t  u  vwUxv  nzyz{}|~  n?_A_I

.

The standard computation of the matrix is accomplished by setting

 

For illustration purposes, let     be a        grid and           be the image represented in

Figure 10.12.1 below. In this figure, we assume the usual matrix ordering of a with in the upper left-hand corner.

 

1       0        0        2

0       1        1        1

 

2       2        1       0                $ 1       0        1       0

 

J$Qª^«¬/0             JQ-§r  ¥¥ ¡ JQ¨§i © ¥¦ ¡ J$1ª«;1¬4 717 distance xwB7r7 Figure 10.12.1. The        example image with gray values in    . Spatial dependence matrices for , computed at various angles and chessboard , are presented below. 11r  ¡ JX/¢£i¤ ¥¦ ¡ and ; that is, they do not distinguish which one of the two pixels that

are apart has gray value i and which one has gray value j. Therefore comparison

between two textures is often based on the texture co-occurence matrix

 

where denotes the transpose of s. Using the SGLD matrices of the above example yields

° For purposes of texture classification, many researchers do not distinguish between ®($Qªr $Qª¯ £°$1ª

the following texture co-occurence matrices associated with the image shown in Figure
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10.12.1:

 

which can be ascertained from their symmetry — the rationale for choosing only angles µ                    Since co-occurence matrices have the property that É — between and becomes apparent. Co-occurence matrices are used in defining the following more complex texture ±JÊB²XÅ´1ÆËÌ0· ±²0Å´/Æ·x¹ ±(²XÅ´QÆÈÇ8É· 10. 12 Texture Descriptors: Spatial Gray 301  ±B²1³´Qµ2¶¸·r¹º»r¼¦½ ¼½½¾¼¾µ¿À ±²¼´-Á2µ¶;·i¹Âº»r¼¥¼¥¼¼Ã½³¼³µ¿À  ±²³´½Ä¶·r¹º»µ ½ ¼½¥½³¼³µ¿À ±(²Q³´³¾2Ä¶·r¹º»r¼¾ µ¾¼Ã½µ½µ¿À

 

statistics. The marginal probability matrices             and             of         are ±Í²0Å´QÆË;Î&·i¹ ÏÑ ±²-Å´1ÆËÌ/´0Î·´ ±Ê²XÅ´1ÆËÌ·i¹jÏ;Ð ±²XÅ´1ÆËÌ-´HÎ· defined by                                                  ±Í²0Å´1Æ^Ë;Î·      ±²0Å´QÆ·

 

and                                  ±Ê      ±Í ÒÊ²-Å´1Æ;·i¹ ÏÑpÌ±Ê²XÅ´QÆË&Ì·

 

respectively. The means and variances of    and    are ÒÍ²XÅ´1Æ·i¹pÏ;ÐÓÎ±Í²0Å´1Æ^Ë;Î· ÔÕÊ²XÅ´1Æ¸·i¹jÏÑ ²Ì$Ö ÒÊ²XÅ´QÆ·/·Õ±Ê²XÅ´QÆËÌ·

 

ÔÕÍ²0Å´QÆ·i¹×ÏÐ ²ÎoÖ ÒÍ²0Å´1Æ·-·Õ±Í²XÅ´1ÆË;Î·;Ø

 

Five commonly used features for texture classification that we will reformulate ÏBÑpÏ;Ð]Ù±(²HÅ´1ÆËÌ/´HÎJ·ÛÚÕ

in terms image algebra are defined below.

(a) Energy:

 

(b) Entropy:    ÏÑpÏ;Ð ±²XÅ´1ÆËÌ/´HÎ&·-ÜÝ;Þ²X±²-Å´1ÆËÌ/´0Î·-· ßÑßÐ ²ÌÖ ÒÊ²XÅ´1Æ·-·²ÎqÖ ÒÍ²0Å´QÆ·/·±²0Å´QÆËÌ-´HÎ&·

 

(c) Correlation:          ÔÊ²XÅ´QÆ·ÔÍ2²-Å´QÆ;· ÏÑ ÏÐ ³³Ç²Ì$ÖVÎJ·Õ±(²XÅ´1ÆEË2Ì-´HÎJ·

 

(d) Inverse Difference Moment: ÏÑ ÏÐ ²Ì}ÖxÎ&·Õ±²-Å´1ÆËÌ/´0Î· (e) Inertia:
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Let         , where    is an         grid and    represents the number of gray ÿ ÿ 8ÿ ð 8ÿ òÛý

levels in the image. First, we show how to derive the spatial dependence matrices ,

 

where        , and                       . î ð 2ò õôî By taking d to be the chessboard distance, can be computed in terms of

the intersample spacings     and    . In particular, let N denote the neighborhood function

 

The image s can now be computed using the image algebra following pseudocode: ö ì ãû  ! ö " ì <û #$ íJîXÿ ðQÿ ò£î                                                            ð ò &%('*)+'-,-îàò ./'10îàò 6879 #: 6879 #$                           23 54

 

Thus, for example, choosing          and          computes the image        , while ÿ û ÿ ; ö íJîQû2ðQö÷ò ÿ < éû ÿ = û íî1ûð/ø&ù2÷Qò

 

choosing          and          computes         . > îXÿ ðQÿ ò íJîXÿ ðQÿ 2ò . 3í@?îXÿðQÿò@ îàð1ÿ ð1ÿ 2ò^á 0â

The co-occurence image c is given by the statement

 

A The co-occurence image can also be computed directly by using the parameterized  s fih\ut`j^k:l1mvM]MONoM]R.PSwTJ`x\.k:lymzNoMRp;QR.PSp;QS{T*`|^wT   }w]{�~ fi# }~ MNoM R.PSwT`j^k:l1mnNoMRnpqQR-PSpjQS#T`x\TT

L:MON.PQR-PQSTUWV:XY[ZM \]P_^TJ` abcbdegfih \-`j^k8lEmnNoMR-PSTJ`NoMRnpqQR-PSpjQS#T`r\ template                              defined by CB ED@FG1H@FJI8K

 

The computation of            now reduces to the simple formula MQR-PQS#T MQR.PQTJ`C LwMON.PQR-PQ"T

 

To see how this formulation works, we compute                 for      . Let M]QR-PQST@M\P ^wT  M]\]P_^$T`MR-PST({MNMR-PST`\k$l1m;NoMRp;QR.PSp;QS{T*`|^T }~ MNoM R.PSwT`\k:lymNMRp;QR-PSpQSTJ`|^T  \"t`^

 

If                                            `x�# :¡M M]\P ^wTT ` MQR-PQS¢\]P_^$T \(`x^ By definition of template sum, we obtain M QR-PQS#TM\P ^wT` UWVwXY�ZOK LwMN.PQR.PQS#T]UWVXY�ZM\P ^T ` UWVwXY�ZO#UX[Zs

 

, then we obtain which corresponds to the doubling effect along the  £UWVXY[ZOw#UWOX�Ze  ¤ p ¤�¥

diagonal when adding the matrices . Although the template method of computing
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can be stated as a simple one-line formula, actual computation using this method °±w²z³.´rµ¶±·¸j¹º#±±»

is very inefficient since the template is translation variant.

The marginal probability images              and             can be computed

 

as follows:               ¦®§©ª-«©¬#§³j¼´&½-¾-¿ÀÁ�Â-Ã¦¨§©ª.«©¬#§³«_Ä$ Å8Æ¨Ç º±#±$» °±w² Ä´xµ¶±·¸j¹º#±±$»

 

Å8Æ¨Ç º±#±$»EÉ ¦¯§©ª.«©¬#§Äwj¼´&½J¾-¿ÀÈÂoÃ¦#§ ©ª-«©¬#§³« Ä

 

The actual computation of these sums will probably be achieved by using the following °¨±²³¼´Êµ"¶±·¸|¹º#±#±$» °±w² Ä!¼´&µ¶±·¸<Ëº#±±$»

 

loops:           ¦®§ ©ª.«©¬§³¼´ ¦¨§©ª-«©¬#§³«_Ä$-Ì¦¨§_©ª-«©¬§³«_ÄÍÌ ¹ Å8Æ¨Ç º±#±$» Å[ÆÇ º#±#±$»

 

and          °±w² Ä¨¼´Êµ"¶±·¸r¹Íº#±#±$» °±²³ ¼´&µÎ¶¨±n·r¸<Ëº±#±$» Å8Æ¨Ç º±#±$».É Å8ÆÇ º#±±$» ¦¯§ ©ª-«©¬#§Äwj¼´ ¦¨§©ª.«©¬#§³«_ÄoÌ¦#§]©ª-«©¬w@§³Ì ¹«_Ä ¦$®§©ª-«©¬#

involve loops, is obtained by defining the neighborhood functions ¦$¯#§©ª-«©¬w Ï ® ¼oÐ½Ñ Ð½Ò Ð½

 

Ï ¯ ¼(Ð½!Ñ Ð½xÒ Ð½ Another version for computing              and            , which does not Ï ®§³ ´xÓ§³«_Ä5¼"Ä ´xµ«¹«oÔ8Ô8Ô1«·¸r¹:Õ and                      by

 

and                  Ï ¯#§Äw ´ÖÓ§³«_Ä$¼ ³o´xµ«¹«.Ô8Ô[Ôy«·¸|¹8Õ«

 

respectively. The marginal probability images can then be computed using the following ¦®§ ©ª.«©¬w;¼´ ¦¨§]©ª-«©¬2Ì× Ï ® ¦¯§©ª-«©¬j¼´ ¦#§]©ª-«©¬w(Ì× Ï ¯É

 

statements:                 ¦®§©ª-«©¬# ØÙ §Ð½ ]Ú@Û       ¦¯§©ª-«©¬# This method of computing             and             is preferable when using special

 

mesh-connected architectures. Ø§³ ´x³« ³ Ù Ó[µ«[Ô8Ô8Ô«·j¸r¹$ÕwÉ Next, let               be the identity image defined by
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The means and variances of             and             are given by åäÞßà-áßâ#ãJæçCè é.ê�ÜäÞßà-áßâwã ëoìÝÞßà-áßâ#ãJæçCè Þéyí åÝÞ ßà-áßâ#ããì ê�ÜÝÞ ßà.áßâwã

 

The image algebra pseudocode of the different statistical features derived from ëìäÞßà.áßâ#ãJæç è ÞOéoí åäÞ ßà.áßâããì ê8ÜäÞ ßà-áßâ#ã@î

 

the spatial dependence image are ï æçðè ñÜ¨Þßà-áßâ#ãOòì

 

(a) Energy: ïÎó{ôõö æç è Ü¨Þßà-áßâ#ãJê[÷ø8ù{Þ]Ü#Þßà-áßâ#ã]ã (b) Entropy:

 

(c) Correlation: ú æç ñûüÞýþí åÝÞßà-áßâã]ã@Þýìí åäÞßà.áßâwããÜ¨Þßà-áßâ#ãOò ëÝ#Þ]ßà-áßâwãëä#Þ ßà.áßâã á 

where the coordinate projections                   for the          grid     are ý(þ[áý ì=ÿ Þ ã ý(þ�Þ 

 

defined by                  á wãç ý ìÞ á wãç   wî 

 

(d) Inverse Difference Moment: æç è Ü#Þ ßà.áßâwã Þý(þJí<ý ìãì 

 

(e) Inertia:          æç è Þ ý þ í ý ìãì ê�Ü#Þ]ßà-áßâwã                " " # !

 

Comments and Observations                           Ü¨Þ yá ã ÜÞ yá :ã %$ &('    ' If the images to be analyzed are of different dimensions, it will be necessary to normalize the spatial dependence matrix so that meaningful comparisons among statistics

 

can be made. To normalize, each entry should be divided by the number of point  1á  :ã  yá  [ãæç Ü#Þ  î  )*  +  ,)  *$  )- "$  "&'

pairs in the domain of the image that satisfy the relation of being at distance of each other  Ü#Þ  Ü¨Þ  wá  [ã  ó  óÞ  %$  !&'  +  )  *$

in the angular direction . The normalized spatial dependence image is thus given by

 

Suppose is the spatial dependence matrix (at distance 1, direction 0  ) for  ó  í  �ã  wá  �ã  óÞ

an image defined over an       grid. There are            nearest horizontal neighborhood Ü#Þ á ãJæç Ü#Þ í [ãî pairs in the          grid. Thus, for this example
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10.13.   Exercises

 

1.    The ratio                           of a connected object in a binary image is known FO9N(CPH JQE9GRLTSN(C F E G N as its measure of compactness. Write an algorithm in image algebra that computes the compactness of objects in binary images. Implement your algorithm. 2.    Given a binary image    its horizontal and vertical signatures are defined as JKE9GML"NC 10. 13 Exercises 305  .0/21354"6738:9,;<6%4"=?>@6%AB6%4%CD  E  F9GCIH

and                , respectively (i.e.,    projects    onto the    and    axes).

 

Specify an image algebra algorithm that computes these projections. U G

3. Projections are not information preserving transforms. However, given a sufficient

number of projections of an objects allows for the reconstruction of the object to a high degree of accuracy. (This follows from the theory of computer assisted tomography.) Specify an image algebra algorithm that computes protection of a binary image onto lines having an angle of    from the   -axis.

 

4. Specify an algorithm in image algebra that will find the maximal diameter of an object

 

in a binary image. Implement your algorithm. VIHXW7V59YZC\[YMH^](L7S_S_S_L,`Ma ;6%4B=_>@6%A6%4\H bcdeMfOgihdL 5. Specify an algorithm in image algebra that will find the smallest rectangle enclosing

an object in a binary image. Note that the rectangle’s sides may not be parallel to the x and y axis.

 

6.    Let                           denote the chain code of the boundary of an object in a binary image. An alternative formulation for the length of the perimeter of the object is given by the formulation

 

where                  gihdH^]kjmlnoqp]%ros]p9p]5CtudwvZxS 3y4673zH bcdeMfRg@{d Similarly, the area of the object can be computed using the formulation

 

and                        T~`M9�CkH] YZP�*  YZP�H coordinate of the endpoint of p]YZP�*L Nd where                      g|{dHgGd~}Ndj gNdomL gGdH*50`M9pV59Y,CBCT~`M9oqpV59YZCCTL gNdH*T~`M9.pV59YZCCB%0`M9V9YZC!CTL denotes the . Specify an algorithm in image  N  V59YZC

algebra that computes the perimeter and area of objects using the above formulations. Im-plement your algorithm and compare the results with those obtained using the formulations given in Section 10.2. Discuss the differences.
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7. Suppose a binary image contains an 8–connected object with Euler number

.    How many holes does the object contain?   Suppose all holes are both

4–connected and 8–connected.

 

a. Specify an algorithm in image algebra that computes the chain code of such

objects.

b. Extend your algorithm to also compute the total area and perimeter of this object

using the specification as given in Exercise 6.

 

8. The image algebra formulation for computing region adjacency was specified in

terms of parameterized templates which are often computationally inefficient. Provide an alternate image algebra formulation of region adjacency that avoids the use of parameterized templates.

 

9.    Repeat Exercise 8 for region inclusion relationships.                              (7755!"5   ¡  ¡  ¡575"! ¡  10. In Section 10.10 it was noted that the parameterized template formulation for com-puting an image histogram was designed for parallel implementation. Explain how such implementation can be achieved using this particular specification.

11. A basic notion of pattern recognition is the feature vector. The feature vector

 

into a small subset of   -dimensional feature space. For instance, with each pixel        , is used to condense the description of relevant properties of a textured image

one may associate a certain number of texture features .

Such feature vectors tend to form separate clusters in -dimensional space according to

the texture from which they were derived. Devise a method that uses spatial dependency statistics and feature vectors to segment an image of a natural scene containing possible regions of grasses, trees, and buildings.
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CHAPTER 11

GEOMETRIC IMAGE TRANSFORMATIONS

 

11.1.   Introduction

 

Geometric transformations change the spatial relationships among the objects

in an image or change the geometry of an object in an image. Examples of geometric transformations are affine and perspective transforms. These types of transforms are

commonly used in image registration and rectification. For example objects in magnetic

 

raster-scanned satellite images of the earth exhibit the phenomenon that adjacent scan lines ª¬«¤¯® ª²°¢´³¶µ·,¸º¹ª·¢·¸¯»»»´£q¸«¥¬¼¾½ ª@°¢«¤¯±  

are offset slightly with respect to one another because the earth rotates as successive lines of an image are recorded.

Functions between spatial domains provide the underlying foundation for realizing

naturally induced operations for spatial manipulation of image data. In particular, if

 

¢¤£(¥§¦©¨ resonance imagery (MRI) are displaced because of the warping effects of the field and

 

and        , then we define the induced image             by ¿      (11.1.1)

Thus, the operation defined by Eq. 11.1.1 transforms an –valued image defined over the

space X into an   –valued image defined over the space Y. Figure 11.1.1 provides a visual interpretation of this composition operation.

 

f      ¿

X            Y

 

a            a f       ÀÁIÂ F

[image: ]

Figure 11.1.1. The spatial transform       .

 

11.2.   Image Reflection and Magnification

 

transformations. Basic planar transformations are translations, rotations, reflections, con-ÈÊÉ^ËÌÉÎÍMÏ rotating an image, reflecting an image across a straight line, and shrinking or magnifying an image. In this section we restrict our attention to the basic operations of image reflec-tion and magnification. These operations are particularly easy if integral grid points map to integral grid points and lines of reflections are vertical or horizontal; i.e., of form or        , where k is an integer. In case of magnification, we have                , and Æ¤ÄÇÅ The basic transformations of the plane give rise to the basic geometric image ÃÄÅ

ÂÑÐËÓÒÔÈ tractions, and expansions. In the image domain, these correspond to shifting an image, that in this particular case, magnification is achieved via replication of pixel values. . Thus, if X and Y are rectangular arrays, then f is a many-to-one map, meaning
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We first consider the case of reflecting an image across a vertical line.  ëöåz÷øìMí"îïùóúôì|ûå¬ü  çMëìRíBî~ïñðÎòëìRí"îï óõôâå@ä*ì  ý èð©Õþ\ç

Suppose        is a rectangular        array,            , and             is defined as

 

The image b given by                           ì@ðå ÿã5ö@àÿã7ö å2ð ã

represents the one-sided reflection of a across the line        . Figure 11.2.1 illustrates such a reflection on a             image across the line          .

[image: ]

 

Figure 11.2.1. One-sided reflection across a line.

[image: ]

 

The image algebra formulation for magnifying an image by a factor of k, where "!#%$

k is a positive integer, by using simple replication of pixel values is also straight forward. &('*) +,&('-+.) For a given pair of real numbers              , let                    . Suppose /1024365 /78%9;: < >= /7? @ %A?BC@BD BE%4: <  E8= denotes the source image and X is a rectangular        array. Let Y be a          array and define             by               ; i.e.,                      , where             . Then

 

F 0G IHJ/

 

represents the magnification of a by a factor of k. Figure 11.2.2 represents an example of +K(L

a magnification by a factor of . Here each pixel was replicated four times, two times
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in the x direction and two times in the y direction.

[image: ]

 

Figure 11.2.2. Magnification by replication.

[image: ]

 

Comments and Observations

As pointed out in the discussion above, image reflection and image magnification

are easy as long as grid points are mapped to grid points. This is generally not the

 

case as a simple reflection across a non-vertical or non-horizontal line illustrates. In such MKNPO cases interpolation techniques are the usual tool for realizing geometric transforms. These

 

techniques are discussed in subsequent sections. The induced image given in either  QRSTMUNVO

one of the above two examples could just as easily be obtained by use of an image-template operation. However, in various cases the statement provides for a more

translucent expression and computationally more efficient method than an image-template convolution.

 

11.3.   Nearest Neighbor Image Rotation

 

W In this section we present a method for rotating an image about an arbitrary angle  . The problem of rotating an image through an arbitrary degree is that, generally, grid

 

points do not end up on grid points. Similar problems arise in a variety of geometric X>Y XCY transformations. Note that in both image reflection and image magnification as described

 

in the previous section, the function f can be viewed as a function on     into    ; that is, XCY as a function preserving integral coordinates. In the strictest sense, however, there exist Z[\ only a few geometric transformations of , namely translations, reflections, and rotations

 

through angles that are integral multiples of . Practical applications, however, force  ]9Y

The general definition for geometric operations in the plane is in terms of a function

 

O^RJ]9Y`_a]9Y us to consider more general geometric transformations than these basic grid transforms.

 

with          OCb?cCd@ef%SgbOhDbc>d@efidO Y bcVdef?fid                            (11.3.1)

 

resulting in the expression Qjb8c>d@ef9STMCbc.kd@eklfmSnMCbOhbc>d@efd@O Y bcVd@ef?f7d (11.3.2)
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where a denotes the input image, b the output image,              , and              . In o p w p { z*|n}9z digital image processing, the grey level values of the input image are defined only at integral ~yusx�| { z values of    and   . However, restricting f to some rectangular subset Y of          , it is

obvious that for most functions f,                 . This situation is illustrated in Figure

11.3.1, where an output location is mapped to a position between four input pixels. For example, if f denotes the rotation about the origin, then the coordinates

 

o p qstuoVv@wx%qoDPwCyw p q(szuo>v@wxmqnoCwD (11.3.3)

 

do not, in general, correspond to integral coordinates but will lie between an adjacent integer pair. Thus, the formulation given by Equation 11.1.1 can usually not be used directly in digital image processing. Image rotation can be approximated by using the nearest neighbor, or zero-order interpolation.

 

(    ) x,y

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  f                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    (      )  x ,y 

 

Figure 11.3.1. Mapping of integral to non-integral coordinates.

 

Image Algebra Formulation                    >>@m ¡C?V¢ Redefine the function f defined by Equation 11.3.1 as . That is,

 

£V9¤(D ,¥¦¢ ¥§¢§1¨ ¡C?V©¤A,¥y¥C

 

where    denotes the rounding of r to the nearest integer. Then the image  ªi¢

 

«6¬¤GI® 

 

is obtained from a by use of nearest neighbor interpolation.

 

Comments and Observations

 

In nearest neighbor interpolation, the gray level of the output pixel is taken to be

that of the input pixel nearest to the position to which it maps. This is computationally efficient and, in many cases, produces acceptable results. On the negative side, this simple interpolation scheme can introduce artifacts in images whose gray levels change significantly

over one unit of pixel spacing.   Figure 11.3.2 shows an example of rotating an image using nearest neighbor interpolation. The results show a sawtooth effect at the edges.
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Additionally, due to rounding to the nearest neighbor, missing pixel values may also occur in the rotated image.

[image: ]

 

Figure 11.3.2. Rotation using nearest neighbor interpolation.

[image: ]

 

The image shown in Figure 11.3.2 is a very low resolution image. In larger high

[image: ]

resolution images the sawtooth effect is not nearly as noticeable.

 

11.4.   Image Rotation using Bilinear Interpolation

 

As mentioned in the previous section, rotating an image causes output pixels to

be mapped to non-integral coordinate positions of the input image array. The new pixel locations are generally somewhere between four neighboring pixels of the input array. The simple nearest neighbor computation will, therefore, produce undesirable artifacts. Thus, higher order interpolation schemes are often necessary to determine the pixel values of the

 

output image. The method of choice is first-order or bilinear interpolation. First-order ¯�°²±%³ interpolation produces more desirable results with only a modesr increase in computational

complexity. Image rotation using bilinear interpolation requires the input image to  ¯.´C°"µ±©¶?·y¸

be extended to an image and then resampled on an appropriate output array Y.

 

Image Algebra Formulation ¯�°¹± ³     º4»²¼                 º;»½¼

 

Suppose        , where X is an        array. Define an        rectangle ¾ ´¿^À µÁ ´ÂÃÁ ´Ä ¶ÆÅÈÇPÉÊÁ ´Â ÉÊº Ã ÇPÉÊÁ ´Ä ÉÊ¼ Ã µÁ ´ÂÃÁ ´Ä ¶j°½± ÄË

 

and extend a to a function             as follows: ¯.´J°(µ±9¶ · ¸ ¯Cµ?Á Â Ã Á Ä ¶ ¿ÍÌ ¯.´µÁ Â Ã Á Ä ¶ ¿ÎÌ               µÁ Â Ã Á Ä ¶Ï°Ð± ÄDÑ ¾ ´

 

First set both                  and                   whenever                    .   For µÁ.´Â Ã Á,´Ä ¶1° ¾ ´ ¯ ´µÁ ´ÂÃ Á ´Ä ¶ ¿ ¯CµÁ Â Ã Á Ä ¶>ÒnÓ¯CµÁ Â ÒnÇ Ã Á Ä ¶VÔ¹¯Cµ?Á Â Ã Á Ä ¶ÕµÁ ´Â ÔÁ Â ¶ Ò(Ó¯Cµ?Á Â Ã Á Ä Ò(ÇD¶%Ô`¯Cµ?Á Â Ã Á Ä ¶ÕµÁ ´Ä ÔÁ Ä ¶ Ò(Ó¯Cµ?Á Â ÒÇ Ã Á Ä ÒnÇ¶CÒ¯7µÁ Â Ã Á Ä ¶ÖÔ¹¯CµÁ Â Ã Á Ä ÒnÇ¶VÔ×¯7µÁ Â ÒnÇ Ã Á Ä ¶ÕµÁ ´Â ÔÁ Â ¶@µÁ ´Ä ÔÁ Ä ¶ Ã , set

 

Á.Ø ¿ÚÙÁ,´ØÜÛ (11.4.1)  Á Ä ¿ Á.´Ä  Á,ØKÉ4Á.´Ø É4Á.Ø%ÒÇ  ¯.´µÁ,´Â Ã Á.´Ä ¶ ¿ ¯CµÁ Â Ã Á Ä ¶  ± Ä  ¯.´

Á Â ¿ Á.´Â where          . Note that                  , and                       whenever ¯.´

and        . Thus,    is a continuous extension of a to     with the four corner

values of    on X agreeing with those of a as shown in Fiigure 11.4.1.
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a ( x    , +1 x 1 2)      

 

a                              (           +1) ( x , a x 1 +1 x , x ) 2 1 2  

Ý                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  a (        ) x ,x 1 2      ß   Þ

 

Ý                                                                                                                         a(         x                                 ,x                           +1 ) 1 Þ 2

 

Figure 11.4.1. The bilinear interpolation of a. à(á©â9ãÆäåâ9ã

 

Now suppose             , where àCæ?çCè@éê%ëgæàìDæç>è@éêièà ã æçVèéê?êiè                         (11.4.2)

 

denotes the rotation àìæç>è@éê9ëTçíDîïðPñ"éïòóCðnôyõöà ã æçVè@éê9ë(çïòóCðJ÷øéíDîïðù 

 

If Y denotes the desired output array, then let                      and set 6ä â9ã            úû ëüàýþÿá (11.4.3)

áë                        à                                                                                                         (11.4.4)

 

òjë in order to obtain the desired spatial transformation of a. In particular, the values of for  ç  è  à  æ?é ì è@é ã ê

in Equation 11.4.1 are now replaced by the coordinate functions of f.

 

Figure 11.4.2 illustrates a rotation using first order interpolation. Note that in comparison 

to the rotation using zero-order interpolation (Figure 11.3.2), the boundary of the small

 

interior rectangle has a smoother appearance; the sawtooth effect is visibly reduced. The æç ì è@ç ã ê âmã

outer boundary of the rotated image retains the sawtooth appearance since no interpolation occurs on points                    .

[image: ]

 

Figure 11.4.2. Rotation using first-order interpolation.

[image: ]
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Alternate Image Algebra Formulation ! #"! $%&(' $)+*-,$&*/.0)21 $354&617 The computational complexity of the bilinear interpolation (Equation 11.4.1) can be improved if we first interpolate along one direction twice and then along the other direction once. Specifically, Equation 11.4.1 can be decomposed as follows. For a given

 

point                 compute         &)      &*-.8 $&)*9.6' $:*-.+*-,$&*/.0)*/.%21 $&*-.5417

 

along the line segment with endpoints          and             , and *9.; *-.8*9. $&<' $3=*9,$&*9.21 $3&4>17;? along the line segment with endpoints              and                 . Then set

 

This reduces the four multiplications and eight additions or subtractions inherent in Equation $ $ @A0B@ 11.4.1 to only three multiplications and six additions/subtractions.

typical algorithmic notation (Equation 11.4.1). To obtain a functional specification for the interpolated image    we can specify its values using three spatial transformations        ,

 

@ Although Equation 11.4.4 represents a functional specification of a spatial image

and   , mapping          , defined by

 

and                @<' J KFGLH*9.0FMLHONQPRFGLHTSVU KFGL>HFIH W8X3YLZ;[3\NM]3Z @<' J KFGL>HFIH*/.ON^P_FGLHTSV` KFGL>HFIH W8X3YLZ;[3\NM]3Z transformation, it is somewhat deceiving; the image in the equation was derived using  "!DCE"  @A)<'98FG>HFIH

 

and two real-valued images functions                defined by a a   7b6cBd a 6'91eF5H

 

and                         a 3)6'f1#F>H? $' $_g@A*h$ig@1 $jg@A6k;a *-$_g@1 $_g@A6k;a 

 

We now define    *l$_g@g@* $_g@Am1 $jg@1 $jg@6kna kna ? $ "o b A nice feature of this specification is that the interpolated image is only defined over

the region of interest     and not over all of    .
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Comments and Observations

 

image          may contain many zero values, and — if Y is not properly chosen — not

 

all values of a will be utilized in the computation of b. The latter phenomenon is called V� pq

loss of information due to clipping. A simple rotation of an image about its center provides pq2z0Ky{ z&)y{}! an example of both, the introduction of zero values and loss of information due to clipping,

if we choose         . Figure 11.4.3 illustrates this case. Here the left image represents

 

z>%)y{ Since             , it is very likely that             . This means that the output t   the input image a and the right image the output image            . Note that the value

 

is zero since                             . Also, the corner areas of a after rotation   

have been clipped since they do not fit into Y. Of course, for rotations the problem clipping is easily resolved by choosing Y sufficiently large.

 

(        ) y 1 ,y 2    (         ) x 1 ,x 2

 

is the input image and the right image is the output image.

 

The definition of the interpolated extension    requires images to be specified as &  ¡9¢/£

computational objects rather than enumerated objects (such as the input image a). Once the spatial transform               has been chosen, the dummy variables    and     are

 

55 Figure 11.4.3. Rotation within the same array. The left image  l0K;        

 

determined pixel by pixel, line by line, or in parallel. ¤!  The spatial transformation of a digital image as exhibited by Equation 11.4.4

represents a general scheme. It is not restricted to bilinear interpolation; any extension

 

 replaced by          and       , respectively. Each pixel value of             can then be of a to a point set     containing the range of f may be substituted. This is desirable even though bilinear interpolation and nearest neighbor approximation are the most widely used interpolation techniques. Similar to zero-order, first-order interpolation has its own drawbacks. The surface given by the graph of    is not smooth; when adjacent four pixel

 

neighborhoods are interpolated, the resulting surfaces match in amplitude at the boundaries ¥§¦%¨©

but do not match in slope. The derivatives have, in general, discontinuities at the boundaries. In many applications, these discontinuities produce undesirable effects. In these cases, the extra additional computational cost of higher order interpolation schemes may be justified. Examples of higher order interpolation functions are cubic splines, Legendre interpolation, and       .   Higher order interpolation is usually implemented by an image-template operation.

 

11.5.   Application of Image Rotation to the Computation

of Directional Edge Templates

 

In a continuous image, a sharp intensity transition between neighboring pixels

as shown in Figure 11.5.1(a) would be considered to be an edge. Such steep changes
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in intensities can be detected by analyzing the derivatives of the signal function.   In

sampled waveforms such as shown in Figure 11.5.1(b), approximations to the derivative, such as finite difference methods, are used to detect the existence of edges. However,

 

due to sampling, high frequency components are introduced, and every pair of pixels with ª ª different intensities could be considered an edge. For this reason, smoothing before edge enhancement followed by thresholding after enhancement are an important part of many edge detection schemes.

a  x (  )                                                a  x (  )

 

x x

x                                    x 0 0

 

(a)                                              (b) «~¬=®+¯±°³²¬=®+¯²®°µ´<¶%·%¸M¹8º»¹K¼½¶%¹0º¶%·%¸M¹8º»¹K¼½¶%¹¼¾¡¿

Figure 11.5.1. (a) Continuous image with edge phenomenon. (b) Sampled image function.

 

The gradient of an image a is defined in terms of direction oriented spatial

derivatives as

 

One discrete approximation of the gradient is given in terms of the centered differences ÀÁ=Â)¯(° ¬=Á=Â6Ã7ÄÁ=ÂÅÁÆ¯2Ç¬=3Á=Â6Ç7ÄÁ=Â%Å)ÁÈÆ;¯ É&ÄÁÂ¯

 

and                À&ÁÈÆ;¯<° ¬=3ÁÂÅÁÆÃlÄÁÆ¯ÊÇ|¬=3ÁÂÅÁÆÇËÄÁÆ¯ É&ÄÁÆ¯ ¿ À&ÁÂ¯ ÀÁÆ¯ The centered differences        and        can be implemented using the templates show

 

in Figure 11.5.2.     Ì                                    Î Í Í

1

 

-1

 

Figure 11.5.2. The centered difference templates   and . ßLÓ&ÕÈÙ;Ú

The pixel values at location                of        and        are the centered

differences                  , respectively. This concept forms the basis for extensions to and

ßLÓÕ=Ö)Ú          t    =                                   s   = y-1 1 y       Ï        Ð Ñ/ÒÔÓ&Õ×ÖØ)ÕÈÙ;Ú ÛÝÜÞ Ï ÛÜÞ Ð
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various templates used for edge detection. Variants of the centered difference templates are

the        templates shown in Figure 11.5.3 which form smoothened or averaged central

 

ã                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                -1                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                           1                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   1                                                                                                                                                                                                                                                             1 t    = = y å ä 1 s   -1 1 y ä

-1          1                 -1    -1    -1

 

Figure 11.5.3. The averaged centered difference operators.

 

difference operators.         æ          æ æ æ                                             ç The templates t and s are orthogonal; one is sensitive to vertical edges and

the other to horizontal edges. We may view t and s as corresponding to evaluating the

 

averaged derivatives in the 0 and 90 direction, respectively. Evaluation of the derivative èéIê;ëêì ç èéGênëêì ç æ èéGênëêì±íî ïéMê;ëêì èéGênëê3ìÈíBî in directions other than 0 or 90 becomes necessary if one is interested in detecting edges

that are neither horizontal or vertical. One simple way of obtaining a template that can be used for evaluating the averaged central difference in a desired direction is to simply

 

weights of the new template. For example, applying a rotation f as defined in Section 11.4

 

èéMê;ëêìíî to the image       with = 90 results in the image           which is identical to the èéðênëêì image     . Since s is translation invariant, the image           completely determines s. However, for angles   other than 90 the resulting image          may not be a satisfactory approximation of the averaged central difference in that direction; for   = 30   the image is basically the same as . The reason for this is the small size of the support of

and associated interpolation errors. In order to obtain a more accurate representation,

 

èéMê;ëêì rotate the image        through the angle    and use the resulting image values for the ç æ èKéIê;ëêìí=î ç æ èéGênëê3ì

 

one scheme is to enlarge the image       to the image shown in Figure 11.5.4 and rotate ñ ñ

 

-1     -1      0      1      1 ñ ñ-1     -1      0      1      1

 

-1     -1      0      1      1 ñ      ò-1     -1      0      1      1-1     -1      0      1      1

 

Figure 11.5.4. The enlarged template . ó ô òõMön÷ö3ø=ùú

this enlarged image using bilinear interpolation. For = 30 the resulting image
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Computation of Directional Edge Templates û û

is of the form shown in Figure 11.5.5.

 

-0.73   0.13    1      1      1 û û û-1    -0.37    0.5     1      1

 

-1    -0.87    0     0.87     1 û              ýâþÿ 

 

ÿVÿ    -1    -1    -1 ü-1     -1    -0.5    0.37     1                        ÿlÿ-0.13   0.73

Figure 11.5.5. The enlarged template   rotated through angle         .

 

The final         template r is obtained by restricting its support to a ñ ñ ñ Í

neighborhood of the center pixel location y (Figure 11.5.6).

 

-0.37   0.5     1 ñ

r   = y   -0.87    0     0.87

 

-1    -0.5    0.37

 

Figure 11.5.6. The final      centered difference operator.

 

While t will result in maximal enhancement of vertical or 90 edges, r will be       

more sensitive to 120 edges. Likewise, rotation through an angle of 60 results in a

template which is sensitive to 150   edges (Figure 11.5.7).

 

0.37   0.87    1

 

s   = y    -0.5     0      0.5 -1    -0.87   -0.37

 

Figure 11.5.7. The averaged      centered difference operator. ! "#$ %,+.-0/1-3245 6 !798.:;-2=< 7 8.:;-2=> %'&'(*)

Image Algebra Formulation

 

Create the continuous extension of   , namely   , as described in Section 11.4.   Also :2+J-/N-24TP-/I8JS,RVUW-2Q?HIR :X+.-/N-24O define                                  ,                                   , :/+M-/N-24OP-/Q?HIR'-2I8JS,R Let                               . Define an ideal step image         by ?A@CBEDFHG=8JID$K % %"L
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translation invariant template , for calculating the derivative of an image in direction , is defined by specifying its image at the origin,                .

 

11.6.   General Affine Transforms                   Z'ru_t�u_ Z,Y#[^C_`c Y1[5_5[^3[*_5H_`^ includes the class of affine transformations. A transformation of the form

where a, b, d,    , and    are constants, is called a (2–dimensional) affine transformation. An equivalent definition of an affine transformation is given by

 

where  c Y[H^CH_A`^ c 9*^a3  c Y[^_` (11.6.1)   c [  ii[   If  ,  the other hand, if   cO¡  , and  Z  , then  ¢£¤h  , then  represents a magnification by a factor  ¢  i¦¥ ¢ ¥ h  Z  . On  represents a contraction (shrinking) by the factor  ¢  .  The matrix A can always be written in the form   § c'¨[3©ª«x[ ¨["«¬x[  The general formulation of spatial transformation given by Equation 11.3.1 [ H_ ZXY1`c ' ^

 

where        and            correspond to the points (a,c) and (b,d) expressed in polar g¨_E«®¬x_ ¨_,©ª«x_^ Y¨[^x[` ¯¨_^x_°_$± x[c²x_  cW¡ ³c´¡ form. In particular, if          ,          , and        , then Equation 11.6.1 corresponds to ¨[c ¨_

a rotation about the origin. If A is the identity matrix and , then Equation 11.6.1

represents a translation.

In addition to simple image rotation, translation, magnification and contraction,

affine transformations are used in such varied tasks as image compression, registration, analysis, and image generation [1, 2, 3, 4]. Various combinations of affine transformations can be used to produce highly complex patterns from simple patterns. In this section we provide examples of image construction using simple combinations of some of the affine transforms discussed above.

 

Image Algebra Formulation Z[YJ`c '  cµ[  ii[       ¢c _¶             ~Z[ _¶

 

Let              , where                and       . The image      represents x ~·Z[

a contraction (shrinking) of the input image a by the factor of   . Figure 11.6.1 illustrates the contraction. Here the input image a, shown on the left, contains a trapezoid of base length l and angle of inclination . The output image is shown on the right of the

figure, with pixels having zero values displayed in black.
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[image: ]

 

Then   represents a shift in the direction . Composing       with    results in the image º×ÛØ¸Ú¼Ø¸¹ ¸¹                   Figure 11.6.1. Image contraction using an affine map. Suppose ¸H¹Hº.»¼*½¾»À¿#ÁÃÂÅÄÄÂ,ÆÇÈºÉËÊ Â¼EÌÍÏÎºÉËÊÂ¼,ÌÍ;ÐCÑaÒÓAÔÖÕ ¸¹ ¸¤½�¸ÚØ¸¹ Figure 11.6.2 Ó ×ÙØ¸Ú º×!Ø¸ÚÜ¼Ø¸¹

[image: ]

 

shown on the left of              . º×!Ø¸Ú¼Ø¸H¹}½×!Øº#¸ÚØ¸H¹¼½×·Ø¸Õ ÝßÞ½ Ý Ç ÝØ¸

The composition of two affine transformations is again an affine transformation.

In particular, by setting               , it is obvious that                could have been obtained from a single affine transformation, namely

 

Now iterating the process using the algorithm Ý ½ ×

with initial image , results in the railroad to infinity shown on the right of Figure

11.6.2.

[image: ]

 

Figure 11.6.2. A railroad to infinity.

[image: ]

 

Another example of iterating affine transformations in order to create geometric àáËâ

patterns from simple building blocks is the construction of a brick wall from a single brick. In this example, let w and l denote the width and length of the brick shown on the left

of Figure 11.6.3. Suppose further that we want the cement layer between an adjacent pair of bricks to be of thickness t. A simple way of building the wall is to use two affine transformations f and g, where f is a horizontal shift by an amount , and g is composed
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shift by the amount       . Specifically, if

 

and                        öV÷ó ö!øãöÏùíèøãö!ùõè ú#ûü3ûýHþÿ÷ó ööV÷óö!øãö·ùíèøãöÛùõè then iterating the algorithm

will generate a brick wall whose size will depend on the number of iterations. The image

 

on the right of Figure 11.6.3 was obtained by using the iteration $þ lÿó ö 

[image: ]

 

Figure 11.6.3. Generation of a brick wall from a single brick.

[image: ]

 

11.7.   Fractal Constructs

 

Although the name fractal was coined by B.B. Mandelbrot [5, 6], fractal objects

were well known to mathematicians for at least a century and played an important role in such areas as topology, function theory, and dimension theory [7, 8]. Since these early works in fractal research, fractals have found wide-use applications in image analysis, image compression, image rendering, and computer graphics [9, 2, 1, 10].

A fractal object displays self-similarities, in a somewhat technical sense, on all

scales. The object need not exhibit exactly the same structure at all scales, but the same type of structure must appear at all scales. Prototypical examples are the Sirpinski curve, or Sirpinski triangle, and the von Koch snowflake. The Sirpinski curve is formed by starting with a triangle and connecting the midpoints of the three edges, thus dividing the given triangle into four triangles. Removing the interior triangle (the one sharing no vertex with the original triangle) leaves three triangles, each sharing a vertex with the original triangle

as shown in Figure 11.7.3. The process is then repeated on each of the triangles and continues ad infinitum.

The construction of the von Koch snowflake starts with an equilateral triangle.

Each edge of the triangle is divided into three segments of equal length. Three new

equilateral triangles are formed, one on each middle segment, resulting in a Star of David

(Figure 11.7.5). The process is repeated on each of the six smaller triangles determining the boundary of the Star of David. Again, the iteration continues ad infinitum.
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Image Algebra Formulation

 

In order to generate the Sirpinski curve image, let                , where        , !#"%$&('*),+.- /10"32456.178$903" :<;>=@?BADCFE +HGA4I-KJML ON L - !#"/$PQ /R!@M"/$

and let          be the input image containing the triangle defined by

 

Define an affine contraction map               by                   . The Sirpinski curve S.TMUWV J )9XT*Y[ZT%TF\ ] J^`_ -a J ]  b/c!:$ d J ]  ebM!#b/D$ construction is now given by the following algorithm:

 

k_ -                                The input image      hDiBj ZT4T/\ J ]f a fgd is shown on the left in Figure 11.7.1, while the contraction is shown on the right of Figure 11.7.1. In Figure 11.7.2 , the translated images d a and are shown on the left and right, respectively. Figure 11.7.3 shows the image after the first and second iteration while Figure 11.7.4 shows the fifth and kth iteration. J ]Wf afld

[image: ]

 

Figure 11.7.1. Input image    (left) and the contraction       (right). m monlp

[image: ]

 

Figure 11.7.2. The translations    and    of the contraction       . q r s*tWu

[image: ]
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Figure 11.7.3. Output                 after the first vwyx{z|}zK~ iteration (left) and after the second iteration (right).

[image: ]

 

 F Figure 11.7.4. The Sirpinski curve after the fifth iteration (left) and the final iteration (right). <@�{ #� 8

[image: ]

 

In order to construct the von Koch snowflake, let , where  ¢%£ ¡¤^¥ F    e4 } . ¡    ®                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                ¢%£ ¡¤¦W¥ M Q§/¥   ¨  © ª>«@¬BD®F¯ H°
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. Define the image         containing a solid equilateral triangle by

 

Let   and   denote the following contraction and reflection mappings:   R±@MkQ /R±@Ml¦8²  ®eR±@Mk´³µR±c³¥   ²D¶  ¦M¶

 

The following algorithm constructs the Snowflake: ·.¸M¹Oº¼» 9½¸¡¾¿¸4¸FÀ Á»[`Â Ã»Á³±¥ ¶

 

ÈDÉBÊ ¿Ë¸4¸MÀ Ä¼» Á  e² ±© Å »ÇÆ Á Æ Ã Æ Ä  » Å Â ®
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Figures 11.7.5 and 11.7.6 show the image at various stages in the loop.

The image on the left of Figure 11.7.5 shows the output image after the first iteration

while the image on the right shows the image after the second iteration. The third and kth iteration are illustrated in Figure 11.7.6.

[image: ]

 

Figure 11.7.5. The first and second iterations in the construction of the von Koch snowflake.

[image: ]

 

Figure 11.7.6. The third and final iterations in the construction of the von Koch snowflake.

[image: ]

 

Alternate Image Algebra Formulation

[image: ]

 

There are various alternate image algebra formulations for constructing the Sir-ÓyÔÕÖ×Ø ÕÖ×

pinski curve or the von Koch snowflake. Different input images can also be used in order to obtain essentially the same fractal construct. Here we provide but one example. An alternate way of constructing the Sirpinski curve on is to start with the unit
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image       on    and implement the following algorithm: çáÚ[Ù`èOé ê áÚ çgë^ìeíî#ïð/ñ/ò Ù áÚ çgô ê ôó ó¼áÚ çgëÏìeïðMñî#íµò

õDöB÷ åËÞ4ÞMæ

 

ï Ú ñ/ú In this algorithm, the affine transform is again given by , and  é ìøîù4ò Ú ìeñMøî#ñ/ùMò

. The difference between the first version and the alternate formulation is that the

input image in the alternate version is just a simple square and the two translations are

simple horizontal and vertical shifts. Figure 11.7.7 shows the output image after the first

and second iteration, while Figure 11.7.8 illustrates the fourth and kth iteration.

[image: ]

 

Figure 11.7.7. The output after the first and second

[image: ]

iterations of the alternate Sirpinski curve construction.

[image: ]

 

Figure 11.7.8. The output after the fourth and final

[image: ]

iterations of the alternate Sirpinski curve construction.
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Comments and Observations              û üþý            û ÿý Since digital images are finite (there are only        pixels in an         image) and a fractal object is obtained by an infinite iteration process, true fractals cannot be generated in digital image processing. Hence fractal objects in digital images are only first approximations of real fractal objects. This observation is sometimes lost in the

engineering literature.

 

that    is a contraction. This may seem a little odd as    actually enlarges or dilates objects ' '+(,-./  ./" 0 0 Another important consideration in digital fractal construction concerns the appli-

in the plane by a factor of two. However, although enlarges spatial objects in

 

!cation of geometric contractions. In the transformation matrix correspond-  '  "!$#&%

!ing to                     ,             . It follows from the definition given in Section 11.6 % % ')(*

 

. Therefore, an object in image    will appear two times smaller in the image      . ! ':(; % %=<"!

Although the affine map                    is a function from     to    , in the

underlying implementation of the algorithms specified in this as well as previous sections, the function is simply viewed as a map from the sub-array                    of    into

 

% to twice their size in   , the input image    is an image on    while       is an image on % '9() ! 2134576 1-3485

 

. Thus, strictly speaking, the resulting image       is an image on the array    . In our ">

 

specification, we assume that        has been extended to the array    by assignment of ý ' @? (,A

zero values to the pixels in       .

 

Note that the triangle in the input image of the Sirpinski curve algorithm has base ý B C

and height equal to , with the base equal to the bottom boundary of the image. In

the von Koch snowflake construction, the starting triangle had to be moved up in the input image with its base sitting on the line in order to avoid clipping of objects when

applying the reflection . The line of reflection is parallel to the base of the input

triangle at a distance corresponding to the height of the input triangle from the base. Also,

the images are displayed in the standard -coordinate system, with the origin in the

bottom left-hand corner instead the usual upper right-hand corner as is common for digital images. In other words, the display images are upside down. This was done in order to order to avoid confusion and display the fractal objects as they usually appear in textbooks.

 

11.8.   Iterated Function Systems

 

The rendering of images in the preceding two sections was accomplished by 0 DEF-GHGIG)J4-K NOCPQ-CRS.UTWV NXP*YRZ

iteration of a given set of affine transforms. The notion of iterative function systems (IFS) IL M;0 # 0

was first formalized by M. Barnsley and has been used in a variety of applications such as image rendering, analysis, and compression [9, 2, 1, 10]. An IFS on is a finite

 

set of affine mappings                    with each     being a contraction mapping. A lü V V [ \)P*YR&]^0 contraction mapping                has the property that

 

systems, these fixed points result in the attractors of the systems. More precisely, suppose % 0 acbd%-.a9  DHOP=7Pe]fa K D"F-GIGHG;F4K % g Ca+ 4kLXlILYa9Q 2U%_#`% for some constant    with               and              .   This property means that g h"i#j"i contraction mappings of compact sets must possess fixed points. For iterative function is a contraction, where     is some compact subset of    . For         ,

define                           . If                     is an IFS on   , then the function

, defined by
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The set is called the attractor of the IFS . The von Koch snowflake

and the Sirpinski curve constructed in the previous section are examples of attractors of the

 

in the preceding section are deterministic algorithms. Far more interesting and complex ;nf x nH~xI�F~x�-IHJ�~x8� images can be constructed by using random iterations of iterative function systems. In particular, given an IFS                    on   , one can assign a probability    to each  respective iterative function systems used in their construction. E"�F"�IH�FI-                     r The algorithms for constructing the von Koch snowflake and the Sirpinski curve

with          . Choosing an initial point          and then choosing recursively

 

where the probability of the event                   is    , one obtains a sequence xdr ~x  Qx) r�-�FpF�-II E�F�-HI;�F that converges to the attractor of . We

illustrate the use of random iteration and attractors by providing an image algebra formu-lation for rendering the image of a fern.

 

Let

 

and             "°~ �/¡r ~¬)F¢£H¦ ±§ F¢©p¥¡F�¢©p¤ ;§ F¢©p"ª«¡ § F¢ªª ²r´³µ ³ Image Algebra Formulation ~ �.¡r ~F�-F¢£Q¤¡ ~ �/¡r ~F¢¥¦ ¨§ F¢©Iª«¡F�U¬¢ª ;§ ¢¥¦¡ § ¢©¤ "®~ �/¡r ~F¢©p  ¬F¢©p¤¡F�¢p"¯ § ¢©pp¡ § ¢©¤

 

.               ¶ r¸·ynf³q ~.¹�Iºr ~�/

 

.                               »F¼½2¾H¿ ¢£¢©wÁÀ¼«¼IÂ Ã rÅÄÇÆÉÈÊËÄYÌJÍC³-ÎÏËÐÐQÑ Ê rÓÒ ¾"» Ã rÔ Ê rcÕ ¾"» p¨Ö  ÖM¥¤ Þ¿Fß À¼8¼Âà"áãâäæå ~ �¡r¸~C �¡ Ê rc× ¾"» ¥ØÖ  ÖWÙ¯ Ê roÚ ¾"» Ùª+Ö  ÖI ¶~ÛØ¦ ;§ H¦F�Yª8¥¡ÝÜrM

 

Applying this algorithm to a            array produces the attractor set shown in Figure ç"èè:éeçèè

11.8.1.
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[image: ]

 

Figure 11.8.1. Fern image after one, two, three, and nine iterations.

[image: ]

 

Comments and Observations           êë±ìuí"îðïêëEñòQó ôìÔõö-÷I÷H÷-ö«ø ùOò+ìsúFû©úõ ùü}ìsúûýþ ùÿ:ìsúFû©ú ù :ì úFû©ú 
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Observe that the probabilities for the event                 ,               , in the î î Çî î ì î ùî ö î î î î ò î ò î î

[image: ]

above algorithm are given by           ,           ,           , and           . These

 

probabilities are generally obtained by computing      î íî îìú ùî

where   denotes the transformation matrix corresponding to    and   means approximately equal. If             , then    should be assigned a small positive number.

 

11.9.   Exercises                                                            õ

 

1.    Construct a synthetic binary image   containing a disk    of some large radius . a.    Implement a shrinking algorithm that shrinks    to a disk of radius       . b.    Apply your algorithm successively until     consists of a single pixel. During successive applications, does    retain its circular structure?
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2.

a.    Implement the nearest neighbor image rotation algorithm.

b. Using a gray value image containing a scene as initial input, successively rotate

the image through an angle of 30 using an input the image obtained from the previous rotation. Compute the output after twelve successive rotations with the

 

original input image.                                  !#"$ $ !

3.    Repeat Exercise 2 using bilinear interpolation.

 

4.    Specify an algorithm in image algebra that transforms an         rectangular image into a trapezoidal image with base    and height

 

5. Specify an algorithm in image algebra that transforms a horizontal line into a semi-

circle. Implement your algorithm.

 

6. In Section 11.6 we presented an algorithm that generated a rectangular brick wall  %  &('*)+, "-)+,  $.'*/0  132)546

from a single rectangular brick. Specify a similar algorithm that will generate a hexagonal brick wall from a single hexagonal brick. Your algorithm should leave a cement crack of thickness   between adjacent bricks. Implement your algorithms.

 

7.    Let                 , where          and          be defined by 1879;:=<>?'A@CBEDGF 9IHJ< KML%=N5OQPR DTSOVU 1 Implement the Sirpinski curve algorithm using the image   as your input. 8. Construct your own fractal construct by specifying affine transforms and an appropriate

input image. Specify your algorithm in image algebra.

 

9. Specify an alternative algorithm in image algebra that will create the von Koch

snowflake.

 

10. Specify an iterative function system for constructing the Sirpinski curve. Write an image algebra algorithm that will construct the Sirpinski curve using the specified iterative function system.

 

11.10.   References

 

[1] M. Barnsley, Fractals Everywhere. Boston, MA: Academic Press, 1988.

[2] M. Barnsley, A. Jacquin, F. Malassenet, L. Reuter, and A. Sloan, “Harnessing chaos

for image synthesis,” Computer Graphics, vol. 22, pp. 131–137, Aug. 1988.

[3] D. Ballard and C. Brown, Computer Vision. Englewood Cliffs, NJ: Prentice-Hall, 1982.

[4] C. Bandt, “Self similar matrices and fractal tilings of rn,” Proceedings of the American

Mathematical Society, vol. 112, no. 2, pp. 549–562, 1991.

[5] B. Mandelbrot, Fractals: Form, Chance, and Dimension. San Francisco: Freeman,

1977.

[6] B. Mandelbrot, The Fractal Geometry of Nature. San Francisco: Freeman, 1983.

[7] W. Hurewicz and H. Wallman, Dimension Theory. Princeton, NJ: Princeton University

Press, 1948.

 

© 2001 by CRC Press LLC

11.10 References 331

 

[8] J. Hocking and G. Young, Topology. Reading, MA: Addison-Wesley, 1961.

[9] A. Pentland, “Fractal-based description of natural scenes,” IEEE Transactions on

Pattern Analysis and Machine Intelligence, vol. 6, no. 6, 1984.

[10] A. Jacquin, “Fractal image coding: A review,” Proceedings of the IEEE, vol. 81,

pp. 1451–1465, Oct. 1993.

 

© 2001 by CRC Press LLC




CHAPTER 12

NEURAL NETWORKS AND CELLULAR AUTOMATA

 

12.1.   Introduction

 

Artificial neural networks (ANNs) and cellular automata have been successfully

employed to solve a variety of computer vision problems [1, 2]. One goal of this chapter is to demonstrate that image algebra provides an ideal environment for precisely expressing current popular neural network models and their computations. Artificial neural networks (ANNs) are systems of dense interconnected simple processing elements. There exist many different types of ANNs designed to address a wide range of problems in the primary areas of pattern recognition, signal processing, and robotics. The function of different types of ANNs is determined primarily by the processing elements’ pattern of connectivity, the strengths (weights) of the connecting links, the processing elements’ characteristics, and training or learning rules. These rules specify an initial set of weights and indicate how weights should be adapted during use to improve performance.

The theory and representation of the various ANNs is motivated by the function-

ality and representation of biological neural networks. For this reason, processing elements

 

are usually referred to as neurons while interconnections are called axons and/or synaptic WYX=Z\[^]WYX_`[a]^b\bQbcWYXed[ WYXfG[ g WhcXefT[ connections. Although representations and models may differ, all have the following basic components in common:

 

(a) A finite set of neurons                     with each neuron      having a ikj*Xelnmo`[ lnmo WYXefT[ WXqpr[ specific neural value at time   which we will denote by      .

 

(b) A finite set of axons or neural connections             , where     denotes shXefT[tj uvo\w;xWhXp`[zyl m{o | s the strength of the connection of neuron      with neuron      . (c) A propagation rule                      .

 

(d) An activation function    which takes    as an input and produces the next WhT} x\XfG[?j~|XcshXefT[;[^]  |

state of the neuron

 

where   is a threshold and   a hard limiter, threshold logic, or sigmoidal function which introduces a nonlinearity into the network.

 

It is worthwhile noting that image algebra has suggested a more general concept of neural computation than that given by the classical theory [3, 4, 5, 6].

Cellular automata and artificial neural networks share a common framework in

 

that the new or next stage of a neuron or cell depends on the states of other neurons  u or cells. However, there are major conceptual and physical differences between artificial neural networks and cellular automata. Specifically, an n-dimensional cellular automaton is a discrete set of cells (points, or sites) in . At any given time a cell is in one of a

finite number of states. The arrangement of cells in the automaton form a regular array, e.g., a square or hexagonal grid.
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As in ANNs, time is measured in discrete steps. The next state of a cell is

determined by a spatially and temporally local rule. However, the new state of a cell depends only on the current and previous states of its neighbors. Also, the new state depends on the states of its neighbors only for a fixed number of steps back in time. The same update rule is applied to every cell of the automaton in synchrony.

Although the rules that govern the iteration locally among cells is very simple,

the automaton as a whole can demonstrate very fascinating and complex behavior. Cellular automata are being studied as modeling tools in a wide range of scientific fields. As a discrete analogue to modeling with partial differential equations, cellular automata can be used to represent and study the behavior of natural dynamic systems. Cellular automata are also used as models of information processing.

 

In this chapter we present an example of a cellular automaton as well as an �5

application of solving a problem using cellular automata. As it turns out, image algebra is well suited for representing cellular automata. The states of the automata (mapped to integers, if necessary) can be stored in an image variable as pixel values. Template-

image operations can be used to capture the state configuration of a cell’s neighbors. The synchronization required for updating cell states is inherent in the parallelism of image algebra.

 

 ¡¬®e¯Q¡=¯\¡\Q\=¯\¡±° A pattern, in the context of the node Hopfield neural network to be presented  here, is an    12.2.   Hopfield Neural Network -dimensional vector         AG`^\\^T

A special subset of     is the set of exemplar patterns                          , where  ¡£¢¥¤§¦I¤©¨«ª     from the space .  ``\\

. The Hopfield net associates a vector from with an exemplar

pattern in   . In so doing, the net partitions    into classes whose members are in some way similar to the exemplar pattern that represents the class. For image processing applications the Hopfield net is best suited for binary image classification. Patterns were described as vectors, but they can just as easily be viewed as binary images and vice versa. A description of the components in a Hopfield net and how they interact follows next and is based on the description given by Lippmann [7]. An example will then be provided to illustrate image classification using a Hopfield net.

As mentioned in the introduction, neural networks have four common components.

The specifics for the Hopfield net presented here are outlined below.

 

¶²G¸¹`·º\ The Hopfield neural network has a finite set of neurons which serve as processing units. Each neuron has a value (or state) at time by or µ 1. Neurons 5¶ce²T 8³²G^\~¤´²3¤´

. A neuron in the Hopfield net can be in one of two states, either         ·£ denoted ; i.e., .

 

2. Synaptic Connections     8²G ¼ ½{¾ ¿¼ ¾a½ »`                     ¼n½{¾ c²T q»r ¼ ½½ JÀ The permanent memory of a neural net resides within the interconnections be-

tween its neurons. For each pair of neurons,      and      , there is a number     called the strength of the synapse (or connection) between      and      . The design specifications

for this version of the Hopfield net require that             and          (see Figure 12.2.1).
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w 1i                        w  iN                        w                                 w  1j jN

 

w                                        Ã                                         Â Â 2i

. . .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            . . .

 

. . .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                              w   (= w  ) ij                                           . . . ji Â w     j,j+2

w                                                                                              w     j,j+1 i-1,i . . . . . .

 

. . .   a(i)            . . .                      . . . a (j) Á Á                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      i,i+1

w                          w   j-1,j

 

w = 0 ii                                           w = 0 jj Ä8ÅÈ`Ç Â ÄÅÆeÇ

Figure 12.2.1. Synaptic connections for nodes      and      of the Hopfield neural network.

 

3. Propagation Rule               ÉÊÅÆGÇ ÉÊÅeÆTÇ?ËÍÌÎÏ\Ð;ÑÄÊÅÈ`ÇÒ?ÓÏÔ

The propagation rule (Figure 12.2.2) defines how states and synaptic strengths

combine as input to a neuron. The propagation rule for the Hopfield net is defined by

 

4. Activation Function Õ                                  ÄÊTÖ ÑÅÆGÇ ÄÊ×ÅcÆTÇ ÉÊÅeÆTÇ

The activation function    determines the next state of the neuron          based

 

on the value       calculated by the propagation rule and the current neuron value       (see ÄÊGÖ ÑÅeÆTÇ?ËØÕÅcÉÊÅeÆTÇ\Ù×ÄÊcÅeÆTÇÇVËÍÚÛÜ ÄÊÅeÆTÇÞÝ{ßàÉÊÅeÆTÇáË¿â ã ÝäßåÉÊÅeÆTÇàæ§â ç ã ÝäßåÉÊÅeÆTÇàè§âÔ Figure 12.2.2). The activation function for the Hopfield net is the hard limiter defined below.

 

a (1)     w 1i î                                   ì é ê ë é ê     é    í a (i)

 

a                                 (i) = f   (i) a N a ( t+1 τ (2)      w 2i t ,       ) (i) t ï

τ     = t Σ a (i)t j=1(j) w ji

 

...                                                                                                                                                                                                                                                                                                                                                                                            w Ni

 

Figure 12.2.2. Propagation rule and activation function for the Hopfield network. ð ñ~òôóõ÷öøQörù^ú The patterns used for this version of the Hopfield net are -dimensional vectors  ð  ^ö  aø  ø  ð  ^ø

from the space               . Let                       denote the   th exemplar pattern, where . The dimensionality of the pattern space determines the number of nodes

ö                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  a(N)                                   ûütòþýÿ\ü`øÿQü Yø               ø=ÿ\üú

algorithm proceeds as outlined below.

in the net. In this case the net will have    nodes                       . The Hopfield net
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This is the step in which the exemplar patterns are imprinted onto the permanent

memory of the net. Assign weights     to the synaptic connections as follows:

 

098 4 Note that , therefore it is only necessary to perform the computation above for  7

 

: <;>=)?=A@?BBBC?=EDGF .               HI;0FJK=?LNM 0MO 6 Step 2. Initialize the net with the unknown pattern.

At this step the pattern that is to be classified is introduced to the net. If

is the unknown pattern, set

 

Step 3. Iterate until convergence. HQPSR);0FJ%TVUW DX(Y)HQP;S4FZ?HQP;0F[\]6 Calculate next state values for the neurons in the net using the propagation rule

and activation function, that is,

 

Continue this process until further iteration produces no state change at any node. At O

convergence, the -dimensional vector formed by the node states is the exemplar pattern

that the net has associated with the input pattern.

 

Step 4. Continue the classification process.

 

L^`_NL5     To classify another pattern, repeat Steps 2 and 3. Example

As an example, consider a communications system designed to transmit the six

binary images 1, 2, 3, 4, 9, and X (see Figure 12.2.3). Communications channels are

subject to noise, and so an image may become garbled when it is transmitted. A Hopfield net can be used for error correction by matching the corrupted image with the exemplar pattern that it most resembles.

[image: ]

 

Figure 12.2.3. Exemplar patterns used to initialize synaptic connections     . abc d7e%fhgjiklm nporqYstvuwqYsx yo{zS|si|ti}}}Ci|s~tCxC

[image: ]

 

pattern                        , and vice versa, using the relations |s~xbsS�c o k/Jdzio%g k /Jdziok A binary image             , where                , can be translated into a

[image: ]
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and

 

The six exemplar images are translated into exemplar patterns. A 120-node Hopfield net  Q±³²h´´´Qµ £ «¸··º¹ °  ¶¡ »° ª» »A±´´´»Qµ  is then created by assigning connection weights using these exemplar patterns as outlined earlier.                                      »£  ¶A¼ The corrupted image is translated into its pattern representation and introduced to the Hopfield net (      is set equal to                ).

The input pattern evolves through neuron state changes into the pattern of the neuron states at convergence ( ). If the net converges to an exemplar

pattern, it is assumed that the exemplar pattern represents the true (uncorrupted) image

that was transmitted. Figure 12.2.4 pictorially summarizes the use of a Hopfield net for binary pattern classification process.

 

Image Algebra Formulation ¶¾½w¿©G««ÁÀ³Â³Ã                                         ¶ Ä½{ÅÆÂÃÈÇÂÃ

Let                be the image used to represent neuron states. Initialize   with

 

the unknown image pattern. The weights of the synaptic connections are represented by Ä£SJÊÉËÌºÍÎÏÐ QÑÏ¨ÑÏ£ /3Ò  /¬ 

the template                which is defined by

 

where    is the th element of the exemplar for class   . Let   be the hard limiter function ÑÏ£ Ó Ô ÕKÖ×ØÙÚjÛ¶ÒÜÚEÝEÝÞ

 

defined earlier. The image algebra formulation for the Hopfield net algorithm is as follows: ßÕ ¶¶ÕÔ¶áàâÄ¶

Û³ãQäåÚEÝEÝÞ®

Asynchronous updating of neural states is required to guarantee convergence

of the net. The formulation above does not update neural states asynchronously. The implementation above does allow more parallelism and hence increased processing speed. The convergence properties using the parallel implementation may be acceptable; if so, the parallelism can be used to speed up processing.

 

Alternate Image Algebra Formulation Ä                     ¶àâ Ä If asynchronous behavior is desired in order to achieve convergence, then either the template    needs to be parameterized so that at each application of        only one randomly chosen neuron changes state, or the following modification to the formulation
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Figure 12.2.4. Example of a Hopfield network.
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Figure 12.2.5. Modes of convergence for the Hopfield net.
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above can be used.             ÷ çèùøEúÁûýüþÿ   ò þ¬çè úÁþ ïEõ,õö òþ         ÷ çè   ò þ òþ ÷ çè ÷ ð                                                                                                                                                                          ð                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               VïEõEõÁö vï,õEõö                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                       è

 

Comments and Observations                              !"     !" The Hopfield net is guaranteed to converge provided neuron states are updated asynchronously and the synaptic weights are assigned symmetrically, i.e., .

However, the network may not converge to the correct exemplar pattern, and may not

even converge to an exemplar pattern. In Figure 12.2.5 three corrupted images have been created from the “1” image by reversing its pixel values with a probability of 0.35. The network is the same as in the earlier example. Each of the three corrupted images yields a different mode of convergence when input into the network. The first converges to the correct exemplar, the second to the incorrect exemplar, and the third to no exemplar.

The two major limitations of the Hopfield net manifest themselves in its conver-

gence behavior. First, the number of patterns that can be stored and accurately recalled is a function of the number of nodes in the net. If too many exemplar patterns are stored (relative to the number of nodes) the net may converge to an arbitrary pattern which may not be any one of the exemplar patterns. Fortunately, this rarely happens if the number of exemplar patterns it small compared to the number of nodes in the net.

The second limitation is the difficulty that occurs when two exemplar patterns

share too many pixel values in common. The symptom shows up when a corrupted pattern converges to an exemplar pattern, but to the wrong exemplar pattern. For example, the

 

Hopfield net of the communication system tends to associate the “9” image with a corrupted ç $&%(' $&) # “4” image. If the application allows, the second problem can be ameliorated by designing

 

12.3.   Bidirectional Associative Memory (BAM) $&%+',$-% . è * / 0/ *exemplar patterns that share few common pixel values. ç An associative memory is a vector space transform which

may or may not be linear. The Hopfield net (Section 12.2) is an associative memory

. Ideally, the Hopfield net is designed so that it is equal to the identity

 

transformation when restricted to its set of exemplars   , that is, ç * /213547689:68; 68=< .?> The Hopfield net restricted to its set of exemplars can be represented by the set of ordered pairs
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A properly designed Hopfield net should also take an input pattern from that is not an

 

exemplar pattern to the exemplar that best matches the input pattern. CEDGFIH7JK9L:M-KNPOQJKSR @AUTWVYXMZK[R @-\L]_^a`b^dcfe A bidirectional associative memory (BAM) is a generalization of the Hopfield net

[8, 9]. The domain and the range of the BAM transformation need not be of the same

dimension. A set of associations

 

is imprinted onto the memory of the BAM so that BPgh:ikjklmnKno_p_q Csr B HJKN DEMK FJK O]^d`b^ac e ]t^`^c        J        HJKL:MKN          JK That is,                for               . For an input pattern    that is not an element of J

the BAM should converge to the association pair for the

that best matches   .

The components of the BAM and how they interact will be discussed next. The

bidirectional nature of the BAM will be seen from the description of the algorithm and the example provided.

 

The three major components of a BAM are given below.         ui      u v B O@Axw @\ ui Dzy{JI|~}O]^d}^a 1. Neurons

Unlike the Hopfield net, the domain and the range of the BAM need not have the

 

same dimensionality. Therefore, it is necessary to have two sets of neurons     and     to uv Dy{M�|O]^a2^9r J5|} M|I  J|}t M:|~I ]  ] serve as memory locations for the input and output of the BAM               : The state values of        and       at time   are denoted        and       , respectively.

 

To guarantee convergence, neuron state values will be either   or     for the BAM under HJKL:MKNL{]^`^c2L JK D HKmLKL{LKAN    }t MKD HKmLKL{{LK\N consideration.

2. Synaptic Connection Matrix

 

The associations                          where                          and �  D o¡K¢mKK r , are stored in the permanent memory of the BAM using an

weight (or synaptic connection) matrix   . The     th entry of    is given by

 

Note the similarity in the way weights are assigned for the BAM and the Hopfield net. £

 

3. Activation Function       ] ©«ª¤t®a £|~¤¥L~¦9ZD¨§ ¦ ©«ª¤¬D  ]¯©«ª¤t°ar The activation function used for the BAM under consideration is the hard

limiter defined by
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The next state of a neuron from     is given by Ì É ÅÊÆZ½´~¾¿À¬ÍaÈÁ ½´Î»Ï¸½´¸ÉºÁ~½´:¸ÐÑº ÁÒ{ÒÒÁ~½Ó´~¸ÔÕº~º ¾¿À ¹ ¾ ½I¸~ÖºS× ±Ø

 

where                            and     is the   th column of   . ½´7µ·¸ÖºZ»¼I¸³´¾Ù¿Ú Á:½´¸Ötº~ºZ» ÂÃÄ½Ó´~¸~ÖºÛÅ«ÆZ½´~¾Ù¿Ú »È É Å«ÆZ½´¾Ù¿Ú ËaÈ Ì É Å«ÆZ½´¾Ù¿Ú ÍaÈÁ ³&´»z¸³&´:¸Éº Á:³´Ü¸ÐÝºÁ{ÒÒÒÞÁ:³&´~¸ß2º~º ¾Ù¿Ú Ö               ¾ The next state of              is given by

 

where                            and     is the   th column of the transpose of   . ¾ ¾Ú�À »áàâãä·åãÚæãÀÁ The algorithm for the BAM is as outlined in the following four steps. Step 1. Create the weight matrix w.

The first step in the BAM algorithm is to generate the weight matrix using

 

the formula ½ã »Gçåã·ÁåãèÁÒÒ{Ò:Áåãéê       ³ã»çæã·ÁæãèÁÒ{ÒÒÁæãëê                            ç7½ãÁ:³ãê

 

where                    and                    are from the association         . ì »Õ¸îí·Á7íèÁÒÒ{ÒÁ7íé º ±Ø ½ïQ¸Öºð»fíÓÚ?ÁÉ_ñ Ö ñ Ôò Step 2. Initialize neurons.

 

For the unknown input pattern initialize the neurons of  ± ²  óÌ ÉÁÉô  ³ï¸¹Iº&»õ ö÷Wø7õùW¸óÌÉÁÉôºÁÉñ ¹ ñ ßò

as follows:

 

The neurons in     should be assigned values randomly from the set         , i.e.,

 

Step 3. Iterate until convergence.            ±² ³&´µ·¸¹Iº&»ú¼5¸½´~¾¿ÀIÁ~³&´:¸¹Iº:º ÁÉ_ñ ¹ ñ ßÁ

 

Calculate the next state values for the neurons in     using the formula ±IØ ½´µ·¸ÖºZ»¼5¸³´¾Ù¿Ú Á:½´º ÁÉñ Ö ñ Ôò

 

then calculate the next state values for the neurons in     using ±² ±² ±Ø ±Ø

 

of associative memory neural net is referred to as “bidirectional.” The forward feed (update ±Ø ½û»¸½Iü¸ÉºÁ~½ü¸ÐÝº ÁÒÒ{ÒÁ:½ü¸~ÔÕº~º of    ) followed by the feedback (update of    ) improves the recall accuracy of the net. Continue updating the neurons in      followed by those in     until further .

³ý»þ¸³Zü¸ÉºÁ~³Züÿ¸ÐÝºÁ{ÒÒÒ~Á:³-üÿ¸ß2º:º The alternation between the sets     and    used for updating neuron values is why this type ±² ¸7½¥Á~³&º iteration produces no state change for any neuron. At time of convergence t = c, the association that the BAM has recalled is       , where                                and
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Step 4. Continue classification.

 

To classify another pattern repeat Steps 2 and 3. 

Example

 

to convergence. Three lowercase-uppercase character image associations (a, A), (b, B), and (c, C) were used to create the weight matrix   . The lowercase characters are

 

 Figure 12.3.1 shows the evolution of neuron states in a BAM from initialization images and the uppercase characters are images. The conversion from image to

 

pattern and vice versa is done as in the example of Section 12.2. A corrupted “a” is input  !#"%$'& onto the     neurons of the net.

Image Algebra Formulation

 

the state for neurons in the sets     and    , respectively. Initialize    with the unknown pattern. The neuron values of     are initialized to either     or    randomly. The weight

 

matrix     is represented by the template                given by ; 2 82: +     2 "22& < =?>/A@BC.DFEHGJI/=?ELKMKFN

 

where    is the   th component of    and    is the   th component of     in the association =9>/>/<O)%QPR S->/<O),PR T7-62( Let                and                be the image variables used to represent  (*),+.-'/ 012354762(982:

pair           . The activation function is denoted   .

The image algebra pseudocode for the BAM is given by

 

GU7VWELKMKXN.Y

Comments and Observations

 

The BAM has the same limitations that the Hopfield net does. First, the number Z\[ Z Z[),]^-_/a` bdcZ_)e]^-_/f gbhcZ_)e]^-_/ Y

of associations that can be programmed into the memory and effectively recalled is limited. Second, the BAM may have a tendency to converge to the wrong association pair if

components of two association pairs have too many pixel values in common. Figure 12.3.2 illustrates convergence behavior for the BAM.

The complement    of a pattern    is defined by

 

Note that the weight matrix    is defined by (:/ 012354762(i82:
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which is equivalent to
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Therefore, imprinting the association pair onto the memory of a BAM also imprints
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vL\y5{                    Figure 12.3.1. Bidirectional nature of the BAM.
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onto the memory. The effect of this is seen in Block 5 of Figure 12.3.2.
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Associations encoded into the BAM

S a             Sb                  Sa             Sb               Sa             Sb

 

Five  examples of the convergence behavior of the BAM

1.                                                2.

S a                   Sb                           Sa                    Sb
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Corrupted "a"                                                                          Corrupted "a"
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3.                                                4.
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S a                   Sb                           Sa                    Sb
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Corrupted "a"                                                                          Corrupted "a"
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5.
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S                 S ab
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Corrupted "a"
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Figure 12.3.2. Modes of convergence for the BAM.
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12.4.   Hamming Net                          wW The Hamming distance   between two patterns                  is equal to the
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or                                                                  ¼´¾½³l´ _Á¼À�¿5Â?Ã.¼´y¿S%Ä¸ÆÅÅÅÆ»ÈÇºÉ¸« ³·À ¿½®¥°±² The Hamming net [7, 10] partitions a pattern space into classes

 

net takes as input a pattern                  and assigns it to class     if and only if ¸ ³´9¶Ê¸Ë¶Ê» Ì�ÍdÎ ,Ï ÑÐ ³µ´·¶¹¸º¶¹» number of components in   and    that do not match. More precisely, O5�'_§¦ ¥¨© ª¡5¢%¤%¤« ¬¯®¥°±² . Each class is represented by an exemplar pattern . The Hamming

That is, the input pattern is assigned to the class whose exemplar pattern is closest to it as

 

measured by Hamming distance. The Hamming net algorithm is presented next. Ì�ÍdÎ9¨Ò ÓÕÔÏÐ¥×ÖÓÕÔÏÉÐ ØÃ§ÖÃ ¢Ù º¶ ÏÐ¶Ú» ¿ ÜÛ¢Û7ÝÅÅÅÈÛ½®¥°±² There is a neuron       in the Hamming net for each class                 (see

Figure 12.4.1). The weight     assigned to the connection between neurons      and is given by

 

where             and             . Assigning these weights is the first step in the Þ¸ ¿ ¼´ ¼´ %ß´¢ß´ÝÅÅÅ�ß´ Þ¸_âá ª¡5¢7ã ´Û |ä¹å ¦ àÞ¸ Hamming algorithm.                      ¸ When the input pattern is presented to the net,

the neuron value       is set equal to the number of component matches between   and the exemplar   . If                       is the   th exemplar,        is set using the formula

 

where           . ã ´ qæèçéÝ   7êeë¢¸'ì!íîîîîîï7ê¸'¥ðÖ ñ¶Ç¶¹»ÇËÉ¸7êÇ7%òÈóóóóóô ì

The next state of a neuron in the Hamming net is given by

 

where   is the activation function defined by ì,õ_#öõ Óh÷õùøØØúûyü7ýþ�ÿÓ ý«            Ø The next state of a neuron is calculated by first decreasing its current value by an amount proportional to the sum of the current values of all the other neuron values in the net. If the reduced value falls below zero then the new neuron value is set to ; otherwise it assumes the reduced value. Eventually, the process of updating neuron values will lead to a state in
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which only one neuron has a value greater than zero. At that point the neuron with the non-) * * * + * zero value, say            , represents the class     that the net assigns to the input pattern. At time , the value of was greater than all the other neuron values. Therefore,  is

the number of the class whose exemplar had the most matches with the input pattern. 

q  > 0 iff a (n) = max{a (1), a (2),..., a (N)} n 0 0 0 0

 

Finds the maximum a (1)       a (2)    a                              a (N-1)      a (N) (n) = f ( a (n) - ε Σ a (k) t+1 t k = n t ) number of matches , -.-/ 1                                                                                                                                                                                                                                                                                                                      2                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            q     q                     q     q 1 2 N-1N MAXNET                  ij t  = -ε , i = j

 

0 a          a (2) 0                                                 a (N-1)           (N)                                        (1) 0 a 0 0 a (n) 0 & 1         1                                  1        1 " #  %  $  '  (  %  %

 

Calculates the                                = ( M Σ m = 1 w mn p m ) + M 2 ! the number  of

 

matches between                                                                   * +

the input pattern

and each of the

e n

patterns. The                                     mn   2 exemplar                                  w      m =

 

neuron a (n) 0   p        p 1 2                                                 p        p M-1 M contains the 

number of matches between the input

pattern p and the exemplar e. n

 

Figure 12.4.2 shows a six-neuron Hamming net whose classes are represented by 3 78:9;=<?>A@CBD;EBDF 7G?9HI<JDKILNMH

the exemplars 1, 2, 3, 4, 9, and X. The Hamming distance between the input pattern and

 

465                    Figure 12.4.1. Hamming network.                    3

each of the exemplars is displayed at the bottom of the figure. The number of matches between exemplar    and   is given by the neuron states                  . At time of completion, only one neuron has a positive value, which is . The Hamming

net example assigns the unknown pattern to Class 5. That is, the input pattern had the most

 

matches with the “9” exemplar which represents Class 5. 7PORQ6ST@6>U@UVUWYX Z [\O^]_W?`aW?b Image Algebra Formulation

 

Let be the image variable used to store neural states. The activation  [59cd<eJgf5hi >

function    is as defined earlier. The template                defined by
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Figure 12.4.2. Hamming net example.
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where                    is the th exemplar pattern, is used to initialize the net. The }Nnzl P l  l template                defined by

 

is used to implement the propagation rule for the net. ~ rU C ln¡£¢¤¥z=¢¦§ C l¹¸ºn¢¤}Yz

 

Given the input pattern the image algebra formulation for the  ¨I©=ª¬« ¯® n¡°e±³²Unztz´ «Nµ¶µ:·  U»s¼½«NµNµ:·¾ l¹¿NÀYÁÃÂ¶|nÅÄ±=²AzAÆ

Hamming net is as follows:

 

The variable contains the number of the class that the net assigns to the input pattern.  ¾

 

Comments and Observations

 

The goal of our example was to find the number of the exemplar that best matches Çn¡Èz lÊÉ °ÌËq{ÍAjNÎÈU ¾ lÏ¿NÀYÁdÂNÈ|nÇÄUÐNÑz?Æ

the input pattern as measured by Hamming distance. The formulation above demonstrated how to use image algebra to implement the Hamming neural network approach to the problem. A simpler image algebra formula that accomplished the same goal is given by the following two statements:

 

A single-layer perceptron is used to classify a pattern wÚ²rtÚ qrwvUvwvtrtÚkrÚÎ~{rÜÛÞÝßàÝßÁár ¸  âNwÛäãæåYçsèAé:ê

×ÙØ Ö 12.5.   Single-Layer Perceptron (SLP)                  ÒlÓnÕÔqrÔurwvUvwvtrÔNÖTz\~ into one of two classes. An SLP consists of a set of weights,

 

and a limiter function                       defined by ëìíïîðñ éóòõôíÃö ç ç÷òôíÃø çsù tèü î ú ðûìýüºþèüÿè ú

 

Let                          , in order to classify    the perceptron first calculates the ìúîð þÈüºþ ü ç ë ìúî þ ë ìúîÞö ç and then applies the limiter function. If               , the perceptron assigns    to class ú ú . The pattern    is assigned to class     if               . The SLP is represented in

 sum of products

Figure 12.5.1.
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Σ m
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                                                                                                                                                                                                                                                                                                            . . .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        i i=0 w p i m

 

Geometrically, the perceptron classifies a pattern based on which side the pattern (point) %='CBD+@E# F 5 F 0 %G'*B+IHJ#

A?                  p #$&%('*),+-$/.10324.658795:2<;;;=2>.@?37=? Figure 12.5.1. Single-layer perceptron.

The graph of is a hyperplane that

divides into two regions. This hyperplane is called the perceptron’s decision surface.

 

lies on. Patterns for which lie on one side of the decision surface and are assigned

to    . Patterns for which            lie on the opposite side of the decision surface and are assigned to    .

The perceptron operates in two modes — a classifying mode and a learning mode.

The pattern classification mode is as described above. Before the perceptron can function as a classifier, the values of its weights must be determined. The learning mode of the perceptron is involved with the assignment of weights (or the determination of a decision surface).

If the application allows, i.e., if the decision surface is known a priori, weights

 

can be assigned analytically. However, key to the concept of a perceptron is the ability KL'*BNM=OQPRML+TSUMWV5 i BMX$Y'[Z\M^]O*Z(MT_RO```8OCZ\MWa+cbd BM .1gh'Ci8+ j several algorithms for SLP learning. The one we present here can be found in Rosenblatt [11].

Let                be a training set, where                                and

 

weight after the is the class number associated with .g'Q#k+O1#clj@lnmoO   . Let        be the value of the th th training pattern has been presented to the SLP. The learning algorithm is presented below. BM PM b>KR#=OefS to determine its own decision surface through a learning algorithm [7, 11, 12]. There are Step 1. Set each                    equal to random real number. PLpM BM

 

Step 2. Present     to the SLP. Let    denote the computed class number PpM'qi8+$r s.0'tiue+,2 ?vgV5Z\MWw,;.g'tiue+hxy

of    , i.e.,

 

Step 3. Adjust weights using the formula .g'ti8+N$.g'qiNue+,2{zc;'hPRM6u|PpM'qi8+}+N;QZ\Mwy

 

Step 4. Repeat Steps 2 and 3 for each element of the training set, recycling #IEnzl~e z z

if necessary, until convergence or a predefined number of iterations.

 

The constant,           , regulates the rate of weight adjustment. Small   results BM PM uPfpM'qi8+I$># PM u|PfpM'ti8+$#

in slow learning. However, if is too large the learning process may not be able to home

 

adjustment made to the weights. If , then the change in the weight vector

in on a good set of weights.

Note that if the SLP classifies     correctly, then                  and there is no

 

is proportional to the input pattern.
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Figure 12.5.2 illustrates the learning process for distinguishing two classes in

. Class 1 points have been plotted with diamonds and Class 0 points have been plotted

with crosses. The decision surface for this example is a line. The lines plotted in the figure represent decision surfaces after                 and     training patterns have been presented to the SLP.

 

n=20

n=40

 

n=80

 

n=0

 

Image Algebra Formulation                           ¡ ¢         

Let be the image variable whose components represent the weights

 

of the SLP. Let          be the pattern that is to be classified. Augment   with a   to form ¢I£¡9Q¤6CJ¥}¦ k*§T¢R§¨§© 

48L*CR3 N Figure 12.5.2. SLP learning — determination of the perceptron’s decision surface. {NN N

 

To train the SLP, let be a training set. Initially, each component of  ª £«{¬L®\¯k°G±ª³²°´´Rµ  ª £|¶´L·¹¸º¯» ¦¼¦½°´´fµ

. The function is the limiter defined earlier. The class

number   of   is determined using the image algebra statement

 

the weight image variable is set to a random real number. The image algebra pseudocode

for the SLP learning algorithm (iterating until convergence) is given by

 

±»=Ä¹°´Å´fµ¦ ±»=Ä¹°´´fµ ¿£«>ÀÁc¥Â¢R§6Ã{¢R¾§¥D§ ¢k¾§ £¡9Q¤6§ ¥ }
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Comments and Observations ÆRÇQÈÉTÈRÊÉWÇ*È=ÉWËÊÉWÇ8ËLÉ8ÈRÊWÉÇTËkÉËÊTÌkÍ  ÎÏÐ ÆkÇhÈ=ÉTÈRÊÉWÇ8ËkÉËÊTÌ ÇhÈ6ÑÒ3ÓÈÐ È=ÉË1Ñ Ò3Ó>ËÐ ÈkÊ

If the set of input patterns cannot be divided into two linear separable sets then an

SLP will fail as a classifier. Consider the problem of designing an SLP for XOR classifi-

 

cation. Such an SLP should be defined over the pattern space ÎÕÔÖÐ ÆLÇÂÈGÉËÊWÉÇTËkÉTÈRÊTÌ ÇÂÈ6Ñ Ò3Ó4ËÐ ËLÉËÑ Ò3ÓÈ Ð ËÊÍ The classes for the XOR problem are

 

The points in the domain of the problem are plotted in Figure 12.5.3. Points in Class 0 are ×Ø ×@Ø

 

plotted with open dots and points in Class 1 are plotted with solid dots. A decision surface Ù Ù in     is a line. There is no line in     that separates classes 0 and 1 for the XOR problem. Thus, an SLP is incapable of functioning as a classifier for the XOR problem. Class 0 point

Class 1 point

 

(0,1)                      (1,1)

 

(0,0)                      (1,0)

 

Figure 12.5.3. Representation of domain for XOR.

 

12.6.   Multilayer Perceptron (MLP)                          ÚÜÛ ÚDÛ As seen in Section 12.5, a single-layer perceptron is not capable of functioning

as an XOR classifier. This is because the two classes of points for the XOR problem are not linearly separable. A single-layer perceptron is only able to partition into regions

separated by a hyperplane. Fortunately, more complex regions in can be specified by

 

AND gate. The design of a multilayer perceptron for the XOR problem is presented in Ý:ë Ý Þ à3áâãkäcâãRåæèç é6àîãLäIàîãkåIæç éà{ãLäêàãLåêæèç Ý Þ ì Þ Ý ë Ý Þ ì ë à3áâ{ãLäíâãkå3æç

the following example.

 

ÝßÞ feeding the output from several SLPs into another SLP designed to serve as a multivariable

In Figure 12.6.1, the plane has been divided into two regions. The shaded region

lies between the lines whose equations are                     and                  .

Region    consists of all points not in    . The points of class     for the XOR problem lie in                          lie in     . Region and the points in     is the intersection of the half-plane that lies above                 and the half-plane that lies below                 . Single-layer
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perceptrons        and        can be designed with decision surfaces and               , respectively. The intersection required to create     is achieved by

 

sending the output of        and       through another SLP that acts as an AND gate.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                           XOR
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Figure 12.6.1. Multilayer perceptron solution strategy for XOR problem.
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One SLP implementation of an AND gate and its decision surface is shown in  "!$# % &'()*!+#

[image: ]

Figure 12.6.2. All the components of a two-layer perceptron for XOR classification can be

[image: ]

 

seen in Figure 12.6.3. The first layer consists of        and       . An input pattern *,*!-# &.)(!+# is presented to both        and       . Whether the point lies above                     is determined by      ;       determines if it lies below                  . The second layer of the XOR perceptron takes the output of        and       and determines if the input

[image: ]

 

satisfies both the conditions of lying above                     and below                  . 5
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1y
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AND
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Class 0 point                   3          0          1
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Class 1 point                            6
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-3 + 2x + 2y = 0                               Σ 2
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Decision surface 0          4
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Figure 12.6.2. Single-layer perceptron for AND classification.
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x               y :        7 ;

1    1      1    1

 

Above or below     <                                             = the decison surface        1            1           Above or below the decison surface

-1 + 2x + 2y = 0?

-1 2 2                3 - 2x -2y = 0? 3-2 -2

1    SLP                   SLP           Lies between the lines 1 2-1 + 2x + 2y = 0 and   XOR

3 - 2x - 2y = 0 ?

 

-3        2          2

AND

 

8x XOR y

 

Figure 12.6.3. Two-layer perceptron for XOR classification. >@?

By piping the output of SLPs through a multivariable AND gate, a two-layer

perceptron can be designed for any class whose points lie in a region that can be

constructed from the intersection of half-planes. Adding a third layer to a perceptron

consisting of a multivariable OR gate allows for the creation of even more complex region for pattern classification. The outputs from the AND layer are fed to the OR layer which serves to union the regions created in the AND layer. An OR gate is easily implemented using an SLP.

Figure 12.6.4 shows pictorially how the XOR problem can be solved with a

three-layer perceptron. The AND layer creates two quarter-planes from the half-planes created in the first layer. The third layer unions the two quarter-planes to create the desired

 

classification region.                                                  AB The example above is concerned with the analytic design of a multilayer per-

ceptron. That is, it is assumed that the classification regions in are known a priori.

Analytic design is not accordant with the perceptron concept. The distinguishing feature of a perceptron is its ability to determine the proper classification regions, on its own, through a “learning by example” process. However, the preceding discussion does point out how the applicability of perceptrons can be extended by combining single-layer perceptrons. Also, by first approaching the problem analytically, insights will be gained into the design and operation of a “true” perceptron. The design of a feedforward multilayer perceptron is presented next.

A feedforward perceptron consists of an input layer of nodes, one or more hidden

layers of nodes, and an output layer of nodes. We will focus on the two-layer perceptron

of Figure 12.6.5. The algorithms for the two-layer perceptron are easily generalized to

 

HEJI perceptrons of three or more layers. CDE                    FD                    GE GE KLI FDNMPORQTSQTU

A node in a hidden layer is connected to every node in the layer above and below

 

it. In Figure 12.6.5 weight      connects input node     to hidden node     and weight KI MVO)Q-WXQ-YZM [ O connects     to output node    . Classification begins by presenting a pattern to the

input nodes . From there data flows in one direction (as indicated by the  \L]

arrows in Figure 12.6.5) through the perceptron until the output nodes are

reached. Output nodes will have a value of either   or   . Thus, the perceptron is capable of partitioning its pattern space into     classes.
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Figure 12.6.4. Three-layer perceptron implementation of XOR.
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Figure 12.6.5. Two-layer perceptron.
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The steps that govern data flow through the perceptron during classification are u*v+wyx{zP|}x~|PVP|}xy.  �vx .

as follows:

Step 1. Present the pattern to the perceptron, i.e.,

set            for              .

 

Step 2. Compute the values of the hidden-layer nodes using the formula  v  {  N¡£¢ ¤¥¦¨§ª©



 

Step 3. Calculate the values of the output nodes using the formula  «L¬ v Jy®°¯± }®P²³¢ ) ´XµZ©

 

u                                                                                                                        Step 4. The class       ¶v·w¸VzP|¸J~L|VVP|¸¹  «¬                                     that the perceptron assigns u

 

a binary vector which, when interpreted as a binary number, is the class number u ¶»v¼w¸½zP|¸³~|VPVN|¸¹ ¸¬ v¿¾ÀÂÁÃw«¬

of   . Therefore, the     must be thresholded at some level    appropriate for the application. The class that    is assigned to is then                      , where º must be

.

 

Step 5. Repeat Steps 1, 2, 3, and 4 for each pattern that is to be classified.

Above, when describing the classification mode of the perceptron, it was assumed

that the values of the weights between nodes had already been determined. Before the

 

are adjusted to suit the application. ¶Å(ÄLÊ|VVÆ¹

uZÅZ(  perceptron can serve as a classifier, it must undergo a learning process in which its weights uZÅ          The learning mode of the perceptron requires a training set is a pattern and ÄLwuÅJ|¶ÅÇÆ½ÈÅyÉ z of . The perceptron learns (adjusts its weights) using elements of the training set as

, where

is a vector which represents the actual class number

 

examples. The learning algorithm presented here is known as backpropagation learning.

For backpropagation learning, a forward pass and a backward pass are made

 

through the perceptron. During the forward pass a training pattern is presented to the ¶Å w« z|«~|VPV|«¹  perceptron and classified. The backward pass recursively, level by level, determines error terms used to adjust the perceptron’s weights. The error terms at the first level of the recursion are a function of    and output of the perceptron                 . After all the error terms have been computed, weights are adjusted using the error terms that correspond

to their level. The backpropagation algorithm for the two-layer perceptron of Figure 12.6.5

 

is detailed in the steps which follow. Ë,Ê©Ì ÕLÖØ×Ù¬v¸«}¸JLwJÎÏË,Ê©Ì|Ê©ÌÒÑÓ Ê¥¦¨§ª|P¤´"µZ© Step 1. Initialize the weights of the perceptron randomly with numbers Ê©Ì Í  v¸ «}¸JwÇÎÏË,Ê©Ì|Ê©ÐÒÑÓ Ê¨Ô¨Ò|P¤*¥¦¨§

between       and    ; i.e.,
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Step 2. Present                      from the training pair          to the ÚZÛÜÝÐÞÛßLà}ÞÛáàJâVâVâà}ÞÛã}ä ÝåÚZÛàçæLÛNä

perceptron and apply Steps 1, 2, and 3 of the perceptron’s classification algo-rithm outlined earlier. This completes the forward pass of the backpropagation algorithm.

 

Step 3. Compute the errors                 in the output layer using èJéê±àJëíì-îXì-ïZà èJéê ÜñðòÝëóðLòLäôõÛò ó*ðLòLö±à

 

where                     represents the correct class of    .   The vector æLÛÜ÷ÝNõÛßàõÛáàVâPâVâàõÛø ä ÚZÛ Ýð ßàðá àVâVâPâçàðø ä

represents the output of the perceptron.

 

Step 4. Compute the errors in the hidden-layer nodes using  èPù³úàVë'ìüûýìþ.à   èùú,Ü+ÿÝJëó*ÿLä ø          ò ò

 

Step 5. Let        denote the value of weight     after the th training                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   ß èéê òÝ ä ò 

 

pattern has been presented to the perceptron. Adjust the weights between the ò Ý ä Ü ò Ý Zó¨ëJä èéê ÿ Xì ë

output layer and the hidden layer according to the formula

 

The parameter            governs the learning rate of the perceptron.

 

Step 6. Adjust the weights between the hidden layer and the input layer Ý äÜ Ý Zó ëVä èùú Þ Û 

according to

 

Step 7. Repeat Steps 2 through 6 for each element of the training set. One

cycle through the training set is called an epoch. The performance that results from the network’s training may be enhanced by repeating epochs.

 

Image Algebra Formulation ø ±ë "!$#&%(' )*+% / 4513  ,- -ô  .%/ 0213  ö

Let                and         be the image variables used to store the values

 

be used to represent the weights between the input layer and the hidden layer. Initialize ,76 Ý 8 ä Ü$ë , 6 Ý 89 }äÜ ë)ì :9 ì ; ,of the input layer and the output layer, respectively. The template will

as follows:

 

,                                                                                                                                                                                              Ý.9                                                 äÜ+õJÿ ð"9                 õ=<LÝ>           ó?        ëà@           ë.A          ä                                                   ¦ì9Zì;åàPë¤ìüûýìþ                  
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The template represents the weights between the hidden layer and the

 

output layer. Initialize    by setting BRQSUTWVYXZ[]\^UZ_"Sa`cbed]fhgi@d]fjgNkV dmlnTolpqirgsl:tl:uvf

 

class number of SiUirr aiU.VCG  Let Siy"yV�P v    be the training set for the two-layer perceptron, where is a pattern and is a vector which represents the actual vX . Define WC dirgr�  {  Si.}VsCE8G HI5JLMHO The activation function for the perceptron is w SyxzV{X gg}|_~ f

SiN{VCE8G HJLMH to be . The parameterized templates  S@gi]i]"ir rai]V

 

 S8iNRVQSTWVYXm  YS8tVv =STWV d$l¡Tolpqirgsl:t¢lu and                      are defined by

 

and            S8iN{VN£rSy^V}X¤d d$l¥^vl¦ S8iN{V§S.^VYX$ YSTV} =S^UV dml^vl¦.irg?l*Tolpqf

 

The image algebra formulation of the backpropagation learning algorithm for one epoch is ¨©ª«¬r gff®?¯©©"° q±2X w EP²  |³¡´ M µ ±2X w S.+|³ B{V ¶7±2X µ Sy·¸b µ V E  b µ M

 

To classify                       , first augment it with a    to form ¿XÀSj iU i r aiU V ½¾ ¯©©W° f Bq±2X¡B¼|  S8¶iN{V ¹±2X¡Sy·¸bº}VaS8 ¶ |³ BR»V ´ ±2X ´ |nE¹¸i² M

using the image algebra code: SagiU i ir rai V g ÁX  . The pattern    is then assigned to the class represented by the image  

 

Â±2X w S²+|³¡´ V µ ±2X w S8¡|³ BRV ¸±2X¡ÃYÄKÅSµ Vf

 

Comments and Observations

 

The treatment of perceptrons presented here has been very cursory. Our purpose is

to demonstrate techniques for the formulation of perceptron algorithms using image algebra. Other works present more comprehensive introductions to perceptrons [7, 10, 12, 13].
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12.7.   Cellular Automata and Life

 

Among the best known examples of cellular automata is John Conway’s game

Life [2, 14, 15]. The life processes of the synthetic organisms in this biosphere are presented

 

next. Although this automaton is referred to as a game, it will provide an illustration of ÆÈÇÊÉRË7ÌqÉÍ how easily the workings of cellular automata are formulated in image algebra. Life evolves on a grid of points . A cell (point) is either alive or

not alive. Life and its absence are denoted by state values 1 and 0, respectively. The game begins with any configuration of living and nonliving cells on the grid. Three rules govern the interactions among cells.

 

(a) Survivals — Every live cell with two or three live 8-neighbors survives for the next generation.

 

(b) Deaths — A live cell that has four or more 8-neighbors dies due to over-population. A live cell with one 8-neighbor or none dies from loneliness.

 

(c) Birth — A cell is brought to life if exactly three of its 8-neighbors are alive.

 

Figure 12.7.1 shows the life cycle of an organism. Grid 0 is the initial state

 

of the life-form. After ten generations, the life-form cycles between the configurations in Ò

grids 11 and 12.

 

0              1              2              3

 

4              5              6              7 Î Ï Ð

 

8              9              10            11 Ñ

 

Figure 12.7.1. Life cycle of an artificial organism.

 

Depending on the initial configuration of live cells, the automaton will demon-

strate one of four types of behavior [14]. The pattern of live cells may:

 

(a) vanish in time

 

(b) evolve to a fixed finite size
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(c) grow indefinitely at a fixed speed

 

(d) enlarge and contract irregularly

 

Image Algebra Formulation ÓnÔÕ"Ö× ØrÙrÚ ÛÝÜDÞß7à¡Þá           â            Ó]ã Let             , where              , be the image variable that contains the state values of cells in the automata. The cells state at time   is denoted    . The template used to capture the states of neighboring cell is shown below.

 

1   1   1

t =        1   9   1

 

Let be the initial configuration of cells. The next state of the automaton is

äzå                                                              1   1   1

 

given by the image algebra formula äæUçèé2ê¡ë{ìNírîèaèîèïyðñä]æ(òó¡ô"õö

12.8.   Solving Mazes Using Cellular Automata

 

In this section an unconventional solution to finding a path through a maze is

presented.   The method uses a cellular automata (CA) approach.   This approach has several advantageous characteristics. The memory required to implement the algorithm is essentially that which is needed to store the original maze image. The CA approach provides all possible solutions, and it can determine whether or not a solution exists [16]. The CA method is also remarkably simple to implement.

Conventional methods to the maze problem use only local information about the

maze. As the mouse proceeds through the maze, it marks each intersection it passes. If the corridor that the mouse is currently exploring leads to a dead-end, the mouse backtracks to the last marker it placed. The mouse then tries another unexplored corridor leading from the marked intersection. This process is continued until the goal is reached. Thus, the conventional method uses a recursive depth-first search.

The price paid for using only local information with the conventional method is

the memory needed for storing the mouse’s search tree, which may be substantial. The CA approach requires only the memory that is needed to store the original maze image. The CA approach must have the information that a viewer overlooking the whole maze would have. Depending on the application the assumption of the availability of a global overview of the maze may or may not be reasonable.

The maze for this example is a binary image. Walls of the maze have pixel value

0 and are represented in black (Figure 12.8.1). The corridors of the maze are 4-connected and have pixel value 1. Corridors must be one pixel wide. Corridor points are white in Figure 12.8.1.

In some ways the CA approach to maze solving may be viewed as a poor thinning

algorithm (Chapter 5). A desirable property of a thinning algorithm is the preservation of ends. To solve the maze the CA removes ends. Ends in the maze are corridor points that are at the terminus of a dead-end corridor. A corridor point at the end of a dead-end corridor is changed to a wall point by changing its pixel value from 1 to 0. At each iteration of the
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Figure 12.8.1. Original maze.

 

algorithm, the terminal point of each dead-end corridor is converted into a wall point. This process is continued until no dead-end corridors exist, which will also be the time at which further iteration produces no change in the image. When all the dead-end corridors are removed, only solution paths will remain. The result of this process applied to the maze

of Figure 12.8.1 is seen in Figure 12.8.2.

For this example, the next state of a point is function of the current states of the

points in a von Neumann neighborhood of the target point. The next state rules that drive the maze solving CA are

 

(a) A corridor point that is surrounded by three of four wall points becomes a wall point.

 

(b) Wall points always remain wall points.

 

(c) A corridor point surrounded by two or fewer wall points remains a corridor point.

 

Image Algebra Formulation ÷¢ø¡ù úûrürý þ                      ÿ Let             be the maze image. The template   that will be used to capture neighborhood configurations is defined pictorially as

 

1

t =     1   5   1

1
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Figure 12.8.2. Maze solution.

 

The image algebra code for the maze solving cellular automaton is given by

 

'0213 ! #"%$&'$(#)*,+-/.

 

12.9.   Exercises

 

1. Can a parallel implementation (i.e., all neurons fire simultaneously) guarantee conver-

gence to a steady state of the Hopfield net? Explain your answer.

 

2.

 

a.    Implement the Hopfield net using the patterns shown in Figure 12.2.3. Does the

net provide perfect output for uncorrupted input of all patterns?

b.    Add the four letter patterns shown in Figure 12.3.1 to the Hopfield memory estab-

lished in 2.a. Does the expanded net still provide perfect output for uncorrupted

 

input of all patterns? 4657

3.    Implement the following variant of the Hopfield network:

 

Assign weights      using the formula 4 57 98:;%<>=!?A@;5CB @;7D
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and use the propagation rule

 

E2FG>HJIAK*LMONQPRSTUWVHI*EF#IYXZL\[]^UL`_ab

 

Repeat Exercise 2 using this variation of the Hopfield net.

 

4.    Construct a BAM to establish the following three association: Idcfe'cZe#ghcZe%ghcJLjikI#cZe'cWL IdcZe'cZe'cZelcJLminIdcZe%ghcWL IoghcZe%ghcZe'cZe'cdLjipIoghcZe'cJL

a.                                  ,

 

b.                            ,       IoghcZe%ghcZe%ghcZe%gqcWL c.                                    .

What happens when a vector such as                  is presented to the BAM?

 

5. There exists a wide variety of neural networks not discussed in this chapter. Consult

your local science library or do a web search to find two networks not discussed here. Provide an image algebra description of the two networks.

 

6. Design a 2–layer, 2–input, 1–output perceptron net that will solve the XOR problem.

The net must work in the following way. The input to the net are the values +1, —1. The weights (which you determine, that is, you are not using the perceptron convergence procedure), should classify any input from the shaded region as a —1. Valid input points from the unshaded regions should be identified with value +1.

 

(-1,1)                          (1,1)

 

(-1,-1)                         (1,-1)
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7. Design a 2–layer, 2–input, 1–output perceptron net that will identify points within

the region shaded in the figure below with -1 and points outside the region with +1. The weights for this net are fixed (determined by you) as in Exercise 6.

 

(0,1)

 

(-1,-1)                         (1,-1)

 

8. Design a 3–layer, 2–input, 1–output feedforward perceptron net that will classify (-1,1)

and (1,-1) as one class, and the line segment between (-1,-1) and (1,1) as another class.

 

9. Design a multi-layer, 3–input, 1–output feedforward perceptron net that will classify

(1,1,1) and (-1,-1,-1) as one class, but will classify (1,1,-1), (-1,1,1), (1,-1,1), (-1,-1,1), (-1,1,-1), and (1,-1,-1) as the other class.
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APPENDIX.

THE IMAGE ALGEBRA C++ LIBRARY

 

A.1. Introduction

In 1992, the U.S. Air Force sponsored work at the University of Florida to

implement a C++ class library to support image algebra, iac++. This appendix gives a brief tour of the library then provides examples of programs implementing some of the algorithms provided in this text.

Current information on the most recent version of the iac++ class library is

available via the Worldwide Web from URL

http://www.cise.ufl.edu/research/IACC/.

The distribution and some documentation are available for anonymous ftp from

ftp://ftp.cise.ufl.edu/pub/src/ia/iac++.

The class library has been developed in the C++ language [1, 2]. Several different

platforms have been supported in the past. The current executable version of the library has been developed and tested for the following compiler/system combinations:

 

Table A.1.1 Currently tested iac++ platforms.

 

Compiler                System

g++ v 2.95.2             Solaris 2.7, 2.8

RedHat Linux 5.2

 

The library is likely to be portable to other systems if the g++ compiler is

employed. Porting to other compilers might involve significant effort.

 

A.2. Classes in the iac++ Class Library

 

The iac++ class library provides a number of classes and related functions to

implement a subset of the image algebra. At the time of this writing the library contains the following major classes to support image algebra concepts:

 

(a)   IA_Point<T>

(b)   IA_Set<T>

(c)   IA_Pixel<P,T>

(d)   IA_Image<P,T>

(e)   IA_Neighborhood<P,Q> (f)    IA_DDTemplate<I>

All names introduced into the global name space by iac++ are prefixed by the string IA_ to lessen the likelihood of conflict with programmer-chosen names.

 

Points

The IA_Point<T> class describes objects that are homogeneous points with

coordinates of type T. The library provides instances of the following point classes:

(a)   IA_Point<int>

(b)   IA_Point<double>
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The dimensionality of a point variable is determined at the time of creation or

assignment, and may be changed by assigning a point value having different dimension to the variable. Users may create points directly with constructors. Functions and operations may also result in point values.

 

One must #include "ia/IntPoint.h" to have access to the class of

points with int coordinates and its associated operations.    One must #include "ia/DblPoint.h" to have access to the class of points with double coordinates and its associated operations.

Point operations described in the sections that follow correspond to those oper-

ations presented in Section 1.2 of this book.

 

Point Constructors and Assignment

 

Let i, i1, i2, ..., represent int-valued expressions. Let iarray represent

an array of int values with n elements. Let d, d1, d2, ..., represent double-valued expressions. Let darray represent an array of double values with n elements. And let ip and dp represent points with int and double coordinate values, respectively.

 

Table A.2.1 Point Constructors and Assignment

 

construct a copy                IA_Point<int>(ip)

IA_Point<double> (dp)

construct from coordinates     IA_Point<int> (i)

IA_Point<int> (i1,i2)

IA_Point<int> (i1,i2,i3)

IA_Point<int> (i1,i2,i3,i4)

IA_Point<int> (i1,i2,i3,i4,i5)

IA_Point<double> (d)

IA_Point<double> (d1,d2)

IA_Point<double> (d1,d2,d3)

IA_Point<double> (d1,d2,d3,d4)

IA_Point<double> (d1,d2,d3,d4,d5)

construct from array of         IA_Point<int>(iarray, n) coordinates                     IA_Point<double>(darray, n)

assign a point                  ip1 = ip2

dp1 = dp2

 

Binary Operations on Points

 

Let p1 and p2 represent two expressions both of type IA_Point<int> or

IA_Point<double>.

 

© 2001 by CRC Press LLC

A. 2 Classes in the iac++ Class Library 369

 

Table A.2.2 Binary Operations on Points

 

addition                                 p1 + p2

subtraction                              p1- p2

multiplication                            p1 * p2

division                                   p1 / p2

supremum                        sup (p1, p2)

infimum                            inf (p1, p2)

dot product                             dot (p1, p2)

cross product                           cross (p1, p2)

concatenation                          concat (p1, p2)

 

Unary Operations on Points

Let    p    represent    an    expression    of    type    IA_Point<int>    or

IA_Point<double>.

 

Table A.2.3 Unary Operations on Points

 

negation                               -p

ceiling†                                   ceil (p)

floor†                                      float (p)

rounding†                            rint (p)

projection (subscripting)                  p(i)

p[i]‡

sum                            sum (p)

product                                product (p)

maximum                       max (p)

 

minimum                        min (p) rts r6u

Euclidean norm                       enorm (p)

norm                         mnorm (p)

 

norm                         inorm (p)

dimension                            p.dim()

 

†This function applies only to points of type IA_Point<double>.

‡Subscripting with () yields a coordinate value, but subscripting with [] yields a

coordinate reference to which one may assign a value, thus changing a point’s value.

 

Relations on Points

Let p1 and p2 represent two expressions both of type IA_Point<int> or

IA_Point<double>. Note that a relation on points is said to be strict if it must be
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satisfied on all of the corresponding coordinates of two points to be satisfied on the points themselves.

 

Table A.2.4 Relations on Points

 

less than (strict)                            p1 < p2

less than or equal to (strict)              p1 <= p2

greater than (strict)                       p1 > p2

greater than or equal to (strict)          p1 >= p2

equal to (strict)                             p1 == p2

not equal to (complement of ==)        p1 != p2

lexicographic comparison               pointcmp (p1, p2)

 

Examples of Point Code Fragments

One can declare points using constructors.

IA_Point<int> point1 (0,0,0);

// point1 == origin in 3D integral Cartesian space

IA_Point<double> dpoint (1.3,2.7);

// dpoint is a point in 2D real Cartesian space

One may subscript the coordinates of a point. (Note that point coordinates use zero-based addressing in keeping with C vectors.)

point1[0] = point1[1] = 3;

// point1 == IA_Point<int> (3,3,0)

One can manipulate such points using arithmetic operations.

point1 = point1 + IA_Point<int> (1,2,3);

// point1 == IA_Point<int> (4,5,3)

And one may apply various functions to points.

point1 = floor (dpoint);

// point1 == IA_Point<int> (1,2)

 

Sets

The C++ template class IA_Set<T> provides an implementation of sets of

elements of type T. The following instances of IA_Set are provided:

 

(a)   IA_Set<IA_Point<int> > (b)   IA_Set<IA_Point<double> > (c)   IA_Set<bool>

(d)   IA_Set<unsigned char> (e)   IA_Set<int>

(f)    IA_Set<float>

(g)   IA_Set<IA_complex> (h)   IA_Set<IA_RGB>

 

IA_Set<IA_Point<int> > and IA_Set<IA_Point<double> >, provide some capabilities beyond those provided for other sets.
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Sets of Points and Their Iterators

 

The     point     set     classes     IA_Set<IA_Point<int> >     and

IA_Set<IA_Point<double> > provide the programmer with the ability to define and manipulate sets of point objects all having the same type and dimension.

 

One must #include "ia/IntPS.h" to have access to the class of sets of

int points and its associated operations. One must #include "ia/DblPS.h" to have access to the class of sets of double points and its associated operations. To gain access to point set iterator classes and their associated operations, one must #include "ia/PSIter.h".

Point set operations described in the sections that follow correspond to those

operations presented in Section 1.2 of this book.

 

Point Set Constructors and Assignment

 

In Table A.2.5, let ip, ip1, ip2, ..., represent IA_Point<int>-valued ex-

pressions. Let iparray represent an array of IA_Point<int> values, each of di-mension d, with n elements. Let dp, dp1, dp2, ..., represent IA_Point<double>-valued expressions. Let dparray represent an array of double values, each of dimension d, with n elements. And let ips and dps represent sets with IA_Point<int> and IA_Point<double> elements, respectively.

The function IA_boxy_pset creates the set containing all points bounded by

the infimum and supremum of its two point arguments. The type of set is determined by the point types of the arguments. The IA_universal_ipset and IA_empty_ipset create universal or empty sets of type IA_Point<int> of dimension specified by the argument. Sets of type IA_Point<double> are created in a corresponding fashion by IA_universal_dpset and IA_empty_dpset.
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Table A.2.5 Point Set Constructors and Assignment

 

construct a copy          IA_Set<IA_Point<int> > (ips)

IA_Set<IA_Point<double> > (dps)

construct from points     IA_Set<IA_Point<int> > (ip)

IA_Set<IA_Point<int> > (ip1,ip2)

IA_Set<IA_Point<int> > (ip1,ip2,ip3)

IA_Set<IA_Point<int> > (ip1,ip2,ip3,

ip4 )

IA_Set<IA_Point<int> > (ip1,ip2,ip3,

ip4 ,ip5)

IA_Set<IA_Point<double> > (dp)

IA_Set<IA_Point<double> > (dp1,dp2)

IA_Set<IA_Point<double> > (dp1,dp2,

dp3 )

IA_Set<IA_Point<double> > (dp1,dp2,

dp3 ,dp4)

IA_Set<IA_Point<double> > (dp1,dp2,

dp3 ,dp4,dp5)

construct from array of IA_Set<IA_Point<int> > (d,iparray,n)

points IA_Set<IA_Point<double> > (d,dparray

n )

assign a point set         ips1 = ips2

dps1 = dps2

functions returning       IA_boxy_pset (ip1, ip2) point sets                  IA_boxy_pset (dp1, dp2)

IA_universal_ipset (dim)

IA_universal_dpset (dim)

IA_empty_ipset (dim)

IA_empty_dpset (dim)

 

Binary Operations on Point Sets

 

In Table A.2.6, let ps, ps1 and ps2 represent expressions all of type

IA_Set<IA_Point<int> > or IA_Set<IA_Point<double> >. Let p represent an expression having the same type as the elements of ps.
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Table A.2.6 Binary Operations on Point Sets

 

addition                  ps1 + ps2

subtraction               ps1- ps2

point addition             ps + p

p + ps

point subtraction          ps- p

p- ps

union                  ps1 | ps2

intersection                ps1 & ps2

set difference              ps1 / ps2

symmetric difference      ps1 ˆ ps2

 

Unary Operations on Point Sets

Let ps represent an expression of type IA_Set<IA_Point<int> > or

IA_Set<IA_Point<double> >.

 

Table A.2.7 Unary Operations on Point Sets

 

negation                 -ps

complementation         ˜ps

supremum            sup (ps)

infimum                inf (ps)

choice function           ps.choice()

cardinality                 ps.card()

 

Relations on Point Sets

Let    ps,    ps1,    and   ps2   represent   expressions   all    of    type

IA_Set<IA_Point<int> > or IA_Set<IA_Point<double> >. Let  p

represent an expression having the same type as the elements of ps.

 

Table A.2.8 Relations on Point Sets

 

containment test          ps.contains(p)

proper subset             ps1 < ps2

(improper) subset         ps1 <= ps2

proper superset           ps1 > ps2

(improper) superset       ps1 >= ps2

equality                   ps1 == ps2

inequality                  ps1 != ps2

emptiness test             ps.empty()
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Point Set Iterators

The class IA_PSIter<P> supports iteration over the elements of sets of type

IA_Set<IA_Point<int> > and IA_Set<IA_Point<double> >. This provides a single operation, namely function application (the parentheses operator), taking a reference

argument of the associated point type and returning a bool. The first time an iterator object is applied as a function, it attempts to assign its argument the initial point in the set (according to an implementation specified ordering). If the set is empty, the iterator returns a false value to indicate that it failed; otherwise it returns a true value. Each subsequent call assigns to the argument the value following that which was assigned on the immediately preceding call. If it fails (due to having no more points) the iterator returns a false value; otherwise it returns a true value.

 

Examples of Point Set Code Fragments

One can declare point sets using a variety of constructors.

 

IA_Set<IA_Point<int> > ps1;

// uninitialized point set

 

IA_Set<IA_Point<int> > ps2(IA_IntPoint(0,0,0));

// point set with a single point

 

IA_Set<IA_Point<int> > ps3(IA_boxy_pset(IA_Point<int>(-1,-1),

IA_Point<int>(9,9)));

// contains all points in the rectangle

// with corners (-1,-1) and (9,9)

 

// Introduce a predicate function

int pred(IA_IntPoint p) { return (p[0] >= 0)? 1 : 0; }

 

IA_Set<IA_Point<int> > ps4(2, &pred);

// the half plane of 2D space having nonnegative 0th coord.

 

IA_Set<IA_Point<int> > ps5(3, &pred);

// the half space of 3D space having nonnegative 0th coord.

One can operate upon those sets.

 

ps1 = ps3 & ps4;

// intersection of ps3 and ps4 contains all points

// in the rectangle with corners (0,0) and (9,9)

 

ps1 = ps3 | ps4;

// union of ps3 and ps4

 

ps1 = ps3 + IA_Point<int> (5,5);

// pointset translation

 

ps1 = ps3 + ps3;

// Minkowski (pairwise) addition

 

// relational operations and predicates

if ((ps2 <= ps3) || ps2.empty())

ps2 = ˜ps2; // complementation
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And one can iterate over the elements in those sets.

 

IA_PSIter<IA_Point<int> > iter(ps3);

// iter will be an iterator over the points

// in set ps3

IA_Point<int> p;

 

// the while loop below iterates over all the points in the

// set ps3 and writes them to the standard output device

while(iter(p)) { cout << p << "\n"; }

 

Sets of Values and Their Iterators

 

In addition to point sets, the user may employ the C++ template class IA_Set<T>

to construct and manipulate extensive sets of values of any C++ type T for which there is an ordering. Instances of sets with bool, unsigned char, int, float, IA_complex, and IA_RGB elements are instantiated in the iac++ library. The class IA_Set<T> imposes a total ordering on the elements of type T in the set, and supports operations max and min. If the value type does not provide underlying definitions for max and min (as with IA_complex), then the library chooses some arbitrary (but consistent) definition for them.

One must #include "ia/Set.h" to have access to instances of the value set

class and associated operations. To gain access to the iterators and associated operations, one must #include "ia/SetIter.h".

 

Value Set Constructors and Assignment

 

Let v, v1, v2, ..., represent T-valued expressions. Let varray represent an

array of T values with n elements, and let vs, vs1, and vs2 represent sets with T-valued elements.

 

Table A.2.9 Value Set Constructors and Assignment

 

construct a copy          IA_Set<T>(vs)

construct from values     IA_Set<T> (v)

IA_Set<T> (v1,v2)

IA_Set<T> (v1,v2,v3)

IA_Set<T> (v1,v2,v3,v4)

IA_Set<T> (v1,v2,v3,v4,v5)

construct from array of   IA_Set<T>(varray,n) values

 

assign a value set         vs1 = vs2

 

Binary Operations on Value Sets

 

Let vs1 and vs2 represent two expressions, both of type IA_Set<T>.
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Table A.2.10 Binary Operations on Value Sets

 

union                  vs1 | vs2

intersection                vs1 & vs2

set difference              vs1 / vs2

symmetric difference      vs1 ˆ vs2

 

Unary Operations on Value Sets

Let vs represent an expressions of type IA_Set<T>.

 

Table A.2.11 Unary Operations on Value Sets

 

maximum            max (vs)

Minimum            min (vs)

choice function           vs.choice()

cardinality                 vs.card()

 

Relations on Value Sets

Let vs, vs1 and vs2 represent expressions all of type IA_Set<T>.

 

Table A.2.12 Relations on Value Sets

 

containment test          vs.contains(v)

proper subset             vs1 < vs2

(improper) subset         vs1 <= vs2

proper superset           vs1 > vs2

(improper) superset       vs1 >= vs2

equality                   vs1 == vs2

inequality                  vs1 != vs2

emptiness test             vs.empty()

 

Value Set Iterators

The class IA_SetIter<T> supports iteration over the elements of an

IA_Set<T>. This provides a single operation, namely function application (the paren-theses operator), taking a reference argument of type T and returning a bool. The first time an iterator object is applied as a function, it attempts to assign its argument the initial point in the set (according to an implementation-specified ordering). If the set is empty, the iterator returns a false value to indicate that it failed; otherwise it returns a true value. Each subsequent call assigns to the argument the value following that which was assigned on the immediately preceding call. If it fails (due to having no more points) the iterator returns a false value; otherwise it returns a true value.
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Examples of Value Set Code Fragments

Value sets can be constructed by explicitly listing the contained values.

 

IA_Set<int> v1(1,2,3);

// constructs a set containing three integers.

// sets of up to 5 elements can be

// constructed in this way

 

float vec[] = { 1.0, 2.0, 3.0,

1.0, 2.0, 3.0,

3.0, 2.0, 1.0 };

IA_Set<float> v2( vec, 9);

// constructs a set containing the three

// unique values 1.0, 2.0, and 3.0, that

// are contained in the 9 element vector vec

One can apply operations to those value sets

 

v2 = v2 & IA_Set<float>(2.0, 3.0);

// the intersection of v2 and the

// specified set is assigned to v2

v2 = v2 | 6.0;

// the single element 6.0 is united with set v2

 

cout << v2.card() << "\n";

// writes the cardinality of set

 

if (IA_Set<int>(1, 2) <= v1)    // test for subset

cout << v1 << "\n";            // write the set

One can iterate over the values in those sets.

 

IA_SetIter<int> iter(v1);

int i;

 

// write all the elements of a set

while (iter(i)) { cout << i << "\n"; }

 

Images, Pixels, and Iterators Over Image Pixels and Values

The image classes defined in the iac++ library are instances of the template

class IA_Image<P,T>, comprising the images defined over sets of points of type P having values of type T. The following instances of the IA_Image class are provided in the library:

 

(a)   IA_Image<IA_Point<int>, bool> (b)   IA_Image<IA_Point<int>, unsigned char> (c)   IA_Image<IA_Point<int>, int> (d)   IA_Image<IA_Point<int>, float> (e)   IA_Image<IA_Point<int>, IA_complex> (f)    IA_Image<IA_Point<int>, IA_RGB> (g)   IA_Image<IA_Point<double>, float> (h)   IA_Image<IA_Point<double>, IA_complex>
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To gain access to the class definitions and associated operations for each of these

image types, one must #include the associated header file. The basic unary and binary operations on the supported image types are included in the following files, respectively:

(a)   ia/BoolDI.h

(b)   ia/UcharDI.h

(c)   ia/IntDI.h

(d)   ia/FloatDI.h

(e)   ia/CplxDI.h

(f)    ia/RGBDI.h

(g)   ia/FloatCI.h

(h)   ia/CplxCI.h

In these file names, the DI designation (discrete image) denotes images over sets

of point with int coordinates and CI (continuous image) denotes images over sets of points with double coordinates.

A pixel is a point together with a value. Pixels drawn from images mapping

points of type P into values of type T are supported with the class IA_Pixel<P, T> which can be instantiated for any combination of P and T. Objects belonging to this class

have the two publicly accessible fields point and value. An IA_Pixel object, while it does bring together a point and a value, is not in any way associated with a specific

image. Thus, assigning to the value field of an IA_Pixel object does not change the actual value associated with a point in any image. The definition of the IA_Pixel class is contained in the header file ia/Pixel.h.

 

Image Constructors and Assignment

Given a point type P and a value type T, one can create and assign images mapping

points of type P into values of type T. In the following table img, img1, and img2 denote objects of type IA_Image<P,T>, p denotes an object of type IA_Set<P>, t denotes a value of type T, pixarray denotes an array of n objects of type IA_Pixel<P,T>, and f denotes a function with signature T f(P) or T f(const P&).

 

Table A.2.13 Image Constructors and Assignment

 

construct an empty       IA_Image<P,T> () image

 

construct a copy          IA_Image<P,T> (img)

construct a               IA_Image<P,T> (ps,t) constant-valued image

construct from an        IA_Image<P,T> (pixarray,n) array of pixels

construct from a         IA_Image<P,T> (ps,f) point-to-value function

assign an image          img1 = img2

assign each pixel a       img = t constant value

 

assign to img1 the       img1.restrict_assign(img2) overlapping parts of

img2
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Binary Operations on Images

 

Let   img1   and   img2   represent   two   expressions   both   of   type

IA_Image<IA_Point<int>,T>.

 

Table A.2.14 Binary Operations on Images

 

addition                  img1 + img2

pointwise maximum      max (img1, img2)

subtraction               img1- img2

multiplication             img1 * img2

division                    img1 / img2

pseudo-division           pseudo_div (img1, img2)

modulus†              img1 % img2

binary and†             img1 & img2

binary or†               img1 | img2

binary exclusive or†      img1 ˆ img2

logical and               img1 && img2

logical or                  img1 || img2

left arithmetic shift†       img1 << img2

right arithmetic shift†     img1 >> img2

pointwise minimum      min (img1, img2)

characteristic less than    chi_lt (img1, img2)

characteristic less than    chi_le (img1, img2) or equal to

 

characteristic equal       chi_eq (img1, img2)

characteristic greater      chi_gt (img1, img2) than

characteristic greater      chi_ge (img1, img2) than or equal

characteristic value set    chi_contains (img1, vset) containment

 

† Available only for images for which T is an integer type (bool, unsigned char,

or int).

 

Unary Operations on Images

 

Let img represent an expressions of type IA_Image<IA_Point<int>,T>.
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Table A.2.15 Unary Operations on Images

 

projection                 img(p)

img[p]†

negation                 -img

pointwise one’s           ˜img complement

pointwise logical not      !img

cardinality                 img.card()

domain extraction        img.domain()

range extraction          img.range()

sum                sum (img)

maximum            max (img)

minimum             min (img)

product                  prod (img)

absolute value            abs (img)

ceiling                      ceil (img)

floor                        floor (img)

exponential               exp (img)

natural logarithm         log (img)

cosine                    cos (img)

sine                       sin (img)

tangent                   tan (img)

complex magnitude      abs_f (img)

complex angle           arg_f (img)

complex real part         real_f (img)

complex imaginary part   imag_f (img)

sqare root                 sqrt (img)

integer square root        isqrt (img)

square                  sqr (img)

 

†Subscripting with () yields the value associated with the point p, but subscript-

ing with [] yields a reference to the value associated with p. One may assign such a reference a new value, thus changing the image. This operation is potentially expensive. This is discussed at greater length in the section providing example code fragments below.

 

Domain Transformation Operations on Images

Let img, img1, and img2 represent expressions of type IA_Image<P, T>.

Let tset represent an expression of type IA_Set<T>. Let pset represent an expression of type IA_Set<P> and let p represent an element of such a point set.
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Table A.2.16 Domain Transformation Operations on Images

 

translation                 translate (img, p)

restriction of domain to   restrict (img, pset) a point set

 

restriction of domain      restrict (img, tset) by a value set

extension of one image   extend (img1, img2) by another

 

Relations on Images

 

Let img1 and img2 represent two expressions both of type IA_Image<P, T>.

 

Table A.2.17 Relations on Images

 

less than                  img1 < img2

less than or equal to      img1 <= img2

equal to                  img1 == img2

greater than              img1 > img2

greater than or equal to   img1 >= img2

not equal to              img1 != img2 (complement of equal

to)

 

strictly not equal to        strict_ne (img1, img2)

 

Input/Output Operations on Images

 

The iac++ library supports the reading and writing of images in extended

portable bitmap format (EPBM) [3]. This format supports the commonly used pbm, pgm, and ppm formats. The EPBM supports only two-dimensional rectangular images and does not represent an image’s point set, thus not all images representable in the iac++ library can be directly read or written. When an EPBM image is read, it is assigned an int coordinate point set spanning from the origin to the point whose coordinates are one less than the number of rows and number of columns in the image. To insure that we write only rectangular images, any image to be written is extended to the smallest enclosing rectangular domain with the value 0 used wherever the image was undefined.

Let istr represent an istream and let in_file_name represent a character

string containing an input file name. Let max_ptr be a pointer to an int variable that will receive as its value the maximum value in the image read.
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Table A.2.18 Input Operations on Images

 

read a bit image          read_PBM (in_file_name)

read_PBM (istr)

read an unsigned char    read_uchar_PGM (in_file_name) image read_uchar_PGM (in_file_name, max_ptr)

read_uchar_PGM (istr)

read_uchar_PGM (istr, max_ptr)

read an integer image    read_int_PGM (in_file_name)

read_int_PGM (in_file_name, max_ptr)

read_int_PGM (istr)

read_int_PGM (istr, max_ptr)

read an RGB image      read_PPM (in_file_name)

read_PPM (in_file_name, max_ptr)

read_PPM (istr)

read_PPM (istr, max_ptr)

 

One may write either to a named file or to an ostream. If writing to a named

file, the image output function returns no value. If writing to an ostream, the image output function returns the ostream. The display function displays an image to the currently selected display. The IMAGE_DISPLAY environment variable should map to a program that will display the pgm file which is the program’s argument. The default value for IMAGE_DISPLAY is xv.

Let ostr represent an ostream and let out_file_name represent a character

string containing an output file name. Let bit_img denote an image with bool values, uchar_img denote an image with unsigned char values, int_img denote an image with int values, and rgb_img denote an image with IA_RGB values. Let maxval be an unsigned int representing the maximum value in an image.

 

Image Iterators

 

The class IA_Pixel<P,T> supports storing of a point and value as a unit and

provides the two field selectors point and value. Instances of the IA_Pixel class are provided for the same combinations of P and T on which IA_Image instances are provided.

Iterators over either the values or the pixels of an image can be constructed

and used.   The class IA_IVIter<P, T> supports image value iteration and class IA_IPIter<P, T> supports pixel iteration. The value iterator provides an overloading of function call with a reference argument of the image’s range type. The pixel iterator function call overloading takes a reference argument of type IA_Pixel<P, T>. To use image iterators, one must #include "ia/ImageIter.h".

The first time an image value (pixel) iterator object is applied as a function, it

attempts to assign its argument the value (pixel) that is associated with the first point in the image’s domain point set. If the image is empty, a false value is returned to indicate that it failed, otherwise a true value is returned. Each subsequent call assigns to the argument the value (pixel) associated with the next point in the image’s domain. If the iterator fails to find such a value (pixel) because it has exhausted the image’s domain point set, the iterator returns a false value, otherwise it returns a true value.
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Table A.2.19 Output Operations on Images

 

write a bit image          write_PBM (bit_img, out_file_name)

write_PBM (bit_img, ostr)

write an unsigned char write_PGM (uchar_img, out_file_name)

image write_PGM (uchar_img, out_file_name,

maxval )

write_PGM (uchar_img, ostr)

write_PGM (uchar_img, ostr, maxval)

display an unsigned      display (uchar_img) char image

 

write an integer image    write_PGM (int_img, out_file_name)

write_PGM (int_img, out_file_name,

maxval)

write_PGM (int_img, ostr)

write_PGM (int_img, ostr, maxval)

write an RGB image     write_PPM (rgb_img, out_file_name)

write_PPM (rgb_img, out_file_name,

maxval)

write_PPM (rgb_img, ostr)

write_PPM (rgb_img, ostr, maxval)

 

Image Composition Operations

Two kinds of composition operations are supported for images. Since an image

maps points to values, one may generate a new image by composing a value-to-value mapping with an image or by composing an image with a spatial transform (or point-to-point mapping). To use composition of a value-to-value function with an image, one must #include "ia/ImgComp.h".

Let img be an image of type IA_Image<P, T>, let value_map be a function

with signature T value_map(T), let point_map be a function pointer with signature P point_map(const P&), and let result_pset be the set of type IA_Set<P> over which the result of the composition is to be defined. The result of composing the point-to-point mapping function with the image at any point p in the result_pset is equal to img(point_map(p)). The result of composing the value-to-value mapping function with the image is value_map (img(p)).

 

Table A.2.20 Image Composition Operations

 

compose an image with compose (img, point_map, result_pset)

a point-to-point

function

compose a              compose (value_map, img) value-to-value function

with an image

 

Note that the composition of an image with a point-to-point mapping function

takes a third argument, namely the point set over which the result is to be defined. This is necessary because determining the set of points over which the result image defines values
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would require us to solve the generally unsolvable problem of computing the inverse of the point_map function. Thus, we require the user to specify the domain of the result.

 

Examples of Image Code Fragments

One may construct images.

 

IA_Image <IA_Point<int>, int> i1;

// uninitialized image

IA_Image<IA_Point<int>, int> i2(ps3, 5);

// a constant image over point set ps3

// having value 5 at each point

 

// we may use a function such as p0 below to create an

// image with value at each point specified by a function

int p0(IA_Point<int> p) { return p[0]; }

IA_Image<IA_Point<int>, int> i2(ps3, &p0);

It is important to note the significant difference in application of an image as a

function (as in i2(...)) versus subscripting of an image (as in i2[...]). In the first case, the value of the image at a point is returned. In the second case, a reference to a pixel, the specific value mapping of a point within an image, is returned. An image pixel can have its value assigned through such a reference, thus modifying the image. Assigning an image to a variable can be quite time consuming. The iac++ library tries to avoid such copying wherever possible. Assigning an image to a variable usually does not copy storage. Instead, it uses a reference counting technique to keep track of multiple uses of a single image representation. If an image having multiple readers is subscripted (with operation []), a unique version of the image is created so that the subscripter (writer) will get a unique copy of the potentially modified image. While this insulates other readers of that image from future changes, it also imposes a significant penalty in both time and space. Thus, it is preferable to use function application notation rather than subscripting wherever possible.

 

i1 = i2;     // i1 and i2 now share the same value map

 

// write a point of image i2 (same as i1)

cout << i2(IA_Point<int>(3,5));

 

i1[IA_Point<int>(2,4)] = 10;

// Subscripting a pixel of i1 causes new

// storage for its value mapping to be allocated

// whether or not an assignment is actually made

The iac++ library also supports assignment to a subregion of an image with the re-strict_assign member function.

 

i2.restrict_assign (i1);

// For each point p in both i1 and i2’s domains

// This performs assignment

//    i2[p] = i1(p);

One may restrict the value of an image to a specified set of points or to the set of points containing values in a specified set, and one may extend an image to the domain of another image.
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i1 = restrict(i2, ps4);

// i1’s domain will be the intersection of

// ps4 and i2.domain()

 

i1 = restrict(i2, IA_Set<int>(1, 2, 3));

// i1’s domain will be all those

// points in i2’s domain associated with value

// 1, 2, or 3 by i2.

 

i1 = extend(i2, IA_Image<IA_Point<int>, int>(ps4, 1));

// i1’s domain will be the union of i2.domain() and ps4 // and value 1 will be associated with those

// points of ps4 not in i2.domain().

One may reduce an image to a single value with a binary operations on the range type if the image has an extensive domain.

 

// binary operation defined by a function

int add(int i, int j) { return i + j; }

 

cout << i1.reduce(&add, 0) << "\n";

// writes the result of adding

// all the pixel values of i1

One can compose a C++ function of one parameter with an image having elements of the same type as the function’s parameter. This lets one efficiently apply a user-defined function to each element of an image.

 

int my_function(int i) { ... }

i1 = compose (my_function, i2);

// This is equivalent to assigning i1 = i2

// and for each point p in i1.domain() executing

// i1[p] = my_function(i1(p))

Likewise, since an image is conceptually a function composition of an image with a function mapping points to points will yield a new image. The point set of such an image cannot be effectively computed, thus one must specify the set of points in the resulting image.

 

IA_Point<int>

reflect_through_origin(const IA_Point<int> &p)

{

return -p;

}

 

i1 = compose (i2,

reflect_through_origin,

IA_boxy_pset (-max(i2.domain()),

-min(i2.domain()));

// After executing this,

// i1(p) == i2(reflect_through_origin(p)) = i2(-p).

Input/output, arithmetic, bitwise, relational, and type conversion operations are provided on the image classes.
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IA_Image<IA_Point<int>, int> i3, i4;

IA_Image<IA_Point<int>, float> f1, f2;

 

// image I/O is supported for pbm, pgm, and ppm image formats

i3 = read_int_PGM ("image1.pgm");

i4 = read_int_PGM ("image3.pgm");

 

// conversions mimic the behavior of C++ casts

f1 = to_float (i3*i3 + i4*i4);

f2 = sqrt (f1);

 

// All relational operations between images, with the

// exception of !=, return a true boolean value

// if the relation holds at every pixel.

// != is the complement of the == relation.

if (i3 < i4)

write_PGM (max(i3) - i3);

 

Iteration over the values or pixels in an image is supported by the library.

 

IA_IVIter<IA_Point<int>, int> v_iter(i1);

// declares v_iter to be an iterator over the

// values of image i1

 

IA_IPIter<IA_Point<int>, int> p_iter(i1);

// declares p_iter to be an iterator over the

// pixels of image i1

 

int i, sum = 0;

 

// iterate over values in i1 and collect sum

while (v_iter(i)){ sum += i; }

cout << sum << "\n";

// prints the sum

 

IA_Pixel<IA_Point<int>, int> pix;

IA_Point<int> psum = extend_to_point(0, i1.domain().dim());

 

// sum together the value-weighted pixel locations in i1

while (p_iter(pix))

psum += pix.point * pix.value;

 

cout << (psum / i1.card()) << "\n";

// prints i1’s centroid.

 

Neighborhoods and Image-Neighborhood Operations

A neighborhood is a mapping from a point to a set of points. The iac++ li-

brary template class IA_Neighborhood<P, Q> provides the functionality of image algebra neighborhoods. To specify an instance of this class, one gives the type of point in the neighborhood’s domain and the type of point which is an element of the range. The library contains the single instance IA_Neighborhood <IA_Point<int>,
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IA_Point<int> >, mapping from points with integral coordinates to sets of points with integral coordinates. The library provides the following kinds of operations:

 

(a) constructors and assignment,

(b) function application of the neighborhood to a point,

(c) domain extraction, and

(d) image-neighborhood reduction operations.

 

Neighborhood Constructors and Assignment

Let Q be the argument point type of a neighborhood and P be the type of

elements in the result point set.   Let nbh, nbh1, and nbh2 denote objects of type IA_Neighborhood<P,Q>. Let result_set be a set of type IA_Set<P> containing points with dimensionality dim that is to be associated with the origin of a translation

invariant neighborhood. Let domain_set be a set of type IA_Set<Q> over which a neighborhood shall be defined.   Let point_to_set_map be a function pointer with

prototype IA_Set<P> point_to_set_map (Q) or with prototype IA_Set<P> point_to_set_map(const Q&).

 

Table A.2.21 Neighborhood Constructors and Assignment

 

construct an              IA_Neighborhood<P, Q> () uninitialized

neighborhood

 

construct a copy of a      IA_Neighborhood<P, Q> (nbh) neighborhood

construct a translation    IA_Neighborhood<P, Q> (dim, invariant neighborhood   result_set )

construct a translation    IA_Neighborhood<P, Q> (domain_set, variant neighborhood      point_to_set_map ) from a function

 

assign a neighborhood    nbh1 = nbh2 value

 

Neighborhood operations presented in the sections that follow are introduced in

Section 1.7.

 

Image-Neighborhood Reduction Operations

The definitions for the neighborhood reduction operations are provided in the

following header files:

 

(a)   ia/BoolNOps.h for images of type IA_Image<P, bool> (b)   ia/UcharNOps.h for images of type IA_Image<P,   unsigned

char>

(c)   ia/IntNOps.h for image of type IA_Image<P, int> (d)   ia/FloatNOps.h for images of type IA_Image<P, float> (e)   ia/CplxNOps.h for image of type IA_Image<P, IA_Complex>
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In the table following, img denotes an image object, nbh denotes a neighborhood,

and result_pset denotes the point set over which the result image is to be defined. If no result point set is specified, the resulting image has the same domain as img. For the generic

neighborhood reduction operation, the function with prototype T binary_reduce (T, T) is a commutative function with identity zero used to reduce all the elements of a neighborhood. Alternatively, the function T n_ary_reduce (T*, unsigned n), which takes an array of n values of type T and reduces them to a single value, can be used to specify a neighborhood reduction.

 

Table A.2.22 Image-Neighborhood Reduction Operations

 

calculate the right          sum (img, nbhd, result_pset)

image-neighborhood sum   sum (img, nbhd)

calculate the right          prod (img, nbhd, result_pset)

image-neighborhood       prod (img, nbhd)

product

 

calculate the right          max (img, nbhd, result_pset)

image-neighborhood       max (img, nbhd)

maximum

calculate the right          min (img, nbhd, result_pset)

image-neighborhood       min (img, nbhd)

minimum

 

calculate a right            neighborhood_reduction (img, nbhd,

image-neighborhood        result_pset, binary_reduce, zero)

product with a             neighborhood_reduction (img, nbhd,

programmer-specified        result_pset, n_ary_reduce)

reduction function

 

Examples of Neighborhood Code Fragments

The neighborhood constructors provided in the library support both translation

invariant and variant neighborhoods. A translation invariant neighborhood is specified by giving the set the neighborhood associates with the origin of its domain.

 

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

n1 (2,

IA_boxy_pset (IA_Point<int>(-1,-1),

IA_Point<int>( 1, 1)));

// n1 is a neighborhood defined for all

//   2 dimensional points, //   associating a 3x3 neighborhood with each point.

 

// A neighborhood mapping function.

IA_Set<IA_Point<int> > nfunc (IA_Point<int> p) { ... }

 

// A neighborhood constructed from a mapping function.

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

n2 (IA_boxy_pset(IA_Point<int>(0,0) IA_Point<int>(511, 511),

nfunc)

Neighborhood reduction functions map an image and a neighborhood to an image by reducing the neighbors of a pixel to a single value. The built-in neighborhood reduction
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functions max, min, product, and sum are provided, together with a functions supporting a user-specified reduction function.

 

IA_Image<IA_Point<int>, int> i1, i2;

 

i1 = max (i2, n1);

// Finds the maximum value in the neighbors of each pixel // in image i1 and assigns the resultant image to i2.

 

// Specify a reduction function.

int or (int x, int y) { return (x | y); }

 

// Reduce an image by giving the image, neighborhood,

// reduction function, and the identity of the reduction

// functions as arguments to the generic reduction functional.

 

i1 = neighborhood_reduction (i2, n1, i1.domain(), or, 0);

 

Templates and Image-Template Product Operations

An image algebra template can be thought of as an image which has image values.

Thus, image algebra templates concern themselves with two different point sets, the domain of the template itself, and the domain of the images in the template’s range. The iac++ library currently supports the creation of templates — in which both of these point sets are discrete — with the C++ template class IA_DDTemplate<I> which takes as a class parameter an image type. The iac++ class library provides the following instances of IA_DDTemplate:

 

(a)   IA_DDTemplate<IA_Image<IA_Point<int>,bool> > (b) IA_DDTemplate<IA_Image<IA_Point<int>,unsigned char> >

(c)   IA_DDTemplate<IA_Image<IA_Point<int>,int> > (d)   IA_DDTemplate<IA_Image<IA_Point<int>,float> > (e) IA_DDTemplate<IA_Image<IA_Point<int>, IA_Complex> >

 

The operations defined upon these IA_DDTemplate instances are defined in

the following include files:

 

(a)   ia/BoolProd.h

(b)   ia/UcharProd.h

(c)   ia/IntProd.h

(d)   ia/FloatProd.h

(e)   ia/CplxProd.h

 

Template Constructors

 

Let   the   argument   image   type I   in the   IA_DDTemplate class be

IA_Image<P,T>.   Let templ,   templ1, and templ2 denote objects of type IA_DDTemplate<I>. Let img denote the image to be associated with the origin by an image algebra template. Let dim denote the dimensionality of the domain of img. Let domain_pset denote the point set over which an image algebra template is to be defined. Let the function I templ_func (IA_Point<int>) be the point-to-image mapping function of a translation variant template.
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Table A.2.23 Template Constructors and Assignment

 

construct an              IA_DDTemplate<I> () uninitialized template

construct a copy of a      IA_DDTemplate<I> (templ) template

 

construct a translation    IA_DDTemplate<I> (dim, img) invariant template         IA_DDTemplate<I> (domain_pset, img)

construct a translation    IA_DDTemplate<I> (domain_pset, variant template from a    templ_func) function

 

assign a template value   templ1 = templ2

 

Template operations presented in the sections that follow are introduced in Section

1.5.

 

Image-Template Product Operations

 

In Table A.2.24, let img denotes an image object of type I which is

IA_Image<P,T>. Let templ denote an object of type IA_DDTempl<I>, and re-sult_pset denotes the point set over which the result image is to be defined. If no result point set is specified, the resulting image has the same domain as img. For the generic template reduction operation, the function with prototype T pwise_op (T, T) is a commutative function with identity pwise_zero used as a pointwise operation on the source image and template image and the function with prototype T binary_reduce (T, T) is a commutative function with identity reduce_zero used to reduce the image resulting from the pointwise combining. Alternatively, the function T n_ary_reduce (T*, unsigned n) which takes an array of n values of type T and reduces them to a single value, can be used to specify a template reduction.

In the product operations, the following correspondences may be drawn between

iac++ library function names and the image algebra symbols used to denote them:

 

(a)                                           linear_product corresponds to   ,

(b)   additive_maximum corresponds to    , (c)   additive_minimum corresponds to    , (d)   multiplicative_maximum corresponds to    , (e)   multiplicative_minimum corresponds to    , and 

(f)    generic_product corresponds to     with pwise_op corresponding 

to    , binary_reduce corresponding to , and n_ary_reduce corre-sponding to   . 

 

Examples of Template Code Fragments

 

Constructors for IA_DDTemplate support both translation invariant and variant

templates. The translation invariant templates are specified by giving the image result of applying the template function at the origin.
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Table A.2.24 Image-Neighborhood Reduction Operations

 

calculate the right linear_product (img, templ, result_pset)

image-template linear      linear_product (img, templ)

product

calculate the right addmax_product (img, templ, result_pset)

image-neighborhood       addmax_product (img, templ)

additive maximum

 

calculate the right addmin_product (img, templ, result_pset)

image-neighborhood       addmin_product (img, templ)

additive minimum

 

calculate the right          multmax_product (img, templ,

image-neighborhood       result_pset)

multiplicative maximum    multmax_product (img, templ)

calculate the right          multmin_product (img, templ,

image-neighborhood       result_pset)

multiplicative minimum    multmin_product (img, templ)

calculate a right            generic_product (img, templ,

image-neighborhood        result_pset , pwise_op, binary_reduce,

product with a             reduce_zero , pwise_zero)

programmer-specified      generic_product (img, templ,

reduction function           result_pset , pwise_op, n_ary_reduce,

pwise_zero )

calculate the left linear_product (templ, img, result_pset)

image-template linear      linear_product (templ, img)

product

 

calculate the left addmax_product (templ, img, result_pset)

image-neighborhood       addmax_product (templ, img)

additive maximum

 

calculate the left addmin_product (templ, img, result_pset)

image-neighborhood       addmin_product templ, img)

additive minimum

 

calculate the left             multmax_product (templ, img,

image-neighborhood       result_pset )

multiplicative maximum    multmax_product (img, templ, img)

calculate the left             multmin_product (templ, img,

image-neighborhood       result_pset )

multiplicative minimum    multmin_product (templ, img)

calculate a left              generic_product (templ, img,

image-neighborhood       result_pset, pwise_op, binary_reduce,

product with a             reduce_zero, pwise_zero)

programmer-specified      generic_product (templ, img,

reduction function          result_pset, pwise_op, n_ary_reduce,

pwise_zero )
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IA_Image<IA_Point<int>, int> i1, i2;

IA_DDTemplate<IA_Image<IA_Point<int>, int> > t1, t2;

 

i1 = read_int_PGM ("temp-file.pgm");

// read the template image

i2 = read_int_PGM ("image.pgm");

// read an image to process

 

t1 = IA_DTemplate<IA_Image<IA_Point<int>,int> > (i2.domain(),

i1);

// Define template t1 over the same domain as image i2.

 

t2 = IA_DDTemplate<IA_Image<IA_Point<int>, int> (2, i1);

// Define template t2to apply anywhere

// in 2D integer Cartesian space.

Templates can be defined by giving a function mapping points into their image values.

 

IA_DDTemplate<IA_Image<IA_Point<int>, int> > tv;

const IA_Set<IA_Point<int> >

ps (IA_boxy_pset (IA_Point<int>(0,0),

IA_Point<int>(511,511)));

 

// function from point to image

IA_Image<IA_Point<int>, int> f(const IA_IntPoint &p)

{ return IA_Image<IA_Point<int>, int>(ps, p[0]); }

 

tv = IA_DDTemplate<IA_Image<IA_Point<int>, int> >(ps, &f);

// tv applied to any point p, yields the image

// f(p) as its value.

Finally, any of these types of templates may be used with image-template

product operations.    The operations linear_product, addmax_product, ad-dmin_product, multmax_product, and multmin_product are provided by the iac++ library together with a generic image-template product operation supporting any user specifiable image-template product operations.

 

IA_DDTemplate<IA_Image<IA_Point<int>, int> > templ;

IA_Image<IA_Point<int>, int> source, result;

IA_Set<IA_Point<int> > ps;

 

// ... code to initialize source and templ

 

result = linear_product(source, templ, ps);

// result will be the linear product of source and

// templ defined over point set ps.

 

result = addmax_product(source, templ);

// result will be the add_max product of source and

// templ defined over default point

// set source.domain()

 

result = multmin_product(source, templ);
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A.3. Examples of Programs Using iac++

 

The examples that follow present brief programs employing the iac++ library.

The first example shows how to perform averaging of multiple images. This example involves the use of image input and output operations and binary operations upon images. The second example shows how to compose an image to a point-to-point function to yield a spatial/geometric modification of the original image. The third example presents local averaging using a neighborhood operation in two ways: using the sum reduction operation (and incurring an edge effect) and using an n-ary reduction operation. The fourth and final example presents the Hough transform.

 

Example 1. Averaging of Multiple Images

 

//

// example1.c -- Averaging Multiple Images

//

// usage: example1 file-1.pgm [file-2.pgm ... file-n.pgm] //

// Read a sequence of images from files and average them. // Display the result.

// Assumes input files are pgm images all having the same pointset // and containing unsigned char values.

//

 

#include "ia/UcharDI.h"

#include "ia/FloatDI.h"

 

int main(int argc, char **argv)

{

IA_Image<IA_Point<int>, float>      accumulator;

IA_Image<IA_Point<int>, u_char>     result;

 

if (argc < 2) {

cerr << "usage: "

<< argv[0]

<< " file-1.pgm [file-2.pgm ... file-n.pgm]"

<< endl;

abort();

}

 

// Get the first image

accumulator = to_float (read_uchar_PGM (argv[1]));

 

// Sum the first image together with the rest

for (int i = 1; i < argc - 1; i++) {

cout << "Reading " << argv[i+1] << endl;

accumulator += to_float (read_uchar_PGM (argv[i+1]));

}

 

result = to_uchar (accumulator / float (i));

display (result);

}
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Example 2. Composing an Image with a Point-to-Point Function

 

//

// example2.c -- Composition of an Image with a Function //

 

#include <iostream.h>

#include "ia/UcharDI.h"

 

//

// point-to-point mapping function

//

 

IA_Point<int>

reflect_through_origin (const IA_Point<int> &p)

{

return -p;

}

 

int

main ()

{

// read in image from cin

IA_Image<IA_Point<int>, u_char> img = read_uchar_PGM (cin);

 

IA_Image<IA_Point<int>, u_char> result;

 

result = compose (img,

reflect_through_origin,

IA_boxy_pset (-max (img.domain()),

-min (img.domain())));

 

display (result);

 

return 0;

}

 

Example 3. Using Neighborhood Reductions for Local Averaging

 

//

// example3.c -- Local Averaging

//

// usage: example3 < file.pgm

//

// Read an image from cin and average it locally

// with a 3x3 neighborhood.

//

 

#include "math.h"

#include "ia/UcharDI.h"

#include "ia/IntDI.h"

#include "ia/Nbh.h"

#include "ia/UcharNOps.h"
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u_char

average (u_char *uchar_vector, unsigned num)

{

if (0 == num) {

return 0;

} else {

int sum = 0;

for (int i = 0; i < num; i++) {

sum += uchar_vector[i];

}

return u_char (irint (float (sum) / num));

}

}

 

int main(int argc, char **argv)

{

IA_Image<IA_Point<int>, u_char>

source_image = read_uchar_PGM (cin);

 

IA_Neighborhood <IA_Point<int>, IA_Point<int> >

box (2, IA_boxy_pset (IA_Point<int> (-1, -1),

IA_Point<int> ( 1, 1)));

 

//

// Reduction with sum and division by nine yields a boundary

// effect at the limits of the image point set due to the

// lack of nine neighbors.

//

display (to_uchar (sum (source_image, box) / 9));

 

//

// Reduction with the n-ary average function correctly

// generates average values even at the boundary.

//

display (neighborhood_reduction (source_image,

box,

source_image.domain(),

average));

}

 

Example 4. Hough Transform

 

main.c

 

//

// example4.c -- Averaging Multiple Images

//

// usage: example4 file-1.pgm [file-2.pgm ... file-n.pgm] //

// Read a sequence of images from files and average them. // Display the result.

// Assumes input files are pgm images all having the same pointset
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// and containing unsigned char values.

//

 

#include "ia/IntDI.h"   // integer valued images #include "ia/UcharDI.h" // unsigned character images #include "ia/IntNOps.h" // neighborhood operations

 

#include "hough.h"      // Hough transform functions

 

int main(int argc, char **argv)

{

IA_Image<IA_Point<int>, int>

source = read_int_PGM (argv[1]);

 

IA_Image<IA_Point<int>, int>

result;

 

IA_Set<IA_Point<int> >

accumulator_domain = source.domain();

 

//

// Initialize parameters for the Hough Neighborhood

//

hough_initialize (source.domain(), accumulator_domain);

 

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

hough_nbh (accumulator_domain, hough_function);

 

IA_Image<IA_Point<int>, int> accumulator;

 

display (to_uchar (source * 255 / max(source)));

 

//

// Map feature points to corresponding locations

// in the accumulator array.

//

accumulator = sum (source, hough_nbh, accumulator_domain);

 

display (to_uchar(accumulator * 255 / max(accumulator)));

 

//

// Threshold the accumulator

//

 

accumulator = to_int(chi_eq (accumulator, max(accumulator)));

 

display (to_uchar(accumulator*255));

 

restrict (accumulator, IA_Set<int>(1));

 

//

// Map back to see the corresponding lines in the

// source domain.

//
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result = sum (hough_nbh, accumulator, source.domain());

 

display (to_uchar(result * 255 / max(result)));

}

 

hough.h

 

// hough.h

//

// Copyright 1995, Center for Computer Vision and Visualization, // University of Florida. All rights reserved.

 

#ifndef _hough_h_

#define _hough_h_

 

#include "ia/Nbh.h"

#include "ia/IntPS.h"

 

void

hough_initialize (IA_Set<IA_Point<int> > image_domain,

IA_Set<IA_Point<int> > accumulator_domain);

 

IA_Set<IA_Point<int> >

hough_function (const IA_Point<int> &r_t);

 

// Accomplish the Hough Transform as follows:

//

// Given a binary image ‘Source’ containing linear features //

// Call hough_initialize with first argument Source.domain() //      and with second argument being the accumulator domain //      (an r by t set of points with r equal to the number of //      accumulator cells for rho and t equal to the number of //      accumulator sells for theta). //

// Create an IA_Neighborhood as follows:

//      IA_Neighborhood<IA_Point<int>, IA_Point<int> > //          HoughNbh (AccumulatorDomain, hough_function); //

// Then calculate the Hough Transform of a (binary) image // as follows:

//

//      Accumulator = sum (Source, HoughNbh);

 

#endif

 

hough.c

 

// hough.c

//

// Copyright 1995, Center for Computer Vision and Visualization, // University of Florida. All rights reserved.
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#include "hough.h"

#include "math.h"

#include <iostream.h>

 

static const double HoughPi = atan(1.0)*4.0;

static double *HoughCos;

static double *HoughSin;

 

static int RhoCells;

static int ThetaCells;

static IA_Point<int> IterationMin;

static IA_Point<int> IterationMax;

static IA_Point<int> ImageSize;

static IA_Point<int> Delta;

 

//

// hough_initialize:

//

// Initializes parameters for HoughFunction to allow a neighborhood // to be created for given image and accumulator image point sets. //

 

void

hough_initialize (IA_Set<IA_Point<int> > image_domain,

IA_Set<IA_Point<int> > accumulator_domain)

{

//

// Check to make sure the image domain and accumulator domain // are both 2 dimensional rectangular point sets.

//

 

if (!image_domain.boxy() ||

!accumulator_domain.boxy() ||

image_domain.dim() != 2 ||

accumulator_domain.dim() != 2) {

 

cerr << "Hough transform needs 2-D rectangular domains."

<< endl;

}

 

//

// Record data necessary to carry out rho,theta to

// source pointset transformation.

//

 

ImageSize = image_domain.sup() - image_domain.inf() + 1; Delta = ImageSize / 2;

IterationMin = image_domain.inf() - Delta;

IterationMax = image_domain.sup() - Delta;

 

RhoCells = accumulator_domain.sup()(0) -

accumulator_domain.inf()(0) + 1;

ThetaCells = accumulator_domain.sup()(1) -

accumulator_domain.inf()(1) + 1;
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//

// Create sine and cosine lookup tables for specified

// accumulator image domain.

//

 

HoughSin = new double [ThetaCells];

HoughCos = new double [ThetaCells];

 

double t = HoughPi / ThetaCells;

for (int i = accumulator_domain.inf()(1);

i <= accumulator_domain.sup()(1);

i++ ) {

HoughSin[i] = sin (t * i);

HoughCos[i] = cos (t * i);

}

}

 

//

// hough_function

//

// This function is used to construct a Hough transform // neighborhood. It maps a single accumulator cell location // into a corresponding set of (x,y) coordinates in the // source image.

//

 

IA_Set<IA_Point<int> >

hough_function (const IA_Point<int> &r_t)

{

double theta, rho;

 

//

// Convert accumulator image pixel location to

// correct (rho, theta) location.

//

 

rho = double (r_t(0) - RhoCells/2) *

enorm(ImageSize)/RhoCells;

theta = r_t(1)* HoughPi / ThetaCells;

 

IA_Point<int> *p_ptr, *pp;

int coord, i;

int num_points;

 

//

// Construct vector of (x,y) points associated with (rho,theta)

// We check theta to determine whether we should make

// x a function of y or vice versa.

//

 

if (theta > HoughPi/4.0 && theta < 3.0*HoughPi/4.0) {

//

// Scan across all 0th coordinate indices

// assigning corresponding 1st coordinate indices.
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//

num_points = ImageSize(0);

p_ptr = new IA_Point<int> [num_points];

 

for (coord = IterationMin(0), pp = p_ptr;

coord <= IterationMax(0);

coord++, pp++) {

 

*pp = Delta +

IA_Point<int> (coord,

nint (rho -

(coord * HoughCos [r_t(1)]

/ HoughSin [r_t(1)])));

}

} else {

//

// Scan across all 1st coordinate indices

// assigning corresponding 0th coordinate indices.

//

num_points = ImageSize(1);

p_ptr = new IA_Point<int> [num_points];

 

for (coord = IterationMin(1), pp = p_ptr;

coord <= IterationMax(1);

coord++, pp++) {

 

*pp = Delta +

IA_Point<int> (nint (rho -

(coord * HoughSin [r_t(1)] /

HoughCos [r_t(1)])),

coord);

}

}

 

//

// Turn vector of points into a point set

//

 

IA_Set<IA_Point<int> > result (2, p_ptr, num_points); delete [] p_ptr;

return result;

}

[image: ]

 

Figure A.3.1. Source image (left) and associated accumulator array image (right).

[image: ]
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Figure A.3.2. Binarized accumulator image (left) and

[image: ]

the line associated with the identified cell (right).

 

Example 5. Canny Edge Detection

 

canny_edge.c

 

#include "canny_params.h"

 

#include "ia/FloatDI.h"

#include "ia/FloatCI.h"

#include "ia/UcharDI.h"

#include "ia/BitDI.h"

#include "ia/Pixel.h"

#include "ia/DDTempl.h"

#include "ia/FloatProd.h"

#include "ia/Nbh.h"

 

#include "ia/chistogram.h"

#include "ia/gauss_templates.h"

#include "ia/BNops.h"

#include "ia/scale_to_uchar.h"

 

#include "edge_templates.h"

#include "local_maximum_templates.h"

#include "connector_neighborhoods.h"

#include "iostream.h"

 

float SIGMA = 1.0;

 

main(int argc, char **argv) {

 

IA_Image<IA_Point<int>, float>

source_image = to_float (read_int_PGM(argv[1]));

 

if (argc > 2) {

SIGMA = atof (argv[2]);

}

 

//

// Perform Gaussian smoothing on the source image.

//
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IA_DDTemplate<IA_Image<IA_Point<int>, float> > tgx=gauss_x(SIGMA);

IA_DDTemplate<IA_Image<IA_Point<int>, float> > tgy=gauss_y(SIGMA);

 

IA_Image<IA_Point<int>, float>

smoothed_image =

linear_product(linear_product(source_image, tgx),

tgy);

 

IA_Image<IA_Point<int>, float>

edge_magnitude(smoothed_image.domain(), 0.0);

IA_Image<IA_Point<int>, int>

direction_image(smoothed_image.domain(), -1);

 

//

// Calculate edge magnitude in each of the chosen directions and

// maintain a map of the edge direction associated with each pixel.

//

 

for (int i = 0; i < NUM_DIRECTIONS; i++) {

 

IA_Image<IA_Point<int>, float>

dir_i_edge(abs(linear_product (smoothed_image,

edge_templates[i])));

 

//

// Note where the current edge point dominates in the edge image //

direction_image =

max (i*to_int(chi_gt(dir_i_edge, edge_magnitude)),

direction_image);

 

//

// Store edge magnitude of dominators in edge_magnitude //

edge_magnitude = max(edge_magnitude, dir_i_edge);

}

 

//

// Apply local-maximum finding

//

 

IA_Image<IA_Point<int>, bool>

edges(edge_magnitude.domain(), false);

 

for (int i=0; i < NUM_DIRECTIONS; i++) {

 

edges |=

chi_eq(i,direction_image)

&chi_ge(edge_magnitude,

linear_product(edge_magnitude,

local_maximum_templates[i]))

&chi_ge(edge_magnitude,

linear_product(edge_magnitude,
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local_maximum_templates[i+

NUM_DIRECTIONS]));

}

 

//

// Get rid of pixels displaying boundary effect

//

IA_Set<IA_Point<int> >

interior = IA_boxy_pset(source_image.domain().inf() +

IA_Point<int>(1,1),

source_image.domain().sup() -

IA_Point<int>(1,1));

 

edge_magnitude = restrict(edge_magnitude, interior);

edges = restrict(edges, interior);

 

display(scale_to_uchar(edge_magnitude));

display(to_uchar(edges));

 

//

// Normalize edge values to range 0 .. 255 for creation of

// cumulative histogram.

//

float edge_max = max(edge_magnitude);

 

IA_Image<IA_Point<int>, u_char>

histogrammable_edge = to_uchar(255 / edge_max *

edge_magnitude);

 

CumulativeHistogram<u_char>

edge_cumulative_histo(histogrammable_edge);

 

//

// Canny recommends using the 80% percentile edge value as

// a good threshold to keep noise out of the edge map.

//

int t_low;

int t_high;

 

for (t_low=0;

t_low < 256 && edge_cumulative_histo(t_low) <= 0.4;

t_low++);

 

for(t_high=t_low++;

t_high < 256 && edge_cumulative_histo(t_high) <= 0.8; t_high++);

 

//

// Restore edge threshold to correct range (from 0 .. 255)

//

t_low = int(t_low * edge_max / 255.0);

t_high = int(t_high * edge_max / 255.0);

 

//
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// Start by identifying edges_high points as edge points.

//

IA_Image<IA_Point<int>, bool>

new_edges = edges &&

chi_gt(edge_magnitude, t_high );

 

//

// Also find points in edge image satisfying a low threshold

//

IA_Image<IA_Point<int>, bool>

edges_low = edges &&

chi_gt(edge_magnitude, t_low );

 

display(to_uchar(new_edges));

display(to_uchar(edges_low));

 

IA_Image<IA_Point<int>, bool>

initial_edges = new_edges;

 

//

// Repeatedly search to see if a point is

// 1. in the edges_low image,

// 2. has a neighboring point that is a previously identified

//      edge point, and

// 3. lies in that neighboring point’s edge direction

// If a point satisfies these criteria, identify it as an edge

// point.

//

direction_image = restrict(direction_image, interior);

 

do {

 

// Include previously identified points

edges = new_edges;

 

//

// Check each edge direction

//

for (int i = 0; i < NUM_DIRECTIONS; i++) {

new_edges |=

edges_low

& max (edges & chi_eq (i, direction_image),

connector_neighborhood[i]);

}

 

//

// Continue until no new edge points are added

//

} while (new_edges != edges);

 

display (to_uchar (edges ˆ initial_edges));

display (to_uchar (edges));

}
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canny_params.h

 

#ifndef canny_params_h_

#define canny_params_h_

 

#define NUM_DIRECTIONS 6

 

#endif

 

edge_templates.h

 

#ifndef edge_templates_h_

#define edge_templates_h_

#include "ia/Pixel.h"

#include "ia/DDTempl.h"

#include "ia/FloatDI.h"

 

#include "canny_params.h"

 

extern

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

edge_templates[NUM_DIRECTIONS];

 

#endif;

 

edge_templates.c

 

#include "edge_templates.h"

 

static

IA_Pixel<IA_Point<int>, float>

e0[] = { IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

1)};

static const int e0n = 6;
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static

IA_Pixel<IA_Point<int>, float>

e1[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

0.366025)};

static const int e1n = 8;

 

static

IA_Pixel<IA_Point<int>, float>

e2[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-0.366025)};

static const int e2n = 8;

 

static

IA_Pixel<IA_Point<int>, float>

e3[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};

static const int e3n = 6;
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static

IA_Pixel<IA_Point<int>, float>

e4[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};

static const int e4n = 8;

 

static

IA_Pixel<IA_Point<int>, float>

e5[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),

0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),

-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),

0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),

-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),

0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),

-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),

-1)};

static const int e5n = 8;

 

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

edge_templates[NUM_DIRECTIONS] = {

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e0, e0n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e1, e1n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e2, e2n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e3, e3n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e4, e4n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( e5, e5n))};
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local_maximum_templates.h

 

#ifndef local_maximum_templates_h_

#define local_maximum_templates_h_

#include "ia/Pixel.h"

#include "ia/DDTempl.h"

#include "ia/FloatDI.h"

 

#include "canny_params.h"

 

extern

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

local_maximum_templates[2*NUM_DIRECTIONS];

 

#endif;

 

local_maximum_templates.c

 

#include "local_maximum_templates.h"

 

static

IA_Pixel<IA_Point<int>, float>

nm0 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),1)};

static const int nm0n = 1;

 

static

IA_Pixel<IA_Point<int>, float>

nm1 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.059073)};

static const int nm1n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm2 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.381854)};

static const int nm2n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm3 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),1)};

static const int nm3n = 1;
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static

IA_Pixel<IA_Point<int>, float>

nm4 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 1),0.559073)};

static const int nm4n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm5 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 1),0.559073)};

static const int nm5n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm6 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),1)};

static const int nm6n = 1;

 

static

IA_Pixel<IA_Point<int>, float>

nm7 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.381854)};

static const int nm7n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm8 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, 1),0.059073)};

static const int nm8n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm9 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),1)};

static const int nm9n = 1;

 

static

IA_Pixel<IA_Point<int>, float>

nm10 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.059073)};

static const int nm10n = 3;

 

static

IA_Pixel<IA_Point<int>, float>

nm11 [] = {
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IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1, 0),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.381854)};

static const int nm11n = 3;

 

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

local_maximum_templates[2*NUM_DIRECTIONS] = {

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm0, nm0n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm1, nm1n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm2, nm2n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm3, nm3n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm4, nm4n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm5, nm5n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm6, nm6n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm7, nm7n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm8, nm8n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm9, nm9n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm10, nm10n)),

IA_DDTemplate<IA_Image<IA_Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm11, nm11n))};

 

connector_neighborhoods.h

 

#ifndef connector_templates_h_

#define connector_templates_h_

 

#include "ia/Nbh.h"

#include "canny_params.h"

 

extern

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

connector_neighborhood[NUM_DIRECTIONS];

 

#endif

 

connector_neighborhoods.c

 

#include "connector_neighborhoods.h"
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static

IA_Set<IA_Point<int> >

s0 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, 0),

IA_Point<int>( 0, 0),

IA_Point<int>( 1, 0));

 

static

IA_Set<IA_Point<int> >

s1 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, -1),

IA_Point<int>( 0, 0),

IA_Point<int>( 1, 1));

 

static

IA_Set<IA_Point<int> >

s2 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1, -1),

IA_Point<int>( 0,   0), IA_Point<int>( 1,   1));

 

static

IA_Set<IA_Point<int> >

s3 = IA_Set<IA_Point<int> >(

IA_Point<int>(0, -1),

IA_Point<int>(0,   0), IA_Point<int>(0,   1));

 

static

IA_Set<IA_Point<int> >

s4 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1,   1), IA_Point<int>( 0,   0), IA_Point<int>( 1, -1));

 

static

IA_Set<IA_Point<int> >

s5 = IA_Set<IA_Point<int> >(

IA_Point<int>(-1,   1), IA_Point<int>( 0,   0), IA_Point<int>( 1, -1));

 

static int numpoints = 3;

 

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

connector_neighborhood [NUM_DIRECTIONS] = {

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s0),

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s1),

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s2),

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s3),

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s4),

IA_Neighborhood<IA_Point<int>, IA_Point<int> > (2, s5)};
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